FINITE QUANTUM GROUPS AND QUANTUM PERMUTATION
GROUPS

TEODOR BANICA, JULIEN BICHON, AND SONIA NATALE

ABSTRACT. We give examples of finite quantum permutation groups which
arise from the twisting construction or as bicrossed products associated to
exact factorizations in finite groups. We also give examples of finite quantum
groups which are not quantum permutation groups: one such example occurs
as a split abelian extension associated to the exact factorization S4 = Z4Ss3
and has dimension 24. We show that, in fact, this is the smallest possible
dimension that a non quantum permutation group can have.

1. INTRODUCTION

Let n > 1 be an integer. Recall from Wang’s paper [29] that the usual symmetric
group S,, has a free analogue, denoted S;'; this is a compact quantum group acting
universally on the set {1,...,n}.

We shall work over an algebraically closed base field k of characteristic zero. Let
Ags(n) = Ag(n, k) be the Hopf algebra corresponding to Wang’s quantum permu-
tation group [7]. This is the algebra given by generators u;j, 1 < ¢,j < n, with
relations making (u;;); ; a magic matrix, that is,

n n
(1.1) UijUik = Ojklij,  Uilkj = OikUij, Zuil =1= Zulm

=1 =1
for all 1 < 4,5,k < n. The algebra As(n) is a cosemisimple Hopf algebra with
comultiplication, counit and antipode determined by

(1.2) A(’U,U) = Zuik & Uk, G(Uij) = 51’]” S(u”) = Uji, 1 < i,j <n.
k=1

By a (finite) quantum permutation algebra we shall understand a (finite dimen-
sional) quotient Hopf algebra H of A4(n). In particular, a quantum permutation al-
gebra satisfies S? = id. Hence, a finite quantum permutation algebra is cosemisim-
ple and semisimple. Formally, a quantum permutation algebra corresponds to a
“quantum permutation group”, that is, a quantum subgroup of S;}.

The Hopf algebra A (n) is the universal cosemisimple Hopf algebra coacting on
the commutative algebra k™ [7]. Recall that an H-comodule V is called faithful if H
is generated as an algebra by the coefficient space of V. Thus, a cosemisimple Hopf
algebra H is a quantum permutation algebra if and only if there exists a separable
commutative faithful (left or right) H-comodule algebra L.
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The Hopf algebra kS~ of functions on the classical symmetric group is a quantum
permutation algebra (the maximal commutative quotient of A,(n)). We have k5» =
Ag(n), forn = 1,23, but not for n > 4, where the algebra A4(n) is not commutative
and infinite dimensional. See [29, 7.

Several interesting examples of quantum permutation groups, finite or not, were
obtained as twisting deformations of classical groups. Here is a list of such quantum
groups:

(1) The twists of S,, from [6].

(2) The quantum group O;, !, see [2].

(3) The twists of several subgroups of SOs3, see [1].

Also the nontrivial Hopf algebras studied by Masuoka [22] appear as quantum
permutations algebras in [1], including the historical 8-dimensional Kac-Paljutkin
example (which is not a twist of a function algebra).

As is well-known, the Cayley representation makes every finite group into a
permutation group. This leads naturally to consider the question whether any
“finite quantum group” is a “quantum permutation group”. In other words:

Question 1.1. Let H be a finite dimensional cosemisimple Hopf algebra. Is it true
that H is a quotient of As(N), for some N € N?

Of course, the answer is ’yes’ if H is commutative, taking N = dim H. Although
less trivial to see, the answer is also 'yes’ in the cocommutative case. Moreover, as
shown in [7], the cocommutative cosemisimple (finite or not) Hopf algebra quotients
of A4(N) are exactly the group algebras kG, where G is a quotient of a free product
Gy * - -+ x G, of transitive abelian groups G; C Sy, with N =" n;.

Now back to our question, let G be a finite group of order n. Then there is a
canonical surjective homomorphism ZZIG‘ — @G, induced by the homomorphisms
Zn — {g), g € G. Thus kG is a quotient of A (N), with N = n2.

This also suggests that one could include the condition N = (dim H)? in Ques-
tion 1.1.

In this paper we show that the answer to Question 1.1 is negative in general.
More precisely, we give examples of finite dimensional cosemisimple Hopf algebras
which are not quantum permutation algebras. Such examples arise as split abelian
extensions from exact factorizations of the symmetric groups S4 and S;. See The-
orem 7.4.

These examples show that the class of finite quantum permutation algebras is
not stable under extensions. It turns out that their duals are quantum permutation
algebras, so we get that the class of finite quantum permutation algebras is also not
stable under duality. An argument involving Drinfeld doubles implies, in addition,
that this class is not stable under twisting deformations neither.

We also discuss sufficient conditions on abelian extensions or a twisting defor-
mation of a linear algebraic group in order that they be quantum permutation
algebras. This is done in Sections 5 and 8, respectively. Some known examples of
quantum permutation algebras turn out to fit into these pictures.

We show that central abelian extensions and certain classes of split extensions,
that include cocentral split extensions and split extensions by an abelian group, are
quantum permutation algebras. See Theorems 5.1 and 5.2.

As a consequence, we get that if G is a finite group, then the Drinfeld double
D(G) and its dual D(G)* are quantum permutation algebras. We also obtain that a
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cosemisimple Hopf algebra whose dimension divides p? or pgr, where p, ¢ and r are
pairwise distinct prime numbers, is a quantum permutation algebra (Proposition
5.8). Other known examples also fit into this picture, like, for instance, some
nontrivial Hopf algebras studied by Masuoka [22].

We then look at twisting deformations of a quantum permutation algebra H. We
give in Proposition 8.1 a general sufficient condition on a cocycle o : H @ H — k
such that the twisted Hopf algebra H? is a quantum permutation algebra. The
deformations of the symmetric groups in [6] fall into this class.

Let I" be a finite abelian group and o a 2-cocycle on I'. We give further examples
of quantum permutation algebras as twisting deformations of linear algebraic groups
G, with T C G C Aut(k,I'). This construction relies on the results of [3]. See
Theorem 8.3. The twisted examples from [2] fit into this framework.

In Section 9 we introduce the quantum permutation envelope, denoted Hgp, of a
cosemisimple Hopf algebra as the subalgebra generated by the matrix coefficients
of all separable commutative (right and left) coideal subalgebras of H. This is a
Hopf subalgebra containing all quantum permutation algebras A C H. When H
is finite dimensional, Hg, is the maximal quantum permutation algebra contained
in H. This provides a method to construct quantum permutation algebras from
any finite dimensional cosemisimple Hopf algebra. We determine the quantum
permutation envelope for some families of examples.

Conventions. We refer the reader to [24] for the notation and terminology on
Hopf algebras used throughout. By a twisting deformation of a Hopf algebra H
we understand a twist H? in the sense of Doi [9], where 0 : H @ H — k is a
convolution invertible normalized 2-cocycle. That is, H = H as a coalgebra, with
multiplication

[2]ly] = o(z1,y1)0™ (23, y3) [w2y2], @,y € H,

where [z] denotes the element x € H, viewed as an element of H?.

2. QUANTUM PERMUTATION ALGEBRAS

Let H be a quantum permutation algebra. As noticed before, we have S? = id
in H. For H finite-dimensional this condition is equivalent to H being separable
and/or cosemisimple [15].

Definition 2.1. The degree of H, denoted d(H), is the smallest n > 1, such that
H is a quotient Hopf algebra of A,(n).

As pointed out in the Introduction, if H = k¢, where G is a finite group, then
d(H) < |G|, while if H = kG, then d(H) < |G|? (see [7, Proposition 5.2]).

Let f(u;;) =: x;; € H, where f : As(n) — H is a surjective Hopf algebra map.

For each j = 1,...,n, consider the subspace L7 of H spanned by z;;, 1 <i < n.
By (1.1) and (1.2), each L7 is a commutative separable left coideal subalgebra of
H. Similarly, the subspace R/ = S(L7) of H spanned by z;;, 1 < i < n, is a
commutative separable right coideal subalgebra.

In particular, H is generated as an algebra by its commutative separable left
coideal subalgebras L', ..., L™
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Remark 2.2. If Hy, Hy are quantum permutation algebras, then so is their free
product Hy % Hy (with block-diagonal magic matrix) [29, 4]. It follows that any
cosemisimple Hopf algebra H such that H is generated as an algebra by a finite
number of quantum permutation algebras is itself a quantum permutation algebra.

Further, if H = k[Hq,..., H,] is generated by the quantum permutation algebras
Hy,...,H,., then d(H) < d(Hy) 4+ ---+ d(H,).

Theorem 2.3. Let H be a finite dimensional cosemisimple Hopf algebra. Then H
is a quantum permutation algebra if and only if H is generated, as an algebra, by
the matriz coefficients of its commutative left (or right) coideal subalgebras.

Proof. We have already proved the ’only if’ implication. To prove the converse,
suppose L C H is a left (or right) coideal subalgebra. It is known that H is free as
a (left or right) L-module under multiplication (see [16] or, more generally, [28]).
This implies that L is a separable algebra, by [17].

Let H[L] be the subalgebra generated by the matrix coefficients of L. Then
HI[L] is a subbialgebra of H, and therefore a Hopf subalgebra, because it is finite
dimensional. Suppose L is commutative. Since, by definition, H[L] coacts faithfully
on L, then it is a quantum permutation algebra [7].

Since H is finite dimensional, the assumption implies that H is generated by a
finite number of the Hopf subalgebras H[L]. Hence H is a quantum permutation
algebra, by Remark 2.2. This finishes the proof of the theorem. O

If H is a quantum permutation algebra, then so are H°P and H°°P. For a finite
dimensional Hopf algebra H, the Drinfeld double D(H) is generated as an algebra
by H*°°P and H. Moreover, D(H) is cosemisimple if H (and therefore also H*) is
cosemisimple. Then we get:

Corollary 2.4. Let H be a finite dimensional cosemisimple Hopf algebra. If H and
H* are quantum permutation algebras, then the Drinfeld double D(H) is a quantum
permutation algebra and we have d(D(H)) < d(H) + d(H™).

In particular, every Drinfeld double D(G) of a finite group algebra kG is a quan-
tum permutation algebra of degree at most |G|(1 4 |G]).

We shall see later (Corollary 5.6) that D(G)* is also a quantum permutation
algebra.

3. HOPF ALGEBRA EXTENSIONS

Recall that an exact sequence of finite dimensional Hopf algebras is a sequence
of Hopf algebra maps

(3.1) k—+AS5HSH-—E,

where H is finite dimensional, such that ¢ is injective, 7 is surjective and, identifying
A with a Hopf subalgebra of H, we have

(3.2) A=H®" = {he H|(dor)Ah) = ho1}.

See [23, Definition 1.4] for details. (In particular, condition (3.2) is equivalent to
H/HA" = H, where AT = kerey, and we identify H as a quotient Hopf algebra
of H.) We shall say in this case that H is an extension of A by H.
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Remark 3.1. Suppose H is finite dimensional and A C H™ is a Hopf subalgebra.
Let us point out that in this case exactness of the sequence (3.1) is equivalent to
the condition dim Adim H = dim H.

The following result on Hopf algebra extensions will be used repeatedly.

Theorem 3.2. Suppose H is finite dimensional cosemisimple. Assume in addition
that:

(i) A is a quantum permutation algebra, and

(ii) H is generated as an algebra by a finite subset X such that, for all x € X,
there exists a commutative left coideal subalgebra L* of H with x € w(L").

Then H is a quantum permutation algebra. Moreover, we have d(H) < d(4) +

Zl;meX dim L*.

Note that the same statement holds true replacing left by right.

Proof. For each z € X, let H* C H be the subalgebra generated by the subcoal-
gebra C* of matrix coefficients of L*. Thus H” is a Hopf subalgebra, and we have
L® C H*. Since L” is commutative, then H” is a quantum permutation algebra,
and d(H?) < dim L*, by construction.

Let H be the subalgebra generated by A and H*, 1 # 2 € X. This is a Hopf
subalgebra of H that contains A. Moreover, since every element 1 # = € X belongs
to m(L*) C w(H), and X generates H, then 7|7 : H — H is surjective.

On the other hand, by exactness of the sequence k - A — H = H — k, we
have H®™ = A. Thus H®™l#x = H°" N H = A, since A C H. Therefore the
sequence k — A — H — H — k is also exact. Then H = H, since they have
the same finite dimension (see Remark 3.1). Thus H is generated as an algebra
by the quantum permutation algebras A, H*, 1 # x € X. Hence H is a quantum
permutation algebra, with the claimed bound for d(H), by Remark 2.2. O

4. MATCHED PAIRS OF GROUPS

Let (F,T') be a matched pair of finite groups. That is, F' and " are endowed
with actions by permutations I' & T x F 3 F such that

(4.1) spary=(s>rx)((s<a)>y), stdzx=(s<(t>x))(t<),

for all s,t € T', z,y € F.

Given finite groups F' and I, providing them with a pair of compatible actions
is equivalent to giving a group G together with an ezact factorization G = FT': the
relevant actions are determined by the relations gx = (g > z)(g < x),z € F, g € I.

Consider the left action of F on k', (z.f)(9) = f(g < z), f € k', and let
o:Fx F — (k*)' be a normalized 2-cocycle. Dually, consider the right action of
I on k') (w.g)(z) =w(z > g), w € k', and let 7: T x I' = (k*)F be a normalized
2-cocycle.

Under appropriate compatibility conditions between ¢ and 7, the vector space
H = k' ® kF becomes a (semisimple) Hopf algebra, denoted H = k' "#,kF, with
the crossed product algebra structure and the crossed coproduct coalgebra structure
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(see [23, Section 1]). For all g,h € T, z,y € F, we have

(4.2) (eg#tx)(en#y) = dgaun og(x,y)e #xy,
(4.3) Aleg#zx) = Z Te(8,1) es#(t > x) @ es#x,
st=g

where o4(z,y) = o(x,y)(s) and 7,.(s,t) = 7(s,t)(x), s,t €, z,y € F.

Let 7 = e®id : H = k' "#,kF — kF denote the canonical projection. We have
an exact sequence of Hopf algebras k — k' — H 5 kF — k. Moreover, every Hopf
algebra H fitting into an exact sequence of this form is isomorphic to k' "#,kF
for appropriate compatible actions and cocycles o and 7. Equivalence classes of
such extensions associated to a fixed matched pair (F,I') form an abelian group
Opext(k"', kF), whose unit element is the class of the split extension kU #kF.

Remark 4.1. Suppose k = C is the field of complex numbers. Then H is a Hopf C*-
algebra (often called Kac algebra), that is, it is a C*-algebra such that all structure
maps are C*-algebra maps. [14, 21].

Remark 4.2. Let H = k¥ "#,kF be a bicrossed product. Let F’ C F be a subgroup,
and consider the subgroup IV C T' consisting of all elements g € T' such that
g > F' = F'. Then (IV, F’) is a matched pair by restriction. Indeed, if s € T”,
x,y € F’, then it follows from the compatibility between > and < that
(s<az)>y=(s>x) ' (s>ay) €F,

whence s <z € I. Hence I is F'-stable, which implies the claim.

In particular, if F/ C F' is a subgroup stable under the action >, then (T, F”) is
a matched pair by restriction, and it follows from formulas (4.2) and (4.3) that the
bicrossed product kU ™ #,. kF’ is naturally a Hopf subalgebra of H, where ¢’ is the
restriction of o to F’, and 7.(g,h) = 72(g, h), for all x € F’, g,h € T

Observe that if F/ C F is the largest subgroup acting trivially on T', then F’
is T-stable, by (4.1). The Hopf subalgebra k' ™ #,/kF’ is in this case a central
extension.

5. QUANTUM PERMUTATION ALGEBRAS OBTAINED FROM MATCHED PAIRS OF
GROUPS

Consider a bicrossed product H = kU'7#,kF. We shall give in this section
sufficient conditions in order for H to be a quantum permutation algebra. These
include the following cases:

(1) H is a central abelian extension (that is, k' central in H).

(2) H is a split abelian extension (that is, 0 = 1, 7 = 1) and F is generated
by its abelian T'-stable subgroups. (In particular, this is true when F is
abelian or the action >: I' x F' — F is trivial.)

The result for Case (1) is a consequence of Theorem 3.2:

Theorem 5.1. Let H = k' "#,kF and suppose that k' is central in H. Then H
is a quantum permutation algebra and we have d(H) < |T||F|%.

Proof. The assumption that k' is central implies that the action <: I' x F' — T is
trivial.

Let € F and let (z) C F denote the cyclic subgroup generated by z. Consider
the subspace L® = kU'#(z) C H. It follows from (4.2) and (4.3) that L% is a
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left coideal subalgebra of H. As an algebra, L* = k'#zk(x) is a crossed product
with respect to the trivial action k{x) ® k' — k' and the 2-cocycle & = Ol () x () -
Therefore L* is a commutative left coideal subalgebra of dimension |x||T|.

It is clear that © € w(L*), for all x € F. Hence H is a quantum permuta-
tion algebra, by Theorem 3.2. Moreover, we have that d(H) < 3 _p,dimL, =
IT| > ep |zl < |T||FJ?, as claimed. O

Consider next a split abelian extension H = k'#kF. Tt follows from (4.2) and
(4.3) that for any subgroup 7' C F such that T is stable under the action > of I',
the group algebra kT ~ 1#kT is a right coideal subalgebra of H.

Theorem 5.2. Let H = k" #kF be a split abelian extension. Suppose F is gener-
ated by its abelian I'-stable subgroups. Then H is a quantum permutation algebra.
Furthermore, we have d(H) < |T||F|?.

Proof. We may assume that |F|,|['| > 1. Let T1,...,Ts, be abelian I'-stable sub-
groups of F, with F' = (T3,...,T,). Then kT; ~ 1#kT; are commutative right
coideal subalgebras of H, and x € w(kT;), for all z € T;. It follows from Theorem
3.2 that H is a quantum permutation algebra. Moreover, we have

d(H) <[T|+ Y TP < [T+ |F|| U Tif < [T+ [F]” < [T FP?,

xeU; Ty

where in the first inequality, 77 denotes a choice of one the subgroups 7; such that
xz e T;. O

Remark 5.3. Let T'C F be any abelian subgroup. Consider the subgroup I'r C T'
consisting of all elements g € I' such that g > 7' =T. Then (I'y,T') is a matched
pair by restriction (see Remark 4.2). Theorem 5.2 implies that the associated split
extension k' T#kT is a quantum permutation algebra.

Remark 5.4. Observe that the conclusion in Theorem 5.2 holds in either of the
following cases:

(i) F is abelian, or

(ii) the action >: I' x F' — F' is trivial, that is, H is a split cocentral extension.

We next discuss some families of examples of finite quantum permutation alge-
bras.

Example 5.5. The dual of the Drinfeld double D(G) of a finite group G fits into
a central abelian exact sequence k — k¢ — D(G)* — kG — k. By Theorem 5.1,
we get:

Corollary 5.6. Let G be a finite group. Then D(G)* is a quantum permutation
algebra and d(D(G)*) < |GJ3.

Example 5.7. Dimension pqr. Let p, ¢ and r be pairwise distinct prime numbers.
A semisimple Hopf algebra H of dimension p, p? or pq is necessarily commutative
or cocommutative, so H is a quantum permutation algebra.

It is known that every semisimple Hopf algebra H of dimension p? fits into a
central abelian extension k — k%» — H — k(Z, x Z,) — k [18]. Hence H is a
quantum permutation algebra.



8 TEODOR BANICA, JULIEN BICHON, AND SONIA NATALE

Assume next that dim H = pgr. By [10, Corollary 9.4], H is a split abelian
extension. Such extensions are classified in [25, Section 4]; in particular, they must
be either central or cocentral. It follows from Theorems 5.1 and 5.2 that H is a
quantum permutation algebra.

In conclusion, we can state the following:

Proposition 5.8. Suppose that the dimension of H divides p® or pgr. Then H is
a quantum permutation algebra.

Consider the case where dim H = pg?, p # q. By the results in [10, Subsection
9.2] and the classification results of abelian extensions in [25], either H or H* fits
into a central abelian exact sequence.

Recall that the Hopf algebra H is called trivial if it is cocommutative or commu-
tative, in which case, H is isomorphic to a group algebra or to the dual of a group
algebra, respectively.

Proposition 5.9. Suppose that H is nontrivial and dim H = pq?, p # q. If either
p > q orp =2, then H is a quantum permutation algebra. If 2 < p < q, then
q = 1(mod p) and H is a cocentral (non split) exact sequence k — k%a>*%a — H —
kZy, — k. In the last case, H* is a quantum permutation algebra.

Proof. When p > ¢, H is one of the (self-dual) central abelian extensions con-
structed in [11]. On the other hand, when p = 2, H fits into a central abelian exact
sequence k — k' — H — kF — k, where ' = Z,, F = Dy, or I = Z,, F = Z; X Z,.
These extensions are classified in [19]. See [25, Lemmas 1.3.9 and 1.3.11]. In the
case 2 < p < g, it follows from [25, Subsection 1.4] that H fits into the prescribed
exact sequence. The proposition follows from Theorem 5.1. (]

We point out that in the case of a non split exact sequence k — k%9*%a — H —
kZy, — k, there are examples of nontrivial Hopf algebras H with no proper central
Hopf subalgebra. The dual Hopf algebra H* can also be constructed as a twisting
deformation of a dual group algebra.

Example 5.10. Dimension 16. It follows from [13, Theorem 9.1] that every cosemi-
simple Hopf algebra H of dimension 16 over k fits into a central exact sequence
k — k% — H — kF — k, where F is group of order 8. Therefore H is a quantum
permutation algebra.

Example 5.11. Ezxamples with irreducible characters of degree < 2. As another
example (see [1]), we get that the nontrivial Hopf algebras H = A,, or B,,, studied
by Masuoka in [22] are quantum permutation algebras. Indeed, they fit into a
central abelian exact sequence k — k??> — H — kF — k, where F is a dihedral
group.

It follows from [8] that if H is a nontrivial semisimple Hopf algebra and x € H*
is a faithful self-dual irreducible character of degree 2, then H fits into a central
exact sequence k — k%2 — H — kF — k, where F is a polyhedral group. Therefore
H is also a quantum permutation algebra in this case.

More generally, let H be a semisimple Hopf algebra such that its irreducible
corepresentations are of dimension < 2. Suppose in addition that H* contains no
proper central Hopf subalgebra. By [8, Theorem 6.4] H fits into a central abelian
extension k — k' — H — kF — k, with I' # 1. Therefore H is a quantum
permutation algebra.
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6. RIGHT COIDEAL SUBALGEBRAS IN SPLIT EXTENSIONS

Let H = kU#kF be a split abelian extension. Our aim in this section is to give
some restrictions on the associated actions > and <, in order that H contains a
commutative right coideal subalgebra. In the case of right coideal subalgebras which
are ’extremal’ in a certain sense, we obtain conditions that correspond, roughly, to
the assumptions in Theorems 5.1 and 5.2 (see Proposition 6.2). The results will be
used in the next section.

Consider the canonical projection m = (e ® id) : H — kF. Note that w(e,#x) =
0g17, forallgel’, x € F.

Then H is a right kF-comodule algebra via p = (id®m)A : H - H® kF. In
other words, H is an F-graded algebra H = @®,cr H,, where, for all z € F,

H, ={hc H|(ider)A(h) = h@z} = k" #z.

Suppose R C H is a right coideal subalgebra, that is, A(R) C R® H. Then R
is a kF-subcomodule algebra of H, thus it is a graded subalgebra, R = ©,cr R,
where R, = RN H,, for all z € F.

Let Supp R C F denote the support of R, that is, Supp R = {z € F| R, # 0}.

Since R is a right coideal subalgebra of H, then n(R) = kT, where T is a
subgroup of F. On the other hand, 7 defines, by restriction, an epimorphism of
right kF-comodules 7 : R — kT. In other words, m: R — kT is a (surjective) map
of F-graded spaces, with respect to the natural grading on k7. Therefore

kx, ifxeT,

0, otherwise.

(6.1) m(Ry) = {

Notice that, since R, = RN H, = RN (k" #x), then every nonzero element of
R,, x € Supp R, is of the form f#x, where f € k' is nonzero.
Furthermore, if z € F, then = € T if and only if there exists f#z € R, with

F(1) #0.

Let —: T' x k' — kU denote the action by algebra automorphisms of I' on k'
given by right translations, that is, (s — f)(g) = f(gs), for all s,g € I.

Lemma 6.1. (i) For allg €T, z € F, we have

Ryne = {(g = [)#(gv )| f#x € Ry}

(ii) Supp R is a T'-stable subset of F containing T and satisfying x € Supp R if
and only if x=* € Supp R.
(iii) For all x € Supp R, there exists t € ' such that t>x € T.

Proof. (i). Let x € F and let f € k', such that f#x € R,. Since A(R) C R® H,
A(f#a) =Y F(@)A(eg#tn) = Y fst)(esttte o) ® (erttn)

gel s,tel
=> ((t—= H#tez) @ (er#tr) € RO H.
tel

Fix g € I'. Evaluating the right tensorand of the last expression in g ® ¢ € H*,
we get that (g — f)#(g>x) € R, and since this is homogeneous of degree gz, then
(9 = f)#(g> x) € Rgsy. This shows that {(g = f)# (9> )| f#2 € Ry} C Ryy.
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Since g € I was arbitrary, the other inclusion follows from this applied to g=* €
I. This proves (i).

(ii). By (i), Supp R is I'-stable. The inclusion 7" C Supp R follows from (6.1).
Moreover, if s € T' is such that s>z € T, then (s<z)pa~!t = (s>x)~! € T. Thus
(s<ax)>a~! € Supp R. Since Supp R is ['-stable, it follows that =1 € Supp R.
Then we get (ii).

(iii). Let z € Supp R and let f#x € R,, where 0 # f € k*'. By (i), we have that
(t = f)#(t>x) € Ry, for all t € T

Since f # 0, there exists s € I" such that f(s) # 0. Then (s — f)(1) = f(s) #0.
Hence s>z € T. This proves (iii). O

Assume in addition that R C H is a commutative right coideal subalgebra. Then
T is an abelian subgroup of F.

Proposition 6.2. Let H = kV#kF. Let also R C H be a commutative right
cotdeal subalgebra and let w(R) = kT, where T is an abelian subgroup of F'. Then:

(i) If k" C R, then T acts trivially on T via <.
(i) If k' N R = k1, then T is stable under the action 1> of T.

Proof. (i). Consider the F-gradings H = ®yepH,, R = ®ycrR,, as before. In
this case, we have k' C Ry C Hy = k'. Hence k' = Ry = H;. In particular, since
R, is an R;-module under left multiplication, then k"R, C R,, for all z € F.

Let f#x € R, and let g € I'. Then e,(f#z) = f(g) eq#x € R;. Thus R, =
k%4, for some subset S C T'. (Note that = € T if and only if 1 € S.)

Let + € SuppR and put R, = k%#x, S C T, as above. Let s € S. Since
es € k' C R, and R is commutative, we have

esHT = es(es#x) = (es#x)es = 6541,565#:5'
Therefore s<x = s, for all s € S.

Now suppose « € T, so that ey #x € R,. By Lemma 6.1 (i), Riypr = kSt_l#(th),
for all t € I'. In particular, e,-1#t>x =1 — e1#t>x € Rypy, for all t € T,
As we have seen above, this implies that t ! < (t>x) =¢7!, for all ¢t € I'. Thus

l=@t")ax=(t""atra))(taz) =t taz),

for all t € I'. This means that the action of x on I' is trivial. Since x € T was
arbitrary, this proves (i).

(ii). Suppose # € T and let f#x € R, such that f(1) = 1. Since 27! € T,
there exists f'#x~1 € R,—1 with f/(1) = 1. The product (f#z)(f'#x~!) belongs
to R; = k1, by assumption.

On the other hand, we have (f#x)(f'#x~1) = f(z.f")#1. Thus

V#1

(f#a)(f#a™) = faf)#1 = (f(a.f))(1) 141 = 131,

since (f(z.f"))(1) = f(1)f'(1<z) = f(1)f(1) = 1. This shows that, for all z € T,
R, contains an invertible element f#x with inverse f'#x~! € R,-1. In particular,
f € kU is invertible and therefore f(g) # 0, for all g € T".
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Let now x € Supp R. By Lemma 6.1 (iii), s> 2 € T, for some s € I'. Hence, by
the above, there is an invertible element f#(s> x) € Ry, with f(g) # 0, for all
gel.

By Lemma 6.1 (i), we have (s7! — f)#z = (s7! = f)#s > (s>z) € R,.
Moreover, (s=t — f)(1) = f(s) # 0. Hence z € T.

This shows that Supp R = T and then T is I'-stable, by Lemma 6.1 (ii). This
proves (ii) and finishes the proof of the proposition. ([

Example 6.3. Let I' be a finite group acting by automorphisms on a finite group
Fviad:T'x F— F, and let H = k"#kF (so < is trivial in this case). Thus H is
a central split abelian extension of k'.

Let T' C F be a subgroup and let

X(T) = Span{e,#(g"'>y), geT, ye T}.

Then X (T) is a right coideal subalgebra of H (containing k') and it is commutative
if T' is abelian.

For appropriate choices of the abelian subgroup T, the algebras X (T) provide
examples of commutative coideal subalgebras R C H with Supp R not necessarily
included in an abelian subgroup.

7. SPLIT EXTENSIONS ASSOCIATED TO THE SYMMETRIC GROUP

In this section we shall give examples of cosemisimple Hopf algebras H which
are not quantum permutation algebras.

Let S, denote the symmetric group on n symbols. Let H = k“»#kS,,_1 be
the split abelian extension associated to the matched pair (C,,S,_1) arising from
the exact factorization S,, = T'F, where I' = C,, = (2) ~ Z,, z = (12...n), and
F={x € S,|z(n) =n} ~S,_1. (Actually, H is the unique, up to isomorphism,
Hopf algebra fitting into an exact sequence k — k%» — H — kS,_1 — k, which
gives rise to the matched pair above [20, Theorem 4.1].)

Remark 7.1. Tt follows from Theorem 5.2 that H* = kS»—1#kC,, is a quantum per-
mutation algebra. Note that, as for Drinfeld doubles, we have D(H) ~ D(H*), and
D(H)* ~ (D(Sp)*)? is a twisting deformation of D(S,,)*, for a certain convolution
invertible cocycle o : D(S,,)* ® D(S,)* — k [5].

We quote the following fact on stabilizers, that follows from [12, Lemma 3.2].
For every w € C),, let F,, C S,,_1 denote the stabilizer of w under the action
<: Cn X Sn—l — Cn

Lemma 7.2. We have F} =S,,_1 and F,; ={z € S,_1|a(n—j) =n—j} =~ Sp_o,
1 <j<n-—1. In particular, the only subgroup of F = S,,_1 that acts trivially on
C,, is the trivial subgroup {1}.

Proof. Tt is shown in [12, Lemma 3.2] that there are two orbits for the action of
Sp_1 on C,, namely O = {1} and O, = {z,...,2""'}. We have F; = S,,_; and
F.={zeS,1|z(n—-1)=n—-1} =S, _.

Moreover, foreach 1 < j <n—1, 2/ = 2z « x;, where z; is the transposition
zj = (n — 1n — j). Therefore, F,; = :cj_lexj is the claimed subgroup of F' =
Sp_1. O
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Suppose that n = p is a prime number. Let R C H be a commutative right
coideal subalgebra, and let w(R) = kT, where T' C S,_; is an abelian subgroup.
Since Ry = RN k' is a right coideal subalgebra (hence a Hopf subalgebra) of k',
then dim Ry divides |I'| = p. Therefore, we must have either R N k' = kU or
RNEY = k1.

By Proposition 6.2, in the second case T' is Cp-stable, while in the first case T'
acts trivially on I' = C,,, and thus 7' = 1, in view of Lemma 7.2. This implies that
in this case R C k%, by Lemma 6.1 (iii).

Lemma 7.3. Let p be a prime number and suppose that H = kcp#kSp,l s a
quantum permutation algebra. Then S,_; is generated by its abelian C)-stable sub-
groups.

Proof. By assumption there exists a surjective Hopf algebra map f : As(N) — H,
for some N > 1. Let x;; = f(u;;) € H; so that the elements x;;, 1 < 4,5 < N,
generate H as an algebra. Furthermore, for every i = 1,..., N, the subspace R’
spanned by z;;, 1 < j < N, is a commutative right coideal subalgebra of H.
Hence H is generated as an algebra by its commutative right coideal subalgebras
R',...,RV.

Letting kT7 = 7(R’), we have that the abelian subgroups 77, 1 < j < N,
generate F' =S,_;.

By the above, either T7 = 1 or 77 is Cj-stable. Hence S,_; is actually generated
by abelian C),-stable subgroups, as claimed. O

We can now state the main result of this section:

Theorem 7.4. The cosemisimple Hopf algebras H = k“1#kSs and H = k5 #kS,
are not quantum permutation algebras.

In particular, there exist finite dimensional cosemisimple Hopf algebras which
are not quantum permutation algebras.

Proof. Let H = k#kSy. In this case, the action of C5 = ((12345)) on Sy is
written down explicitly in Table 1 of [12, pp. 15]. It turns out that the only abelian
C's5-stable subgroups of Sy are contained in the cyclic subgroup ((1342)). Thus they
do not generate S;. Lemma 7.3 implies that H is not a quantum permutation
algebra.

Let now H = k““#kSs. In this case, the action of Cy on Sz has three orbits:

(7.1) {1}, {(3)}, {(12),(23),(123), (132)}.
In particular, the only nontrivial abelian subgroup of Ss which is Cy-stable is
((13)) ~ Zs.

We have in addition that kG (H) = k“*#k((13)), and G(H) ~ D,.

Let R C H be a commutative right coideal subalgebra. As before, consider the
Sz-grading R = @®,es, Ry, where R, = RN (kY#x) and let 7(R) = kT, where
T C S3 is an abelian subgroup.

The subalgebra R; = RN k% is a right coideal subalgebra (hence a Hopf subal-
gebra) of k4. Then either Ry = k1 or Ry = k%4, or Ry = k“+/ where L = {1, 2%}
is the only subgroup of order 2 of Cy.

By Proposition 6.2, the assumption R; = k%4 implies that T acts trivially on
Cy, and thus T' = 1, by Lemma 7.2. Also, if Ry = k1, then T is Cy-stable and
therefore T' C ((13)).
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In any of these cases, we obtain that Supp R C ((13)), by Lemma 6.1 (iii), and
thus R C kG(H).

Suppose that there exists a commutative right coideal subalgebra R such that
SuppR ¢ ((13)). By Proposition 6.2 (iii), also T C ((13)) and Supp R # S3
(otherwise, the transposition (13) would belong to the orbit of another cycle in S3).

By the above, Ry = k“4/ is of dimension 2 and in view of (7.1),

(7.2) Supp R = {1} U{(12), (23), (123), (132)},
since by Proposition 6.2 (ii), Supp R is Cy4-stable.

The subalgebra Ry = k“4/L of k©* is spanned by the idempotents e, = e1 + e,2
and ey, = e, +e,s.

For a subset X C Cy and f € k%, let us denote fx = >,y f(z)e,. Note that
fr =erf, forall f e kC.

Let 2 € Supp R and let f € k“* such that f#z € R,. Since R is commutative
by assumption, we have

(7.3) er(f#x) = fr#x = (f#r)er = fra.—1#w,

that is, fi = frqs-1. Hence, if 2 # 1, then f(2%) = 0. Otherwise, 22 < 2 = 22,
implying that z € F,2 = ((13)) (see Lemma 7.2), which contradicts (7.2).

Now suppose that x € T, x # 1. Then there exists f#x € R, such that
f(1) = 1. Thus fr, = ej, by the above. In particular, ey#x = er(f#z) € R,, and
by Proposition 6.2 (i), e;#t™ ! > 2 € Ry-1p,, for all t € Cy.

By (7.3), this implies that (e;)r = (et)Lq(-1>2)-1, for all ¢ € Cy. In particular,
taking t = 22, we get that 22 € L < (22 > 2)71, so that 22 > x € F,» = ((13)).
This contradicts again (7.2), since 1 # 22> € Supp R.

This shows that there can exist no commutative right coideal subalgebra R
with Supp R ¢ ((13)). Then we conclude that every commutative right coideal
subalgebra of H is contained in kG(H). Therefore H is not a quantum permutation
algebra, by Theorem 2.3. This finishes the proof of the theorem. O

Remark 7.5. The results in Section 5 ensure that any semisimple Hopf algebra of
dimension less than or equal to 23 is a quantum permutation algebra. Theorem
7.4 implies that this bound is optimal, since H = kC4#kS; is a non quantum
permutation algebra of dimension 24. In particular, 24 is the smallest possible
dimension that a non quantum permutation algebra can have.

Remark 7.6. Observe that in the case where H = k“5#ES,, the exact factorization
S5 = S4C5 restricts to an exact factorization As; = A4C5. We may therefore consider
the split extension H' = k“5#kA4. (Indeed, H' is isomorphic to a Hopf subalgebra
of H, by Remark 4.2.)

The arguments used so far apply mutatis mutandi to this new matched pair.
Then, as before, we get that H’ is not a quantum permutation algebra. The example
provided by H’ has dimension 60.

Remark 7.7. Note that if H is not a quantum permutation algebra, then the tensor
product H = H @ H* is not a quantum permutation algebra neither (since H is a
quotient of H ), and H is self-dual. Theorem 7.4 implies that there exist self-dual
cosemisimple Hopf algebras which are not quantum permutation algebras.
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Remark 7.8. Asnoted before, for H as in Theorem 7.4, we have D(H)* ~ (D(S,)*)°
(n = 4 or 5) is a twisting deformation of a quantum permutation algebra (see
Corollary 5.6 and Remark 7.1). Since H is a quotient of D(H)*, then D(H)* is not
a quantum permutation algebra.

This provides an example of a twisting deformation of a quantum permutation
algebra which is not a quantum permutation algebra.

As a consequence of Theorem 7.4, and since H* is a quantum permutation
algebra, we get the following:

Corollary 7.9. The class of quantum permutation algebras in not stable neither
under duality nor under Hopf algebra extensions nor under twisting deformations.

8. QUANTUM PERMUTATION ALGEBRAS OBTAINED FROM TWISTING

We have seen in the previous section that the class of quantum permutation alge-
bras is not stable under twisting. We begin by giving a stability result (Proposition
8.1) for twistings of quantum permutation algebras, under a technical condition on
the cocycle. Then we give (Theorem 8.3) a construction of quantum permutation
algebras by the twisting of certain linear algebraic groups, using the results from
[3].

The results combined together cover the known quantum permutation algebras
obtained by twisting.

Proposition 8.1. Let H be a quantum permutation algebra generated by the coef-
ficients of a magic matriz x = (x;;) € Mp(H). Let 0 : H® H — k be a 2-cocycle
satisfying

U(l‘ij, xil) = 6ij6il,Vi,j, l
Then H? is a quantum permutation algebra.

Proof. Recall that the Hopf algebra H? is H as a coalgebra, and the product is
defined by

[2)[y] = o(z1,91)0 " (w3, y3)[x29], 2,y € H,
where an element z € H is denoted [z], when viewed as an element of H?. Then

[@ijllwa] = Z 0(Tir, Tis)o ™ (T, Tqr)[Trpsq)
7.5,P,q

= Z 0! (@pjs Tqr) [TipTig]
D.q
= Z ot (@pj> Tpt) [ip]
P

= Gji[wi]-
since we also have o= (5, xy) = 0;;04,Vi,5,1. As > [xiy] = [1] = X, [z, we
conclude that ([z;;]) is a magic matrix and hence H” is a quantum permutation
algebra. O

Example 8.2. The twistings of k° in [6] are of this type.

Let I' be an abelian group and let o € Z2(T', k*). Recall that the character group
I" acts faithfully by automorphisms on the twisted group algebra k,I" by

x-9=x(9)g, Vx€Tl,gel
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So we consider T as a subgroup of Aut(k,T).

Theorem 8.3. Let ' be an abelian group and let o € Z*(U,k*). Consider a linear
algebraic group G such that T C G C Aut(k,I'). Then o induces a 2-cocycle o’ on
O(G) such that O(G)?" is a quantum permutation algebra.

Proof. The cocycle o’ is constructed in the standard way: the inclusion Fca
induces a surjective Hopf algebra map O(G) — kU which, composed with the
canonical isomorphism k! ~ kI yields a surjective Hopf algebra map p : O(G) —
kT. The 2-cocycle ¢’ is defined by ¢/ = o(p ®@ p).

Now let Agu:(ksT') be the universal Hopf algebra coacting on k,I' and leaving
the canonical trace invariant (see [29, 3]). Since the automorphism group Aut(k,I")
preserves the canonical trace, the universal property of Ag.:(k,I") yields a Hopf
algebra map ¢ : Agu(k,I')) — O(G). Now the composition of surjective Hopf
algebra maps

Agut(keT) 2 O(G) B kD
yields a composition of surjective Hopf algebra maps
At (k1) -5 O(G)7" 2 kT,

where 0" = o(pq ® pg). We know from [3] that Agu(kel) ~ Agu(kL)7 (8™
where 7 : Ayt (kI') — kT is the Hopf algebra map arising from the coaction of k'
on itself. It is then clear that Aaut(kUF)"” ~ Agu(kT). The latter is a quantum
permutation algebra since kI' is commutative, and hence we conclude that so is

o(G)”". 0
Remark 8.4. The cocycle ¢’ in Theorem 8.3 is the one ’lifted’ from the cocycle o
onI'~T.

Remark 8.5. If k,I" is non commutative and if the only subgroup of T that is normal
in G is trivial, then the algebra O(G)? is non commutative (see [26]).

Example 8.6. Let I' = Z%, n > 2, and consider the bicharacter o on I' given by
o(ti,t;) = —1,if i < j, o(ts,t;) = 1, if i > j, where ¢;, 1 < i < n, denote the
standard generators of I'. In this case the twisted group algebra k,I" is isomorphic
to the Clifford algebra Cl,,(k) = k[t;,1 <i <n|t? =1, t;t; = —t;t;, i # j]. Since
the orthogonal group O, (k) acts naturally on Cl,,(k) by algebra automorphisms,
we get from Theorem 8.3 that for any subgroup Z% C G C O, (k), the cocycle twist
O(G)"' is a quantum permutation algebra.

When G = O, (k), we get the hyperoctahedral quantum group O, (k) from [2].

Example 8.7. Let I' = Z, X Z, and let ¢ be the 2-cocycle on I' given by
a((i,4), (t,1)) = wit, where w € k* is a primitive n-th root of unity. In this case we
have k,I" ~ M, (k), so that Aut(k,I") ~ PGL, (k).

By Theorem 8.3, for every linear algebraic group G such that I' C G C PGL, (k),
the cocycle twist O(G)"' is a quantum permutation algebra. The twisted examples
from [1] are of this type for n = 2.

9. QUANTUM PERMUTATION ENVELOPE

Let H be a cosemisimple Hopf algebra. Consider the subalgebra Hg, C H
generated by the matrix coefficients of all separable commutative (right and left)
coideal subalgebras of H.
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Lemma 9.1. H, is a Hopf subalgebra of H containing all quantum permutation
algebras A C H.

Proof. It is clear that H,, is a subbialgebra. Since the image of a separable com-
mutative right (respectively, left) coideal subalgebra under the antipode of H is a
separable commutative left (respectively, right) coideal subalgebra, then we have
S(Hgp) = Hgp. Then Hgy, is a Hopf subalgebra.

Since every quantum permutation algebra A C H is generated by matrix coeffi-
cients of some separable commutative left coideal subalgebras, then A C Hg,. This
finishes the proof of the lemma. O

Definition 9.2. The Hopf subalgebra H,, will be called the quantum permutation
envelope of H.

Proposition 9.3. Suppose that H is finite dimensional and cosemisimple. Then
H,, is the mazimal quantum permutation algebra contained in H. Moreover, Hyp,
is generated as an algebra by the matriz coefficients of all separable commutative
right (or left) coideal subalgebras of H.

Proof. Note that, being finite dimensional, the subbialgebra H' generated as an
algebra by the matrix coefficients of all separable commutative right (or left) coideal
subalgebras of H is a Hopf subalgebra. This implies that Hg, = H'.

It follows from Theorem 2.3 that H, is a quantum permutation algebra, and it
is maximal by Lemma 9.1. This proves the proposition. (I

Example 9.4. Suppose H = R(G) is the algebra of representative functions on
a compact group G. Then the quantum permutation envelope Hy, C H coin-
cides with R(G/N), where N is the intersection of all closed normal subgroups
of finite index of G. This follows from the well-known order-reversing correspon-
dence between closed normal subgroups of G and Hopf subalgebras of R(G), given
by S = R(G)® ~ R(G/S). Indeed, any quantum permutation subalgebra of
H = R(G), being commutative, is finite dimensional and hence of the form R(G/S)
for S a closed normal subgroup of finite index. Since Hy,, is the smallest Hopf sub-
algebra of H containing all the quantum permutation subalgebras, it follows that
if N is the closed normal subgroup of G such that Hy, = R(G/N), then N is the
largest subgroup of G contained in all the closed normal subgroups of finite index.

If G is connected, the only such subgroup is G, so that Hy, = k1.

On the other extreme, the condition G/N = G means exactly that G is residually
finite, that is, morphisms from G to finite groups separate points of G.

In particular, if G is a profinite group (equivalently, a totally discontinuous com-
pact group [27, 1.1]), then G is residually finite.

Regarding split abelian extensions, we have:

Proposition 9.5. Let p be a prime number and let H = k% #kF, where F is a
finite group. Then Hg, C H is the Hopf subalgebra generated, as an algebra, by
k2 #kF' and k% #kF", where F' is the largest subgroup of F acting trivially on
Zy, and F" is the subgroup generated by the abelian Z,-stable subgroups of F.

The subgroup F” is the kernel of the homomorphism F' — S,_; induced by <.
Proof. By Remark 4.2, both F’ and F" are Z,-stable subgroups of F, and the

bicrossed products kZr#kF’' and k%r4tkF" are Hopf subalgebras of H. Since F'
acts trivially on Z,, then k% #kF’ is a central extension.
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By Theorem 5.1 and Theorem 5.2, k%r#kF' and k%»#kF" are both quantum
permutation algebras. Hence the subalgebra HCH generated by them is a quan-
tum permutation algebra, and therefore HC Hgp,. On the other hand, by Propo-
sition 6.2, Hg, C H. This proves Hy, = H, as claimed. (I

As an example, let H = k“5#kS, be the Hopf algebra in Theorem 7.4. Then the
quantum permutation envelope of H is the split extension H,, = k“5#k((1342)),
which is a cocommutative Hopf subalgebra (indeed, the action of C5 on ((1342)) is
trivial, as follows from [12]), with dim Hg, = 20.

It follows from the definition of the actions that H,, ~ kG, where G ~ F5 x F%.

We have seen in the proof of Theorem 7.4 that if H = k“1#ESs, then every
commutative right coideal subalgebra of H is contained in kG(H). Hence, in this
case, Hyp = kG(H) ~ kD;.

REFERENCES

[1] T. Banica and J. Bichon, Quantum groups acting on 4 points, J. Reine Angew. Math. 626,
74-114 (2009).

[2] T. Banica, J. Bichon and B. Collins, The hyperoctahedral quantum group, J. Ramanujan Math.
Soc. 22, 345-384 (2007).

[3] T. Banica, J. Bichon and S. Curran, Quantum automorphisms of twisted group algebras and
free hypergeometric laws, Proc. Amer. Math. Soc. 139, 3961-3971 (2011).

[4] T. Banica, J. Bichon and J.-M. Schlenker, Representations of quantum permutation algebras,
J. Funct. Anal. 257, 2864-2910 (2009).

[5] E. J. Beggs, J. D. Gould, S. Majid, Finite group factorizations and braiding, J. Algebra 181,
112-151 (1996).

[6] J. Bichon, Quelques nouvelles déformations du groupe symétrique, C. R. Acad. Sci. Paris 330,
761-764 (2000).

(7] J. Bichon, Algebraic quantum permutation groups, Asian-Eur. J. Math. 1, 1-13 (2008).

[8] J. Bichon and S. Natale, Hopf algebra deformations of binary polyhedral groups, Transform.
Groups 16, 339-374 (2011).

[9] Y. Doi, Braided bialgebras and quadratic bialgebras, Commun. Algebra 21, 1731-1749 (1993).

[10] P. Etingof, D. Nikshych and V. Ostrik, Weakly group-theoretical and solvable fusion cate-
gories, Adv. Math. 226, 176-205 (2011).

[11] S. Gelaki, Quantum groups of dimension pq?, Israel J. Math. 102, 227-267 (1997).

[12] A. Jedwab, S. Montgomery, Representations of some Hopf algebras associated to the sym-
metric group Spn, Algebr. Represent. Theor. 12, 1-17 (2009).

[13] Y. Kashina, Classification of semisimple Hopf algebras of dimension 16, J. Algebra 232,
617-663 (2000).

[14] G. L. Kac, Finite ring groups, Dokl. Akad. Nauk SSSR 147, 21-24 (1962).

[15] R. Larson and D. Radford, Semisimple cosemisimple Hopf algebras, Am. J. Math. 110, 187-
195 (1988).

[16] A. Masuoka, Freeness of Hopf algebras over left coideal subalgebras, Commun. Algebra 20,
1353-1373 (1992).

[17] A. Masuoka, Coideal subalgebras in finite Hopf algebras, J. Algebra 163, 819-831 (1994).

[18] A. Masuoka, Self dual Hopf algebras of dimension p> obtained by extension, J. Algebra 178,
791-806 (1995).

[19] A. Masuoka, Some further classification results on semisimple Hopf algebras, Commun. Al-
gebra 24, 307-329 (1996).

[20] A. Masuoka, Calculations of some groups of Hopf algebra extensions, J. Algebra 191, 568-588
(1997).

[21] A. Masuoka, Faithfully flat forms and cohomology of Hopf algebra extensions, Commun.
Algebra 25, 1169-1197 (1997).

[22] A. Masuoka, Cocycle deformations and Galois objects for some cosemisimple Hopf algebras
of finite dimension, Contemp. Math. 267, 195-214 (2000).



18 TEODOR BANICA, JULIEN BICHON, AND SONIA NATALE

[23] A. Masuoka, Hopf algebra extensions and cohomology, Math. Sci. Res. Inst. Publ. 43, 167-209
(2002).

[24] S. Montgomery, Hopf Algebras and Their Action on Rings, CBMS 82, Am. Math. Soc.,
Providence, Rhode Island (1993).

[25] S. Natale, On semisimple Hopf algebras of dimension pq?, J. Algebra 221, 242-278 (1999).

[26] D. Nikshych, Ko-rings and twisting of finite-dimensional semisimple Hopf algebras, Commun.
Algebra 26, 321-342 (1998).

[27] J. P. Serre, Cohomologie galoisienne, Lect. Not. Math. 5, Springer (1973).

[28] S. Skryabin, Projectivity and freeness over comodule algebras, Trans. Am. Math. Soc. 359,
2597-2623 (2007).

[29] S. Wang, Quantum symmetry groups of finite spaces, Comm. Math. Phys. 195, 195-211
(1998).

T. BANICA: DEPARTEMENT DE MATHEMATIQUES, UNIVERSITE CERGY-PONTOISE, 95000 CERGY-
PONTOISE, FRANCE.
E-mail address: teodor.banica@u-cergy.fr

J. BICHON: LABORATOIRE DE MATHEMATIQUES, UNIVERSITE BLAISE PASCAL, 63177 AUBIERE
CEDEX, FRANCE.
E-mail address:  Julien.Bichon@math.univ-bpclermont.fr

S. NATALE: FA.M.A.F. UNIVERSIDAD NACIONAL DE CO6rDOBA. CIEM — CONICET. (5000)
CORDOBA, ARGENTINA.
E-mail address: natale@famaf.unc.edu.ar



