QUOTIENTS AND HOPF IMAGES OF A SMASH COPRODUCT

JULIEN BICHON

ABSTRACT. We describe the Hopf algebra quotients and Hopf images of the smash coproduct
of a group algebra by the algebra of functions on a finite group.

1. INTRODUCTION

The smash coproduct, associated to an action of a finite group on a discrete group, is one of
the most well-known constructions to produce non-commutative and non-cocommutative Hopf
algebras. The aim of this paper is to provide a description of the Hopf algebra quotients of such
a smash coproduct.

Let us first recall the construction. Let H ~ I' be a finite group H acting by automorphisms
on a discrete group I'. Then the smash coproduct Hopf algebra k[T'] x kf (k denotes an arbitrary
field) is k[] ® & as an algebra, where k[I'] denotes the (convolution) group algebra of I' and
k™ is the algebra of k-valued functions of H, and the comultiplication is given by

A(r#on) =Y r#6 @1 L r#tday = Y r#d- @ Lr#dy,

leH leH

for r € T,h € H (we denote by r#d, the element r ® 85 of k[['] x k¥). The Hopf algebra
k[T] x kM fits into an exact sequence of Hopf algebras (see [2])

k— kT — kD) % kT — k[T — k

Now if L is Hopf algebra quotient of k[I'] x k¥, some standard arguments show that L fits into
an exact sequence

k— kS - L k) —k

where G C H is a subgroup and T is a quotient of I. Moreover, this exact sequence is cleft, so
the general theory of cleft extensions (see [2, 1, 13]) ensures that L is isomorphic to a general
bismash product k¢™#,k[T], involving complicated cohomological data, that are known to be
difficult to deal with in general (see [12] for an illustration of a situation where it is better to
forget about the whole structure of the bismash product).

Instead of a bismash product, we propose to use the notion of quotient datum to describe
the quotients of k[I'] x k¥: a quotient datum is a triple (G, N, ®) where G is a subgroup of
H, N «T is a normal and G-stable subgroup of I', and & : N — (/{:G)X is a group morphism
satisfying some simple conditions. To a quotient datum (G, N, ®) we associate a Hopf algebra
k[T /N] xg k%, which is a quotient of k[I'] x k¥, and show conversely that any Hopf algebra
quotient of k[T'] x k! is isomorphic to k[I'/N] xg k& for some quotient datum (G, N, ®).

It seems that the notion is simple enough to allow concrete description of the quotients of
E[T] x k| at least of course when the normal subgroup structure of I" is not too complicated,
and we examine some examples to illustrate this.

The original motivation for this work came from the following problem.

First recall [5] that for a Hopf algebra representation = : A — End(V) on a vector space
V, there exists a unique Hopf algebra L, called the Hopf image of 7, that produces a minimal
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factorization

A T End(V)
N

When A = k[I'] is a group algebra, then L = k[I'/Ker(7)], and hence the problem of computing
the Hopf image amounts to computing the kernel of the group representation, which of course
can be quite difficult. Techniques for computing Hopf images for several classes of Hopf algebras
were developed in [5].

Now recall [7, 3] that to a complex Hadamard matrix H € My (C) is associated a repre-
sentation 7y : As(IN) — My(C) of Wang’s quantum permutation algebra As(NN) [20] (the
universal cosemisimple Hopf algebra coacting on the diagonal algebra k" when k has character-
istic zero [8]), whose Hopf image is thought of as representing the quantum symmetry group of
the Hadamard matrix or of the corresponding subfactor (see [11]). It is in general very difficult
to compute the Hopf image of my. The case H = Fyy ®¢g Fv of the tensor product of Fourier
matrices deformed by a matrix of coefficients @ ([9]) was studied in [6], and a factorization of
7y through a certain smash coproduct C[I'] x C#™ was found there, which was shown to be the
Hopf image under a genericity assumption on ). However the general case remained unclear,
and after analyzing the situation, it became clear that it was in fact not more difficult to try to
describe all the possible quotients of the crossed coproduct and only after that, try to identify
the Hopf image. From these considerations we get a method to compute the Hopf image of a
smash coproduct in general, described in Section 4, that enables us to make more precise some
of the results of [6] in special situations. In particular we show that if M = 2 and N is prime,
or N =2 and M is prime, the genericity assumption in [6] can be weakened to the assumption
that one of the coefficients of the parameter matrix @) is not a root of unity.

The paper is organized as follows. In Section 2 we define quotient data and describe the
Hopf algebra quotients of the smash coproduct of a group algebra by the algebra of functions
on a finite group in terms of Hopf algebras associated to quotient data. In Section 3 we discuss
some examples. In Section 4, after having recalled the basic notions around Hopf images, we
provide a general method, based on the previous considerations, to compute Hopf images for
smash coproducts. The final Section 5 is devoted to examples of computations of Hopf images,
providing in particular cases refinements of some results of [6].

Notations and conventions. We work over an arbitrary field k. We assume that the
reader is familiar with the basic theory of Hopf algebras, see [15] for example. If A is a Hopf
algebra, as usual, A, € and S stand respectively for the comultiplication, counit and antipode
of A. If ' is a group, we denote by k[I'] the (convolution) group algebra having its group-like
elements identified with the elements of I', and if H is a finite group, we denote by k¥ the Hopf
algebra of functions on H, i.e. k = k[H]* as Hopf algebras, see e.g. Chapter 1 in [15].

Acknowledgements. This paper is a continuation of a long collaboration with Teodor
Banica on the topics of Section 5. I would like to thank him for many interesting discussions. I
also would like to thank the referee for pertinent suggestions to improve some proofs in Section
2.

2. QUOTIENT DATA

Let H ~ T" be a finite group H acting by automorphisms on a discrete group I'. Recall that
the smash coproduct Hopf algebra is k[T'] x kT = k[I'|®@ k! as an algebra, with comultiplication,
counit and antipode given by

A(r#on) =Y r#6 @1 L r#tay = Y r#d @ Lr#dy,
leH leH
e(r#0n) = On1,  S(r#én) = h™lr ™ 6,
forrel',he H.



The precise definition of a quotient datum for H ~ I' is as follows.

Definition 2.1. Let H ~ I' as above. A quotient datum for H ~ T is a triple (G, N, ®) where
(1) G C H 1is a subgroup.
(2) N <T is a normal and G-stable subgroup of T.
(3) ®: N — (k) is a group morphism such that
®(r)(Ih) = (L) (W) ®(r)(1), ®(r) = B(srs™ )
foranyre N,sel', hled.
We denote by QD(H ~ T') the set of quotient data for H ~ T.

Example 2.2. If G C H is a subgroup, N < T is a normal and G-stable subgroup of I' and
®: N — G = Hom(G, k) is a group morphism such that ®(r) = ®(srs~!) and ®(h.r) = ®(r)
foranyr e N, seTl, he€ G, then (G,N,®) € QD(H ~ T).

See the end of the next section for an example of a quotient datum that is not of the type of

the previous example.
The proof of the following easy lemma, that we record for future use, is left to the reader.

Lemma 2.3. Let H ~ T as above and let (G, N,®) € QD(H ~ T).
(1) Forr,s € I" with rs € N, we have sr € N and ®(rs) = ®(sr).
(2) For h € G and r € N, we have ®(r)(1) = 1 and ®(h.r)(h) = ®(r~1)(h71).
We now associate a quotient Hopf algebra of k[I'] x kI to a quotient datum for H ~ T.

Proposition 2.4. Let H ~ T' as above and let (G,N,®) € QD(H ~ T'). Choose a section
j:T/N = T of the canonical projection u : I' — T'/N, with ju(1) = 1. The following formulas

(u(r)#0n) (u(s)#0r) = ulrs)#p0,® (ju(r)ju(s)julrs) ™)
A(u(r)#6n) = > (u(r)#6-1) @ u(lr)#n®(Lju(r)ju(l.r) ™)
leG
S(u(r)#6p) = u(h L H#®(Gu(h L DT ju(r) 716,
together with the obvious unit and counit define a Hopf algebra structure on k[T'/N]@kC, which,

up to isomorphism, does not depend on the choice of j. We denote by k[I'/N] XakC the resulting
Hopf algebra. Moreover the map

q: k[[] x kT — E[L/N] xg k€
r#ton — u(r)#(rju(r) " )on
is a surjective Hopf algebra map.

Proof. It is of course possible to check the result directly by lengthy computations. The referee
proposed the following more conceptual proof. Choose a section j as above, and consider the
following linear isomorphism

£: k[T/N]® (k[N] x k¢) — k[[] x k¢ = L
u(r) @ s#f s ju(r)s#P(s) " f

The restriction of ¢ to the Hopf subalgebra k[N] x kC is a Hopf algebra map by (3) in Definition
2.1 and Lemma 2.3 (in fact that the restriction of £ be a Hopf algebra map is exactly the
condition that dictates the first equation in condition (3) of Definition 2.1). Thus since k[N] C
E[N]x k€ is a left coideal subalgebra, it follows that K := £(k[N]) is a left coideal subalgebra in
L. Hence LK™ is a coideal in L, and thus we form the quotient coalgebra A := L/LK™, together
with the canonical surjection m : L — A. It is easily checked that ¢(k[T'/N] ® k[N]* @ k%) =
LK™, and hence ¢ induces a linear isomorphism

0 k[D/N] % kS =~ A, n(u(r) @ f) = n(ju(r)#/f)
3



making the following diagram commutative

3

k[T'/N] ® (k[N] x k%) ——= L
\Lid@s@id lw
k[[/N] @ k¢ —— A

Moreover, we have LKt = K+ L by (1) in Lemma 2.3, and LT K is stable under the antipode
by (2) in Lemma 2.3, hence LK is a Hopf ideal in L and A is a Hopf algebra, while 7 : L — A
is a Hopf algebra map. It is then a direct verification to check that the announced Hopf algebra
structure on k[I'/N] ® k¥ is the one transported using the linear isomorphism 7. Since L and
K are independent of the choice of j, so is the Hopf algebra A, hence the isomorphism class of
Hopf algebra structure just constructed on k[I'/N] ® k“ is as well independent of j.

Finally it is clear that q is surjective, and that ng : k[['] x k¥ — A is a Hopf algebra map,
hence ¢ is as well a Hopf algebra map. O

We are now going to show that all the quotients of k[I'] x k¥ have the above form. Before
this, recall that a sequence of Hopf algebra maps

k—>B—i>A£>L—>k:

is said to be exact [2] if the following conditions hold:

(1) 4 is injective, p is surjective and pi = 1,

(2) kerp = Ai(B)" = i(B)T A, where i(B)" = i(B) N Ker(e),

(3) i(B)=AP={ac A: (ldep)Aa) =a®1} =PA={ac A: (p®id)A(a) =1®a}.
It is known (see e.g. [2], Proposition 1.2.4) that for a sequence as above with A faithfully flat
as a (left or right) B-module, then the sequence is exact if (1) and (2) hold.

As an example, it is easily verified that for H ~ I' as above and (G, N,®) € QD(H ~ T),

the Hopf algebra k[['/N] xg k¥ fits into an exact sequence of Hopf algebras

k— kS 5 K[T/N] %o k¢ B k[T/N] — k

where i(f) = 1#f and p=id ® .
The following result is the main step towards the determination of the quotients of a smash
coproduct, and certainly the most useful in concrete situations.

Proposition 2.5. Let 7 : k[['] x kT — L be a surjective Hopf algebra map with mH injective.

Then there ezists (H, N,®) € QD(H ~ T') such that L is isomorphic with k[l /N] xe k" . More
precisely, the subgroup N is defined by

N ={rel | 3f € (7)) with n(r#1) = 7(1#f)}
and for r € N, ®(r) is the unique f € (k™)* such that w(r#1) = w(1#f).

Proof. Step 1. Using well-known arguments, we check that there exists a linear isomorphism
kEl'/N]® k! ~ L for some normal subgroup N <T'. We start with the previous exact sequence

k— kT 5 k) < k7 B kD] — &

Since i is injective and the Hopf subalgebra m’(k:H ) is central in L, we can form the quotient
Hopf algebra L = L/(mi(k™))* L, and we get another exact sequence:

E—s kL ST ok

This sequence is indeed exact, because L is faithfully flat over k¥ since it is a faithful module
over a semisimple algebra. So we get the following commutative diagram with exact rows, with
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the Hopf algebra map on the right surjective:

k FH 'y R[] = kH —2 k[T —— &
Ik l
k - L — I —k

Since a quotient of a group algebra is still a group algebra, we get a commutative diagram with
exact rows as follows:

k KH L kD)« kH —2 k] —— &
k JpH ™ L 2 KON —— &

for a normal subgroup N <I', and where the vertical Hopf algebra map on the right is induced
by the canonical surjection u : I' — I'/N.

Choose a section of u, j : I'/N — T', with j(1) = 1. It is easily checked that the map
v @ k[l'/N] — L, u(r) — 7w(ju(r)#1), is left k[I'/N]-colinear, with L being given the left
k[['/N]-comodule algebra structure induced by ¢’. Moreover ~ is convolution invertible, with
convolution inverse given by v~ (u(r)) = m(ju(r)~'4#1). Hence the extension k" = ©°L c L
is k[I'/N]-cleft. It therefore follows from the Doi-Takeuchi Theorem ([10], see Chapter 7 in [15]
for an exposition) that the map

n:k[[/Nl@k" — L
u(r) @ f— w(ju(r)# 1) w13 f) = m(ju(r)#f)
is a linear isomorphism.

Step 2. We now construct the quotient datum. For r € N, we have 7(r#1) € o¢'T, hence the
exactness of the previous sequence ensures that there exists f € k¥ such that 7 (r#1) = w(1#f).
The function f is unique since m,u is injective and is invertible (otherwise there would exist a
non-zero f’ € kM such that ff =0, and 7(r#1) = m(1#f) would be a zero divisor in L). Thus
we have amap ® : N — (k1) such that for any r € N, we have w(r#1) = 7(1#®(r)). Forr € T
such that w(r#1) = w(1#f) for some f € k| we have f(1)1 = ¢'m(1#f) = ¢7(r#1) = u(r),
so r € N, and hence N has indeed the description of the statement of the proposition. It is
clear, again from the injectivity of m,u, that ® : N — (k™)* is a group morphism and that
®(r) = ®(srs~!) for any » € N, s € I'. It remains to check that N is H-stable and that the
first equation in (3) of Definition 2.1 is satisfied. For r € N, we have

Ar(r#1) =) w(r#te) @ (I r#l) = > w(1#6)m(r#1) @ w1~ .r#1)

leH leH
= w(1#6(r) @ w17 r#tl) = Y B(r)(Dm(1#6) @ w(l 7 r#1)
leH leH

On the other hand we have
Ar(1#0(r)) = Ar( Y ®(r)(R)1#65) = Y ®(r)()w(1#6) @ w(1#6-15,)
heH hlcH
Hence, by the injectivity of mu, we have, for any [ € H,

()OI 1) = Y B(r)(R)m(1#6-1p) = > @(r)(1h)m(1#65)
heH heH
=7 (1# > @(r)(lh)5h>
heH

It follows that [='.r € N and that ®(r)(lh) = ®(I~! - r)(h)®(r)(l) for any h € H. Therefore
(H,N,®) € QD(H ~T'). Notice that the H-stability of N also follows from the analysis in the
5



structure theory of bicrossed products [13] (essentially we have reproduced the argument, and
this gave simultaneously the desired equation for ®).

Step 3. It remains to check that 1 is a Hopf algebra morphism k[I'/N] x¢ k — L, with
k[T'/N] xg kI as in Proposition 2.4, which is done in a straightforward manner. Of course,
what was done to find the Hopf algebra structure of Proposition 2.4 was to transport the Hopf
structure of L, which is straightforward as well, the inverse of 7 in the Doi-Takeuchi Theorem
being completely explicit. O

We arrive at the general description of the Hopf algebra quotients of a smash coproduct.
Theorem 2.6. Let H ~ " be a finite group H acting by automorphisms on a discrete group

I, and let L be a Hopf algebra quotient of the smash coproduct k[I'] k. Then there exists a
quotient datum (G, N,®) € QD(H ~ T) such that L is isomorphic to k[l /N] xg kC.

Proof. Let 7 : k[I'] x k¥ — L be a surjective Hopf algebra map. Then (k) is a Hopf algebra
quotient of k¥, and hence there exists a (unique) subgroup G C H such that 7 induces an
isomorphism ¢ : w(kf) ~ k% and such that pr(1#f) = fig for any f € k", Endowing I' with
the restricted G-action, there exists a factorization of Hopf algebra maps

kL] x kX = L

k[T x k¢

with 7/(r#f) = m(r#1)¢ =1 (f) and 7T|/kG is injective, and we conclude by the previous proposi-
tion. U

We end the section by a lemma, which is a generalization of Lemma 4.5 in [6], and will be
used in Section 4.

Lemma 2.7. Let H ~ T as above and let (G, N,®) € QD(H ~ T). Let 7 : k[[/N] x¢ k¢ — L
be a surjective Hopf algebra map, such that e s injective, and such that forr €T and f € k€,
we have:

m(u(r)#1) = w(13#f) = u(r) =1

where u : I' — T'/N is the canonical surjection. Then m is an isomorphism.

Proof. Consider the surjective Hopf algebra map ¢ : k[T] x k% — k[['/N] xg k¥ of Proposition
2.4, of which we retain the notation, and the composition 7q : k[I'] x k¢ — L. Let

N'={r el | 3f € (k") with mq(r#1) = mq(1#f)}
It is clear that N C N’, while for r € N’, we have wq(r#1) = m(u(r)#®(rju(r)™t)) =

nq(1#f) = w(14f) for some f € (k)*, and hence 7(u(r)#1) = 7(1#®(rju(r)~1)71f), so
our assumption gives u(r) =1 and » € N. Hence N = N’ and for r € N we have mq(r#1) =
m(1#®(r)) = wq(1#P(r)). Thus Proposition 2.4 and its proof yield a Hopf algebra isomor-
phistn 17 : K[T/N] xta k¢ = L, n(u(r)ftf) = ma(ju(r)#f) = m(uju(r)#0(ju(r)juju(r) 1) f) =
m(u(r)#f), and 7 is an isomorphism. O

3. EXAMPLES
In order to illustrate the results of the previous section, we now examine a series of examples.
3.1. First example. We assume in this subsection that char(k) # 2. Let

=D =2Zs+Zs = (90,01 | g2 =1=g?)

with the Zgo = (h)-action defined by h.go = g1 and h.g1 = go. The Hopf x-algebra quotients of
C|Z3 * 7o) x C%2 have been determined in [4], where this Hopf algebra is denoted A (2). The
methods of the previous paragraph enables us to get without too much effort the description of
all the Hopf algebra quotients, over any field of characteristic # 2.
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For m > 1, let N, = ((gog1)™) ~ Z: this is a normal and H-stable subgroup of Zy x Zy. We
get a family of quotients of k[Zgy * Za] x k%2:

A(m) = k[(Zgy * Z3) /N 3 k22 ~ k[D,,] x k%2

of dimension 4m, with A(1) ~ k%2*%2 A(2) ~ kP* and A(m) non-commutative and non-
cocommutative if m > 3. .

Now let @, : Ny, = ((gog1)™) ~ Z — Zy = (x) be the unique group morphism with
D0 ((9091)™) = x- We have @, (h.(90g1)™) = Pm((9091)™™") = X' = X 50 (Za, Nin, 1) €
QD(Zo ~ 7o * 7). We get a family of quotients of k[Zs * Zo] x k%2:

B(m) = k[(Zo % Zy) /Ny %o, k22

of dimension 4m, with B(1) ~ k%4, and B(m) non-commutative and non-cocommutative if
m > 2. The Hopf algebras A(m) and B(m) were studied by Masuoka in [14], Nikshych [16],
Suzuki [18], Vainerman [19], and probably others.

Proposition 3.1. The non trivial Hopf algebra quotients of k[Zo * Zo] x k%2 are:
(2) A(m) = k[(Za * Z3)/Np) x k%2 ~ k[Dy,] x k%2, m > 1,
(3) B(m) = k[(Za * Z2)/Nm) Xa,, k22, m > 1.

Proof. Let 7 : k[Zo % Zs] x k%2 — L be a surjective Hopf algebra map with dim(L) > 1. If )2
is not injective, then it is trivial, and L is quotient of k[Zg * Zs], and hence is isomorphic to
E[D,,] for some m > 1 or m = oo. Now assume that T2 18 injective. It is not difficult to check
that the non-trivial Zs-stable normal subgroups of Zg % Zg are precisely the N, = ((gog1)™),
m > 1. Let ® : N,, — (k%2))* be a group morphism such that (Zs, Ny, ®) € QD(Zy ~ Zo*Zs).
Let A € k* be such that ®((gog1)™) = 61 + Adp. We have

®((9091)™) = ®(g0(g091)"90) = ®((9190)™) = ®((90g1) ™) = ®((g0g1)™) "

Hence A = A~!, and either @ si trivial or ® = ®,,, as above. We conclude by Proposition 2.5. [
A rough version of the previous result is as follows.
Corollary 3.2. The only non-trivial infinite-dimensional quotient of k[Zox 7o) x k%2 is k[Zo*Zs).
3.2. A first generalization of the previous example is given by
D =75 = (90,91, g1 | G =1=g7 = go_1)

with the S,-action given by permutation of the generators. The Hopf algebra k[Z5"] x kS» is
considered in [17], where the “easy” quotients are described. Using Theorem 2.6, we get that
a Hopf algebra quotient of k[Z3"] x k°» is isomorphic to k[Z"/N] xg k¢ where (G, N,®) €
QD(S, ~ Z3"). As pointed out in [17], there are many normal S,-stable subgroups N C Z3".

3.3. The main example. We now come to the examples that motivated this study. Let
M, N > 2 and consider the group

I‘M,N =<go,.--;9M—-1 |g[])V =-..- 291\1\971 = 17[9i1"’giNﬂgj1'”ng] =1>

endowed with the cyclic action of Zy; = (h) on the generators. If M = N = 2, we are in the
situation of the first example.

The Hopf algebra &[Ty y] x kZM arose in [6] from certain representations of Wang’s quantum
permutation algebra. The following description of I'ys x is given in [6].

Lemma 3.3. We have a group isomorphism

Cyn ~ ZM-DIN=1 7.y

)
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More precisely, for0 <i < M—1,0<c¢ < N-1, put a;c = gg_lgigo_c, and let T be the subgroup
of 'y, N generated by the elements a;.. Then T is a free abelian group of rank (M —1)(N — 1),
with basis {ajc, 1 <1< M —1, 1 <c¢< N —1}, and there is a split exact sequence

1T —=Tyny—2ZNn—1

where the group morphism on the right I'ny y — Zn = (t) is defined by g; — t. The Zy = (t)-
action on T is given by t - a;c = goaicgal = Qjct1, while the Zp = (h)-action on Iy N is given
by - aic = ait1,ca; 4, b+ go = goaro-

Proof. Let T be the kernel of the above group morphism I'ys y — Zn = (t). It is clear that T’
is generated by the elements of type g;, - - - gi,,, and hence is abelian. The elements a;. belong
to T, and let T be the subgroup generated by these elements. Using the relations

9i0eg; ' = Qjer1, 97 jegi = Qje

we see that Tg is normal in I'ys . The elements a;o = gy 1 g; belong to Ty, and hence we have
Oy To) < N. But then N = Tn 0 T] < T'vom : To] < N, and thus Ty = T. That T is
generated by {ai.,, 1 <i< M —1, 1 <¢< M — 1} follows from the identities

N-1

age = 1, for any ¢, and H a;c = 1 for any 14

c=0
and to prove that T is indeed free one considers a certain representation of I'ys v, see [6], or the
examples in the last section. The last assertion about the actions is immediate. O

Our main result on the Hopf algebra quotients of k[I" s n] x k%M is the following generalization
of Corollary 3.2.

Theorem 3.4. Let f : k[[prn] x k2 — A be surjective Hopf algebra map with A infinite-
dimensional and non-cocommutative. Assume that one of the following conditions holds.

(1) N =2 and M is prime.

(2) M =2 and N is prime.
Then f is an isomorphism.

In other words, the only non-trivial infinite-dimensional quotients of k[I"ps, v] » k%M are group
algebras.
To prove Theorem 3.4, we will need a couple of lemmas.

Lemma 3.5. Assume that N is a prime number and that V.C ZM-DN-1) w7\ is a normal
subgroup. If V. ¢ ZM=DWN=1 “then the quotient group (ZM-DWN=1 ¢ 7.\)/V is finite and
abelian.

Proof. First note that it is clear from the definition of I'j7 y that an abelian quotient is finite,
hence we just have to show that (Z(M~DIN=1 s 7\)/V is abelian. There exists, by the as-
sumption, a € ZM-1D)(N=1) and 1 < k < N — 1 such that at* € V. Working in the quotient
group, the assumption that IV is prime enables us to assume that £k = 1, and hence at € V.
Hence the quotient group (Z(M—DIN=1) 5 7,\)/V is generated by the image of the abelian group
ZM-D(N=-1) " and is abelian. O

Lemma 3.6. Let p be a prime number and let f : QP! — QP~! be a Q-linear map whose
matriz in the canonical basis is

00 00 —1 ~1 -1 - -1 -1 -1
10 - 00 —1 1 0 - 0 0 0
01 -+ 00 —1 0O 1 -~ 0 0 0
. . or

00 0 -1 0 0 -~ 1 0 0
0 0 01 -1 0 0 0 - 1 0



Then for any non-zero u € QP~L, the elements u, f(u),..., fP~2(u) € QP! are Q-linearly
independent.

Proof. As usual we view QP! as a Q[X]-module by letting X.v = f(v), for any v € Q°~! The
first matrix is the companion matrix of the cyclotomic polynomial

PX)=1+X+---4+XP 24 XP71 c Q[X]

and hence P(X) is the characteristic polynomial of f, as well as its minimal polynomial since
P is irreducible in Q[X]. Then since P is irreducible, it is the only invariant factor of f and the
structure theory of modules of a principal ideal domain then gives that, as a Q[ X]-module, one
has QP! ~ Q[X]/(P) and QP! is a simple Q[X]-module. In particular any non zero u € QP!
generates QP! as a Q[X]-module. Hence since the Q-subspace generated by u, f(u), ..., fP~2(u)
is also a Q[X]-submodule, we have that these elements generate QP~! and hence also are linearly
independent. The proof for the second matrix is the same as soon as we know that the minimal
polynomial of f is P, which is easily seen, using that fP = 1 and that 1 is not an eigenvalue of
f, so that the minimal polynomial of f divides the irreducible polynomial P. O

Proof of Theorem 3.4. Let m : k[[arn] x k2 — A be surjective Hopf algebra map, with A
infinite-dimensional. Then, by Theorem 2.6, m induces an isomorphism

k[Cayn/V] xe kY ~ A
for (G,V,®) € QD(Zyr ~ Ty ). Since M is prime, either G is trivial or G = Zjy, and hence
G = Zyy since A is assumed to be non-cocommutative. We get

k[FMyN/V] AP kZM ~ A

Then Lemma 3.5 gives V C ZM-1D(N=1) "gince N is prime and A is infinite-dimensional.
Moreover V' is Zy-stable (since normal) and Zys-stable. The Zx and Zj actions are, in additive
notation, implemented by the matrices of Lemma 3.6, and hence it follows that if V' # 0, then
V' contains a free abelian subgroup of rank N — 1 and a free abelian subgroup of rank M — 1.
The quotient of finite rank free abelian group by a subgroup of the same rank is finite, hence if
M =2 or N = 2, we have that if V' #£ 0, then A is finite-dimensional, a contradiction. Hence
V =0 and we are done. O

3.4. A quotient datum that is not of the type of Example 2.2. We assume that
char(k) # 3, we put M = 3 = N and consider the crossed coproduct of the previous sub-
section

k[D33] x k%8 ~ k[ZY % Z3] x k73
We retain the previous notation (see Lemma 3.3):

e 7% is seen as the free multiplicative abelian group on 4 variables aj1, a2, ag1, a22.
e The first Z3 = (t)-action is given by
-1, -1 -1, -1
t.aj] = aig, t.a12 = a11 Qq9, t.ag; = asg, t.ago = Aoq Qo9
e The second Zs = (h)-action is given by
-1 -1 -1 -1 -1, -1
h'an = G171 a21, h'alz = Q19 22, h'agl =aq7, h'a22 = Qq9, h-t:ta11a12

For m > 2, let N,, = (a%,at, a5, a%s) C Z*. The group N,, is free abelian of rank 4, hence
for o, B € k*, there exists a unique group morphism

P : N, — (K73)"

ali,aly — 81 + adp + afoye

ayy, agy — 01 + B’l5h + adp2
It is a tedious but straightforward verification to check that for a® = 1 = 32, then (Z3, Ny, ®) €
QD(Z3 ~ Z* x Z3) (in fact any ® such that (Z3, Ny, ®) € QD(Z3 ~ Z* x Z3) has the above
form). However ® has values into Zs only when aw = . This therefore furnishes the announced

example.
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4. HOPF IMAGE OF A SMASH COPRODUCT

In this section we show how to describe the Hopf image of a representation of a smash
coproduct as above.

4.1. Hopf images. We begin by recalling the basic facts on Hopf images [4].

Let A be Hopf algebra, let R be an algebra and let p: A — R be an algebra map.

A factorization of p is a triple (L, q,¢) where L is a Hopf algebra, ¢ : A — L is a surjective
Hopf algebra map and ¢ : L — A is an algebra map, with the decomposition p = pq. The
category of factorizations of p is defined in the obvious manner and the Hopf image of p is
defined to be the final object in this category (hence we can also say that this is a minimal
factorization), which is easily shown to exist (see [4]).

In other words, the Hopf image of p is a factorization (A,, p, p) having the following property:
if (L,q, ) is another factorization of p, there exists a unique Hopf algebra map f: L — A,

such that fqg=p and pf = ¢.

|f/

L

The algebra map p: A — R is said to be inner faithful if (A,id 4, p) is the Hopf image of p: this
is equivalent to saying that Ker(p) does not contain any non-zero Hopf ideal, see [4].

Computing a Hopf image is in general a difficult problem. The following cases are well
understood, at least from the theoretical viewpoint.

(1) If A = k[I'] is a group algebra, then the Hopf image of p is k[I'/N] where N = Ker(pp),
and the representation is inner faithful if and only if N = {1}.
(2) If A = k", with H a finite group, R = k™ and the algebra map p is given by

kT — k"
f’—> (f(h1)77f(hn))

for hi,...,hn € H, then the Hopf image of p is k{""n) and p is inner faithful if and
only if H = (h1,...,hy), see [4]. Note that by the semisimplicity and commutativity
of kM this example enables one to describe the Hopf image for any representation
kKT — M, (k).

2. Hopf images and smash coproducts. As before, let H ~ I be a finite group H acting
by automorphisms on a discrete group I', and let R be an algebra. Our aim is to describe the
Hopf image of an algebra map p : k[['] x k — R, therefore unifying the descriptions given at
the end of the previous subsection. In fact, to simplify the set-up, we will always assume that
ppr is inner faithful (otherwise, we can factorize p by an algebra map Pk x k" - R
with H' a subgroup of H and 'OikH’ inner faithful, thanks to the last item in the previous

subsection). If (H,N,®) € QD(H ~ T'), then we simply denote (NN, ®) the corresponding
element of QD(H ~ T').

Proposition 4.1. Let H ~ T as above and let p : k][] x kT — R be an algebra map such that
pipr s inner faithful. Let

E(p) ={(H,N,®) = (N, ®) € QD(H ~ T') | Vr € N, p(r#1) = p(17®(r))}
10



For any (N, ®) € E(p), there exists a factorization

k() » K ? R

\\}\\ //f//

k[T'/N] xg k1

where if j : T/N — T is a section of the canonical projection u : I' — T'/N with ju(l) = 1,
q(r#0p) = u(r)#0,®(rju(r) ') and plu(r)#0y) = p(julr)#dn).

Endow E(p) with the partial order defined by (N,®) < (M,V) <= N C M and Y|y = ®.
Then E(p) admits a mazimal element. For any mazimal element (N,®) € E(p), the above
factorization is universal and k[T'/N] g k™ is isomorphic to the Hopf image of p.

Proof. Let (N, ®) € £(p). The Hopf algebra map ¢ is defined in Proposition 2.4. We have
pa(r#0n) = p(ju(r)#on®(rju(r) ™) = p(1#®(rju(r) ™)) p(ju(r)#dn)
= p(rju(r) " #1)p(ju(r)#n) = p(r#oy)
Hence pg = p and p is an algebra map, and we have our factorization. It immediate that £(p) is
non empty, that < defined above is indeed a partial order on £(p), and it is an easy verification
to check that £(p), endowed with this partial order, is inductively ordered. By Zorn’s Lemma
we can pick a maximal element (N, ®) in £(p). Let us show that the previous factorization
realizes the Hopf image of p. So let (L, p,p) be the universal factorization of p: the universal

property of the Hopf image yields a Hopf algebra map 7 : k[I'/N] x¢ k¥ — L such that the
following diagram and all its subdiagrams commute.

kD) % kH R

N

L
A
!
!

™

s

kL /N] e k!

By construction  is surjective, and m,# is injective since p is (by the inner faithfulness of Pl GH )-
Let
M = {r el |3f € k" with w(u(r)#1) = m(1#f)}
and
M' = {reT | 3f e k! with p(r#1) = p(1#f)}
For r» € M, we have
p(r#1) = mq(r#t1) = m(u(r)#@(rju(r) 1)) = 7(1#0(rju(r) ") f) = p(#@(L#rju(r) "))
for some f € k¥, hence » € M’. For r € M’, we have

(u(r)#1) = mq(r#®(Gu(r)r™)) = p(1#@(ju(r)r™") f) = 7(1#D(Gu(r)r ) f)
for some f € kf, and r € M. Hence M = M’. We know, by Proposition 2.5, that M is

an H-stable normal subgroup of I' and that there exists ¥ : M — (k#)* such that (M, V) €
QD(H ~T) and p(r#1) = p(1#Y(r)) for r € M. For r € M, we have

p(r#l) = pp(r#1) = pp(1#¥(r)) = p(13#¥(r))
and hence (M, V) € E(p). It is clear from the first description of M that N C M. For r € N,
we have
p(r#1) = mq(r#1) = p(1#®(r)) = p(17#¥(r))
hence (N,®) < (M, V), and we have N = M by maximality of (N, ®). It then follows from
Lemma 2.7 that 7 is injective, and hence is an isomorphism. U
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Remark 4.2. It is possible to avoid the use of Zorn’s Lemma in the previous proof, using the
existence of the Hopf image. We found the use of Zorn’s Lemma more convenient to formulate
the proof. A drawback is that the description is not very explicit (but this would not be more
explicit without Zorn’s Lemma).

We now present two situations where the Hopf image has a more explicit description.

Corollary 4.3. Let H ~ T as above and let p : k[I'] x k' — R be a representation such that
pipr s inner faithful. Consider the H-stable normal subgroup of I'

N ={rel |VheH, 3f € (") with p(h-r#1) = p(1#f)}
and assume that there exists ® : N — (k)% such that (N, ®) € £(p). Then the Hopf image of
p is isomorphic with k[I'/N] xg k.
Proof. For (M,V) € &(p), we have M C N. Hence if (N,®) < (M, V), then N = M and
® = W. This shows that (N, ®) is maximal, and the previous result finishes the proof. ([

Corollary 4.4. Let H ~ T as above and let p : k[I'] x kT — R be a representation such that
i 18 faithful. Let

No={reT | 3f € k¥ with p(r#1) = p(1£)}
Thas is a normal subgroup of I', and the faithfulness assumption on pu yields a group morphism
® : Nog — (k)* such that p(r#1) = p(1#®(r)) for any r € Ng. Now put
N ={re Ny |Vh,k,l € H, h.ar € Ny and ®(k.r)(Ih) = ®((I7 h).r)(h)®(k.r) (1)}
Then N a normal and H-stable subgroup of T', (N,®) € &(p) and the Hopf image of p is
isomorphic with k[T'/N] g k.

Proof. 1t is a direct verification to check that NV is a normal and H-stable subgroup of I', that
(N,®) € QD(H ~ I') and hence that (N,®) € £(p). For (M,¥) € &(p), we have M C N.
Hence if (N, ®) < (M, V), then N = M and ® = V. This shows that (N, ®) is maximal, and
Proposition 4.1 finishes the proof. O

5. EXAMPLES

We illustrate the results of the previous section using the examples of Section 3. We assume
that k has characteristic zero here.

5.1. Construction of the representations. Let M, N > 2. As in [6], we fix a matrix
Q = (Qic) =€ Myn (k™) with Qoc = 1 = Q4o for any 4, ¢ (the indices are taken modulo M, N,

respectively). To @) we associate the matrix 0 = (6;.) € Myn (k™) defined by ;. = %

We have

N-1 M-1
[T6c=1=]] 0 0<i<M-1,0<d<N-1
c=0 3=0

We denote by €, ...,ex_1 the canonical basis of k. We consider the Hopf algebra k[T M,N| %

k%M of Subsection 3.3 and we will be interested in the representation
pg : K[Tarn] x k2 — End(kV)
defined as follows: for 0 < i < M — 1, we have
pQ(gi#1)(€c) = bicec—1
and for f € kZM | we have
po(1#f) = f()id, where Zyy = (h)
The representation pg is a constituent of the representation 7¢ in [6], to which we will restrict

here (note however that inner faithfulness of pg implies inner faithfulness of 7).
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It is clear that pQ\kZM is inner faithful, so we can use the statements of the previous section.

Recall [6] that we say that pi,...,pn € k™ are root independent if for any r1,...,7ry, € Z:
pito.ppr=1 = ri=...=rp =0

It is shown in [6] that if the elements Q;e, 1 <i < M — 1,1 < ¢ < N — 1 are root independent,
then the representation pg is inner faithful. Our main aim is to show that, at least in some
situations, the root independence assumption can be weakened, as follows.

Theorem 5.1. Assume that M = 2 and N is prime, or that M is prime and N = 2. If one
the elements Q. is not a root of unity, then the representation pg is inner faithful.

5.2. Preliminaries and notation. We now develop some preliminary material. We retain

the previous notation. For R = (Ri), 1 < i < M —-1,1 < ¢ < N -1, R € Z, put
M—

Sje = Rjc + Zi:1 ! R,

1

M—-1N-1
oR0) = | [T T] ¢
j=1 c=1

and for 1 <d< N —1,

M1 M-l N-1 5
—j,—d j,c—d—9j,—d
atwa= (L% ) (T IT ™
j=1 j=1 c=1,c#£—d

The following result is a direct verification.
Lemma 5.2. For any 0 < d < N —1, the map
a(—,d) : ZM-DWN=1) __ px
R+— a(R,d)
18 a group morphism.
There is moreover an action of Zy; = (h) on ZM=DW=1) given on the standard basis €.,
1<i<M-1,1<¢< N-1,byh-€c = €cr1—€1, (the indices are taken modulo M, N). This

is in fact the same action as the one in Lemma 3.3, but written additively. For 0 <l < M —1

and R = (Ry.) € ZM-DWN-1) 'we note I - R = h!- R.
Definition 5.3. For 0 <1< M — 1, the groups ElQ c ZM-DIN=1) 4nd Ié) C (k)N are the
respective kernel and image of the group morphism

Z(M—l)(N—l) BN (kX)N—l

R+— (a(l -R,0)a(l- R, d)71)1§d§N—1

and we put Eg = ﬁlj\io_lEég
Lemma 5.4. (1) If the elements Qic, 1 <i < M —1,1<¢ < N —1 are root independent,
then E% = (0) = Eq.
(2) If one of the elements Q;. is not a root of unity, then the group I% is infinite.

Proof. (1) One checks first that if the elements Q;e, 1 < i < M —1,1 < ¢ < N — 1 are root
independent, then so are the elements 0;., 1 < i < M —1,1 < ¢ < N — 1, and then the
verification that E% = (0) is immediate using the root independence of those elements.

(2) Using the standard basis of the free abelian group Z(M D=1 " we see that I% is the
subgroup of (k*)N~! generated by the elements

(9ic95019;cl+d90,c+d)1gd§N71, 1<i<M-—-1,1<c<N-1
13



Denote by s the group of roots of unity in £* and assume that Ic% is finite. Then for any
1<i<M-1land1<c¢,d<N —1we have
9i096010501+d00,c+d € Moo

and in particular for any 1 < c¢,d < N — 1, we have

N-1

—1p—1 —NgN -1
T 6ic60.6; 1 ab0.cd = 052 00'cya € Hoo = Bocrablys € boo
i=1

Then we have forany 1 <c¢< N —1
N-1

-1 —-N
H 90:C+d00,c = GO,C € Uoo = 00,0 € too
d=1

From this we deduce easily that 0;. € o for any ¢, ¢, and then that Q;. € s for any i,c as
well. O

5.3. We come back to the study of the representation pgy. According to Proposition 4.1 and
Corollary 4.3, we need to study the group

Ng ={r €Ty | Vy € Zpr, 3f € (KM% with pg(y - r#1) = f(h)1}
={relyn | Yy € Zy, IN € k" with pg(y - r#1) = A1}
Lemma 5.5. The subgroup Nq is the subgroup of T' = (Gic, 1 <i<M-1,1<c<N-1)

formed by elements
1

M-1N-1
R'Lc
o= ]I I @

i=1 c=1

for which we have R = (R;.) € Eg. Moreover the Hopf image of pg is isomorphic to
K[T/U x Zy] 3¢ k2M

for some quotient datum (U, ®), where U C Ng.
Proof. One sees easily that an element in Ng belongs to T', and we have pg(ai.#1)(eq) =
9i,c+d962+d6d- From this we see that for a as above, we have pg(a#1)(eq) = a(R,d)eq, and
hence Ng is indeed the announced subgroup. By Proposition 4.1, the Hopf image of pg is

isomorphic to k[ n /U] Xa k%M for some subgroup U C Ng, with I'yy v/U =T/U x Zy by
the first assertion. O

From this, choosing @ such that Eg = (0), we see that T is indeed free abelian on the
elements a;., 1 <i < M —1,1<¢ < N-—1 (Lemma 3.3). In general we also see that the groups
Eq and Ng are isomorphic, and that Z(Mfl)(Nfl)/EQ ~ T/Ng.

From this, we first recover Theorem 4.6 from [6] in the case of cyclic groups.

Corollary 5.6. If Eg = (0), then the representation pg is inner faithful.
Proof. If Eq is trivial, so is Ng, and the result follows from Lemma 5.5. O

Corollary 5.7. If I% is infinite, then the Hopf image of the representation pg is infinite-
dimensional.

Proof. Again the Hopf image of pg is isomorphic to k[T/U x Zy] xg k%M for some subgroup
U C Ng. We have I% o~ Z(Mfl)(Nfl)/E%, so [ZM=DIN=1) . o] = [T : Ng] is infinite, as well
as [T : U], and we are done. O

We can also prove Theorem 5.1 now.
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Proof of Theorem 5.1. The group I(% is infinite by Lemma 5.4, hence by the previous corollary
the Hopf image of pg, isomorphic to k[ n/U] X kM, is infinite-dimensional. By Theorem
3.4, either U is trivial, and we are done, either k' n /U] X o k%M is cocommutative. In this case
the Zy-action on I'ps v /U is trivial, and since it permutes cyclically the generators, the quotient
group 'y v /U is finite cyclic, and k[T ps v /U] ¢ k2™ is finite-dimensional, a contradiction. O

5.4. Example at small indices. We end the paper with some precise results at small indices
M and N. We begin by the case M =2 = N. We have then

-1
Q= G ;) and 0 = <qq qgl>

for some ¢ € k*, and we simply denote pg by ps. We retain the notation of the beginning of
Section 3.

Proposition 5.8. Let A, denote the Hopf image of py : k[T2,2] x k22 — End(k?) ~ Ms(k), and
let m = o(q).

(1) If m = oo, then Ay ~ k[T'22] x kZ2.

(2) If m € 2N, then A; ~ A(m).

(3) If m € 2N and m ¢ 4N, then A, ~ A(g).

(4) If m € 4N, then Ay ~ B("}).
In particular, we have dim(A,) = 4o(g*).

Proof. (1) follows from Corollary 5.6. We assume now that ¢ is a root of unity. We have, in

matrix form
g? 0
pglani#l1) = < 0 q2>

Thus the subgroup Ng in Lemma 5.5 is formed by the elements {a},, k € Z, m|4k}.
(2) Assume that m ¢ 2N. Then Ng = (af}). For & the trivial map, we easily see that
(Ng,®) € £(pq), and hence we have A, ~ A(m) by Corollary 4.3.

(3) Assume that m € 2N and m ¢ 4N. Then Ng = <a1%1>. For ® the trivial map, we see that
(Ng,®) € £(pq), and hence we have A, ~ A("§) by Corollary 4.3.

(4) Assume that m € 4N. Then Ng = (a?ﬁ. Consider, as in the beginning of Section 3,
Om ((a11)%) ~ Z — Zy = (x), the unique group morphism with ®,,(a}) = x (recall that
gog1 = a11). It is immediate to check that (Ng,®m) € E(pg), and hence we have A, ~ B(7)

by Corollary 4.3.
The last assertion is immediate. O

As a last example, we consider the case M =3, N = 2. We then have

11 ' q
Q=11 p| and 0= D p!
1 ¢ et pg!

If p or ¢ is not a root of unity, we know from Theorem 5.1 that pg is inner faithful. In the root
of unity case, we have the following particular result.

Proposition 5.9. Assume that p and q are roots of unity, and let m = o(p?) and n = o(¢?).
Denote by Ag the Hopf image of pq.

(1) If GCD(m,n) = 1 = GCD(m,3) = GCD(n,3), then Ag is isomorphic to a smash

coproduct
E[(Zn, X L) X Zg) % k%3
(2) If p* = ¢*> and GCD(m, 3) = 1, then Aq is isomorphic to a smash coproduct
k[(Zn X L) X Zp] ¥t k2
15



(3) If p*> = ¢ and 3|m, then Agq s isomorphic to a smash coproduct
F[(Zm X Zp) % Zo) 3 K78

Proof. In matrix form, we have
-2

2
pqla11#1) = <p0 qO2> , pglao1#1) = (% q()4>

Hence the group Ng consists of elements a?lagl for which we have
(p2)7a+,8 _ (q2)a+2ﬁ’ (p2)2a+,3 — (q2)a76

1) Our assumptions imply that Ny consists of elements af aZ, with a, B € mnZ. Taking
Q 11921
® : Ng — k%3 the trivial map, we see that (Ng, ®) € £(p), and we conclude by Corollary 4.3.
Q Q
2) Our assumptions imply that Ng consists of elements a$ a’ with a,B € mZ, and we
Q 11921
conclude as in the previous case.
3) Here our assumption imply that Ny consists of elements a$* a’ with
Q 11921

a,p € {(—21@% +ml, k%), k1€ 7} = Z(m,0) + Z(—Q%, %) = Eq C 77
We then have T/Ng ~ 72| Eq ~ L, X L (by the standard theory of finitely generated abelian
groups), and we conclude as in the previous cases. O
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