Preserving invariants and volume for split
systems

Philippe Chartier!  Ander Murua?

lipso
INRIA-Rennes and ENS Cachan, Antenne de Bretagne
2Department of Computer Science
University of the Basque Country

Clermont 2008



Outline

e Problems and motivations
@ General invariants encountered in physics
@ Improved qualitative behavior of geometric integrators
9 Setting of the problem
@ [nvariant and volume preservation for split systems
@ The Hopf algebra of coloured trees
@ B-series and S-series for split vector fields
e Conditions for invariants-preservation
@ Numerical methods preserving invariants
@ The case of quadratic and cubic invariants
@ B-series methods preserving all cubic invariants
@ Conditions for volume-preservation
@ Volume-preserving B-series
@ Connection with the preservation of cubic invariants
@ volume preserving methods for split systems with a special stru
a From conditions for vector fields to conditions-for integrat ors



Problems and motivations

Outline

e Problems and motivations
@ General invariants encountered in physics
@ Improved qualitative behavior of geometric integrators



Problems and motivations
°

General invariants encountered in physics

Examples of first integrals

@ Conservation of energy in Hamiltonian systems

Hamiltonian system

G e oA

4

$H(p,a) = %4p + 224 = 0 hence H(p, q) = Const




Problems and motivations
°

General invariants encountered in physics

Examples of first integrals

@ Conservation of energy in Hamiltonian systems

@ Conservation of total and angular momentum in N-Body
systems

N-Body system
N

Bi=—> vdi—q), di= - vsymmetric

SN . pi = Constand SV, g; x p; = Const

\



Problems and motivations
°

General invariants encountered in physics

Examples of first integrals

@ Conservation of energy in Hamiltonian systems

@ Conservation of total and angular momentum in N-Body
systems

@ Conservation of mass in chemical reactions

Chemical reactions

A 3 B y1 = —kyy1 + kay2ys
K )
B+B 2 B+C Yy, = Kkiyi —Kayays — koy?
B+C & Ajc  ys = kay3

%()& +Yy2+Yy3)=0hence l(y) =y1 + Y2 + Yy, = Const.




Problems and motivations
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General invariants encountered in physics

Examples of first integrals

@ Conservation of energy in Hamiltonian systems

@ Conservation of total and angular momentum in N-Body
systems

@ Conservation of mass in chemical reactions
@ Conservation of the spectrum by matrix flows

Isospectral matrix equations

L = B(L)L —LB(L)with B(L) skew-symmetric.

Theorem
Let U = B(L(t))U, U(0) = I. Then, L(t) = U(t)LoU(t) 1.




Problems and motivations

General invariants encountered in physics

Examples of first integrals

@ Conservation of energy in Hamiltonian systems

@ Conservation of total and angular momentum in N-Body
systems

@ Conservation of mass in chemical reactions
@ Conservation of the spectrum by matrix flows
@ Conservation of volume in divergence-free systems

Divergence-free system

y = f(y)withdiv(f) =0.

Theorem

| A\

The flow ¢; preserves the volume, i.e. f ydy = Jady.
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Improved qualitative behavior of  geometric integrators

U = e¥-2=f(V)
Vv = 1-eY=g()

Lotka-Volterra equations in normal form: explicit Euler method

2k




Problems and motivations
®0

Improved qualitative behavior of  geometric integrators

A prey-predator model in normal form

U = e¥-2=f(V)
Vv = 1-eY=g()

Lotka-Volterra equations in normal form: implicit Euler method

051

-051
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Improved qualitative behavior of  geometric integrators

2-D Kepler Problem

Tp— —2— = T(p)+V(q) < d = ~V'(q).

Euler explicitimplicit
T T

3 T
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Improved qualitative behavior of  geometric integrators

2-D Kepler Problem

=T(p)+V(a)
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Problems and motivations
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Improved qualitative behavior of  geometric integrators

2-D Kepler Problem

~_ —T(p)+V(a) = G = V/(a).

Energy
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Setting of the problem
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Invariant and volume preservation for split systems

The two classes of problems considered

We consider systems of ODEs of the form

Split vector fields systems

y = fly)+@y)+... +N(y),

such that each individual vector field has the invariant function |

Common Invariant
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Invariant and volume preservation for split systems

The two classes of problems considered

We consider systems of ODEs of the form

Split vector fields systems

y = fly)+@y)+... +N(y),

or preserves the volume form

Divergence-free

0 = divfM(y), v=1,...,N




Setting of the problem
o] Yo}

Invariant and volume preservation for split systems

Invariant preserving integrators

A one-step method

is a map from the phase-space to itself, which, given an
approximation y of the solution at time t, produces an
approximation ¢ attime t -+ h.

The modified vector field

associated to a numerical integrator ®f is the vector field f,
such that the exact solution of z = f;,(z), z(t) =y attimet + h
is of (y).

Invariant-preserving integrators(1)

o preserves | if | (¢l (y)) = I(y) foranyy.
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Invariant and volume preservation for split systems

Invariant preserving integrators

A one-step method

is a map from the phase-space to itself, which, given an
approximation y of the solution at time t, produces an
approximation ¢ attime t -+ h.

The modified vector field

associated to a numerical integrator ®f is the vector field f,
such that the exact solution of z = f;,(z), z(t) =y attimet + h
is of (y).

Invariant-preserving integrators(2)

! preserves | if (VI(y)) fa(y) = 0 for anyy.
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Invariant and volume preservation for split systems

Volume-preserving integrators

A one-step method

is a map from the phase-space to itself, which, given an
approximation y of the solution at time t, produces an
approximation ®f (y) at time t + h.

The modified vector field

associated to a numerical integrator ®f is the vector field fi,
such that the exact solution of z = f,,(z), z(t) =y attimet + h
is of (y).

Volume-preserving integrators(1)

o9 (y)

o[ preserves the volume if det ( ) =1lforanyy.
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Invariant and volume preservation for split systems

Volume-preserving integrators

A one-step method

is a map from the phase-space to itself, which, given an
approximation y of the solution at time t, produces an
approximation ®f (y) at time t + h.

The modified vector field

associated to a numerical integrator ®f is the vector field fi,
such that the exact solution of z = f,,(z), z(t) =y attimet + h
is of (y).

Volume-preserving integrators(2)

ol preserves the volume if div (fh(y)) =0 foranyy.
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Invariant and volume preservation for split systems

Volume-preserving integrators

A one-step method

is a map from the phase-space to itself, which, given an
approximation y of the solution at time t, produces an
approximation ®f (y) at time t + h.

The modified vector field

associated to a numerical integrator ®f is the vector field fi,
such that the exact solution of z = f,,(z), z(t) =y attimet + h
is of (y).

The conditions for preserving the volume are easier to obtain in
terms of the modified vector field.
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The Hopf algebra of coloured trees

Trees and forests [Merson 57, Butcher 68]

The set of trees 7 and forests F are defined recursively by:
Qecr

Q ifty,....t, e 7", thenu=t;...t, € F

Q ifuecFandve{l,...,N}, thent =[u], =B, (u) € 7.

BJ (o) = []1 = andBj(++) = []2 —y

B-(\/) =+~ andB({)=V
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The Hopf algebra of coloured trees

Order and symmetry

Consider n distinct trees ty, ..., t, and letu = t{l ...t and
t = [u],. Then,

@ |t|=1+|ul=14rqty| + ...+ n|ty]
@ o(u)=r1!...ry! (o(t1))* ... (co(tn))™ and o(t) = o(u)

Forest u e/ \f\V§ V?’\}Y \VS'\JO
Order [u] 4 11 17 11

Symmetry o(u) | 2! | 113111 | 3I(21)321 | 31111l
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The Hopf algebra of coloured trees

Structure (Connes and Kreimer 98, Brouder 04)

The set F can be naturally endowed with an algebra structure
H on R:

@ V(u,v)eF2V(\p) €R? M+ puv € H,
@ V(u,v) € F2, uv € H (note that uv = vu),
@ VueF, ue=eu=u.

S IR T

+ 3N§—3N§'+24II-
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The Hopf algebra of coloured trees

The co-product

The tensor product of H with itself is the set of elements of the
form u ® v such that for all (u,v,w,x) € H* and all (\, u) € R?:

Au+pv)ow = Auew)+u(vew),
W AU+ uv) = A(Weu)+ pwv),
(URV)(w®Xx) = (uw ® Vvx).

Definition

The co-product A is a morphism from H to H ® H defined by:
O Ale)=ewxe,
QVvtceT, A)=t®e +(dy® B;’(t)) o AoB~(t),
QVu=t...th € F, A(u) = A(ty) ... A(tn).
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The Hopf algebra of coloured trees

The co-product

AY) = Yoe+(d®B))A(s0)

Y ®e+(id ®BJ)A()A(0)

VYoe+(d®Bf)(-®e+e®-)(c@e+e®o)

= Yoe
+(id®B;)(-o®e+-®o+o®-+e®-o)

= YRe+:+:0®o0+07+cQ07+ed®y
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B-series and S-series for split vector fields

Elementary differentials

Lett be a tree of 7. The elementary differential F (t) associated
with t is the mapping from R" to R", defined by:

Q F(-.)(y) =fM(y),
@ F(lts. - tl)y) = (1) 1) (Ft)¥). - Flta)¥)).

(f [1])’f[2]
F(Y) = ()" ) (0.11)

F(2) = (1) (i) e

TI
—~
*~o
N—r
I
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B-series and S-series for split vector fields

Elementary differential operators

Letu =t; ...t be aforest of F. The differential operator X (u)
associated with u is defined on D = C*°(R"; R™) by:

X(u):D — D
g X(ugl=g%(F(t),....F(t)).

X@e)g = g
X(-)lg] = gl

X(Plgl = g ()11
X(7o-)g] = g(3)((f[ll),f[1]7f[2]’f[1]>

A\
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B-series and S-series for split vector fields

B-series and S-series

Definition (B-Series (Hairer and Wanner 74))

Leta: 7 — R. The B-series B(a,y) is the formal series:

B(a,y) = a(ey+z a(t)F(t)
ez 7

Example (Implicit/Explicit Euler)

i = Yo+ h(fl(ys) +1P(yo))

= yo+hF(+)(Yo) +hF(o)(yo) + h?F(/)(Yo) + h?F (/) (Yo)
+...
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B-series and S-series for split vector fields

B-series and S-series

Definition (Series of differential operators)

Let o : F — R. The S-series S(«) is the formal series
Jul

S(e)le] = Y. o)X (u)g]

uerkF ()

Example (Implicit/Explicit Euler)

9(y1) = 9 (yo+hfl(ys) +hiP(yo))

= X(e)[g] +h(X ()] + X (o)[g]) +h*(X(7)Ig] +X (7
2

F (X(-D)la] + 2X (- 0)la] + X (=2)(al) + .

[9])
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B-series and S-series for split vector fields

Composition of series and co-product in H

Theorem (Composition of B-series)

Let a and b be two mappings from 7 to R. The composition of
the two B-series B(a,y) and B(b,y), i.e. B(b,B(a,y)), is again
a B-series B(a.b,y), with coefficients a.b defined on 7 by

vVt e 7, (ab)(t)=(uro(a®@b)oA)(t).

(a»b)(\f):uRo(aéab)(\f@eJr-0®0+-®f+0®J+e®\f)

= a(Yi(e) +a(*)a(0)p(0) +a(*)b( ) +a(0)p( ) +aep( YY)




Setting of the problem
oooe

B-series and S-series for split vector fields

Composition of series and co-product in H

Theorem (Composition of S-series)

Let « and 8 be two mappings from F to R. The composition of
the two S-series S(a) and S(3), i.e. S(a)[S(B)[.]] is again a
S-series, with coefficients «.5 defined on F by

vu e F, (ap)(u) = (uro(a®p)o A)u).

@p)(W)=mo@on (Yeersopoqe ®f+0®,f+e®\f)
= a(Y)8(e) + a(* ©)8(0) +a(*)8(L) + a(@)8( ) + a8}
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Numerical methods preserving invariants

The action of a function | on a B-series

It can be viewed as S-series:

I(B(a,y)) = S(a)[l] <= a € Alg(H,R) and o7 = a.

A\

A B-series integrator B(a,y) | iff

vy € R, I(B(a,y)) =1(y),

S()l] =1,

where « is the unique algebra-morphism extending a onto H.

-
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Numerical methods preserving invariants

The annihilating left ideal Z]l] of |

Using the assumption of a common invariant I

Forv=1,...,N, X(+,)[I] = (VD" = 0. Hence,

N
> S(@)X ()] = S(&)lI] = 0.
v=1

Lemma

For any (wi,...,wy) € (H*)N, we have w'(e) = 0 and

m
Yu=ty- -ty € F, w/(U) = Zwu(ti)<8_(ti)Htj)'
i=1 j#i
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Numerical methods preserving invariants

Integrators preserving general invariants

Theorem

Let o € Alg(H,R). Then « satisfies S(«)[I] = | that for all
couples (f, 1) of a vector field f and a first integral I, if and only if
a(e) = 1 and « satisfies the condition

[ofts) - altm) =57 a(t o TTi46) |

forallm > 2 and all t's in 7.

|

Theorem

Let 5 € VF(H,R). Then g satisfies S(5)[I] = 0 that for all
couples (f, 1) if and only if « satisfies the condition

[(0=2T0 6 o Tl W)
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The case of quadratic and cubic invariants

For

first integral |, the condition becomes

[V(t1,t2)) €72, b(tioty) +b(tzoty) =0. |

while for cubic invariants |, one needs in addition that

| V(t1,tp,t3) € 73, b(tyotots) + b(tp otyts) + b(tzotsty) =0 |

Theorem

A B-series integrator that preserves all cubic polynomial
invariants does in fact preserve polynomial invariants of any
degree and can be formally interpreted as the exact flow of a
vector field lying in the Lie-algebra generated by f[1, ... f[N].

o



Conditions for volume-preservatiol

Outline

@ Conditions for volume-preservation
@ Volume-preserving B-series
@ Connection with the preservation of cubic invariants
@ volume preserving methods for split systems with a special stru



Conditions for volume-preservatiol

Split systems with zero-divergence

Divergence-free B-series

For systems of the form

[y = >N fPI(y) with dvi*T=0, |

a B-series modified vector field is divergence free if

- It]
V(R (y) = 3 TesbOAV(F (1)) = 0.

teT

How to compute and represent the terms in div(F (t)(y)?
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Volume-preserving B-series

A convenient formula for the derivative of an
elementary differential

9+
Fort=[ty,...,4], €7, F*(t)= Sy (F(ta),....F()).

The formula

FO_FO, g FOFE)  Fl)

ot)  ot) o(ty) o(t) " oltm)

tyotpo---otm=t

The grafting operation is meant to operate from right to left.

div(F(t) Tr(F*(t)) Tr (F*(tl)...F*(tm))
o = o) T Ztiotootn=t () ollm)
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Volume-preserving B-series

The set of aromatic trees AT

Definition

An aromatic tree o is a coloured oriented graph with exactly one
cycle, such that if all the arcs in the cycle are removed, then the
resulting coloured oriented graph is identified with a forest

t; - - - tm. If the arcs of o that form the cycle go from the root of t;
to therootoft,1 (i =1,...,m— 1) and from the root of t,, to the
root of t; then we write 0 = (t; - - - tyy). The set of aromatic trees
is denoted A7 and the set of n-th order aromatic trees A7 .

0= = (titotsty) t; = o—e—o0= O\/O, b =0-0= E
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Volume-preserving B-series

1-cuts of aromatic trees

Definition

For any aromatic tree 0 = (t; ...tn) € A7, C(0) is the
unordered list of trees obtained from o by breaking any edge of
the cycle. If we denotefori =1,...,m,
Si=tioti,j0...0othotyo...otj_1, then:

C(o) ={s1,.--,Sm}- 1)

Now, let 7 be the circular permutation of {1,...,m} and let ¢
be

o=#{1€{0,...m=1}: (ty o tam) = (o tm)

so that, for each i, there are ¢ copies of s; in the list C(0). Then
the symmetry coefficient of o is defined as o(0) = 0 []; o(t;).
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Volume-preserving B-series

The list C(0) = {s1,S2,S3,S4} for 0 = (tytatsty)

ST = i ytlotzotlotz’
Sy = Zz EZ ytzotlotzotl,
S3 = i i ytlobotlotb
S4 = ZE IZ =toliotyot; =
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Volume-preserving B-series

Divergence of a B-series vector field

Definition (Elementary divergence)

The divergence div(o) associated with an aromatic tree
0 = (t...tm) is defined by:

div(o) = Tr<F*(t1)...F*(tm)).

Collecting the terms

dv(B(b)) = S b@ntS 3T w

teT m>2 tjo---otm=t

= Y 3 (X b0) %

n>2 0c€A7, teC(o)
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Volume-preserving B-series

Divergence-free conditions

A modified field given by the B-series B(b,y) is divergence-free
up to order p if the following condition is satisfied:

Y b(t) = Oforalloe AT with |o| < p.
teC(o)

Foro = (tltztltz),

2b(t1 o t2 o tl o tz) -+ 2b(t2 o tl (e} t2 (e} tl) =0.
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Connection with the preservation of cubic invariants

2-3 cycles conditions and conditions for
invariants

© 2-cycles clearly coincide with the conditions for quadratic
invariants.

Q@ for 3-cycles conditions

0 = b(otpotz)+b(tzotyots) +b(tzototy),
= b(t1o(tzots)) +b(tz o (t1 ot3)) + b(ts o (tz 0 ta)),
= —b((tz o t3) (¢] tl) — b((tl (¢] t3) o tz) — b((t2 (¢] tl) (¢] t3),
= —b(tz o tltg) — b(tl (¢} t2t3) — b(t2 o tltg).

A volume-preserving B-series integrator can be formally
interpreted as the exact flow of a vector field lying in the
Lie-algebra generated by f[1 ... fINI,
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volume preserving methods for split systems with a special s tructure

The conditions for a special class of systems

) = 1ltl(q) + f3(r) + 1¥(p).

Black trees

Foru = [v1,...,Vm]., One has

om+1f [1]

F*(u) = (F(vl),...,F(vm))(

O O o
O O X

d(p,q,r)m+1

o O O
~—
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volume preserving methods for split systems with a special s tructure

The conditions for a special class of systems

) = 1ltl(q) + f3(r) + 1¥(p).

Forv = [wy,...,Wp]o, One has

n+1¢(2]
F*(v) = W(F(Wl),...,F(Wn))(

O O o
o OO

a(p,q,r)"*t

o X O
N~ —
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volume preserving methods for split systems with a special s tructure

The conditions for a special class of systems

p F(a)
( q ) = ( G(r) ) = tl(q) + (r) + 1B(p).
r H(p)

Square trees

Forw = [uy,...,Ur]o, one has

r+1¢[3]
F¥(w) = W(F(Wl),...,F(Wn))(

X O O
o OO

d(p,q,r)+1

o OO
N— —
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volume preserving methods for split systems with a special s tructure

The conditions for a special class of systems

p F(a)
( q ) = ( G(r) ) = tl(q) + (r) + 1B(p).
r H(p)

Consequence

div(o) # 0 iff 0 = (U1VaW1U2VaW3 . . . UmVmWem), m > 1.
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volume preserving methods for split systems with a special s tructure

Volume-preserving RK-methods for  3-cycle

systems

Theorem

A one-stage additive Runge-Kutta method formed of

(Al bll) = (6,,1),i = 1,2,3, is volume-preserving for 3-cycle
systems iff

(02— 1)(0; — 1)(0s — 1) = 610405, |

Example
An implicit "non-symplectic” RK-method

P = po+3F(Q) p1 = po+hF(Q)

Q do+ PG(R) do + hG(R)
R = ro+3H(P) p1 = po+hH(P)
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e From conditions for vector fields to conditions-for integrat ors



Substitution law

From integrators to vector fields and vice-versa

BACKWARD ERROR ANALYSIS

/hetho % ‘

Yo, Y1, Y2, yg,---‘

y 2(0), 2(h), 2(2h),.

Back to the black forest

Though what follows is valid for multicoloured trees, for
simplicity we now turn back to the monocolour situation.




Substitution law

From partitions and skeletons to the formula

Definition

Given a partition p of t, the corresponding skeleton x;, is the
tree obtained by contracting each tree of p to a single vertex
and by re-establishing the cut edges.

Table: The 8 partitions of a tree of order 4 with associated skeleton
and forest

o LY YVIY Y| Y Y]
x| - rlrlv LY

/
Vp Y Y, } } NARART AR




Substitution law

Theorem

For b(0) = 0, the vector field h=1B;(b,y) inserted into By(a,y),
i.e. with g = h=1B¢(b,y) gives a B-series

Bg(a,y) = Bi(bxa,y).

We have (b x a)(0) = a(0) and forall t € 7,

(bxa)(t) = > a(xp)b(vp).

peP(t)




Substitution law

Table: Substitution law « for the first trees.

(bxa)®) = a(®)

(bxa)(-) = a(-)b(-)

(bxa)(/) = a(+)b(/)+a(/)b(+)?

(bxa)(V) = a(+)b(V)+2a(/)b(+)b(/)+a(V)b(-)®
(bxa)(/) = a(-)b(/)+2a(/ ()'D(I)Jrr’:l(})lo(')3

This law essentially coincides with the convolution product in
the Hopf algebra of Calaque, Ebrahimi-Fard and Manchon.




The character w and its role

Let w denote the inverse element of % — ¢y for x. The backward
error coefficients b can be computed as follows:

Backward error character w

vt e T, b(t) = ((a— ) xw)(t).

-

Lemma

The coefficients w satisfy the following relation for all m-uplets,

m > 2, of trees (Uy,...,Un) € T™:
Z w(Xig UiOHUj> :O,
lud={1,...,m}, i€l
INJ =10

with the conventionsu o) =u and fou = 0.

A\



The character w and its role

From 1-cuts to multicuts

Leta € Alg(H,R) and b € VF(H,R). Then one has

Vo =(t1...tn) € AT, ) b(t) =0 iff
teC(o)

Vo = (t;...tm) € AT, zm:(—l)'“rl Y a(u)=o.
k=1

teCk(0)




The character w and its role

Consider the case m = 3, and, for instance, 0 = (tytot3). We
have to compute

b(tyotpotz) +b(taotzoty) + b(tz oty oty)

in terms of the a’s. Given (p1,p2,p3) in P(t1) x P(t2) x P(t3), a
partition p € P(ty oty o t3) is of the form

Table: Terms in the substitution law for t; ot o t3

P1 © P2 o P3

P1 © P2 ©P3

P1 ¢ P2 ©P3

P1 © P2 ©P3

Xp

Xpy X Xpy X Xpg

Xpy X Xpp © Xpg

Xpy © Xpy X Xpg

Xpy © Xpy © Xpg

o F O F
Vp:l szvp3 fpy ©Tfpy OTfpg

N F oy F
Vo Vb, vp3(rp1 0 p,y )pg

o F o F
Vo, Vp, Vg Tpy (Fp, © Tpg)

CRVERYES
Voy Yy Vg 'P1 P2 P




The character w and its role

Hence,
b(tlotzot3): Z ( P1 Pz ps)><
(p17p2’p3)
(w(Xpl X Xp, X Xps)@(Fp, 0 Tp, 0 fp,) 1-cutterm

"‘W(Xpl X Xpy © Xps)a(rpl © rpz)a(rp3) 2-cut term
+w(Xpy © Xp, X Xps)@(Ipy)a(Ip, 0 Tp,)  2-cut term

+w(Xpy © Xp, © Xps)a(rp,)a(rp,)a(rp,)  3-cut term)



The character w and its role

Forb(tyotyotz) +b(taotzoty) +b(tg oty oty) we get:

W(Xpl X Xp2 XXPa) (a(rplorpz Orp3)+a(rp2 orp3orp1)+a(rpaorplorp2)) :

a(rpa)a(rpl © rpz) (W(Xpl X Xp; © ng) + W(ng © Xpy X sz)) +...

where
w(Xpl X Xpp © Xps) + W(Xps O Xpy X sz) = —w(XPl X Xpp X ng)

a(rpl)a(rpz)a(rps) (W(Xpl ©Xp2 OXP3)+w(XP2 ©Xps OXP1)+W(XP3 ©Xp1 OXPZ))

i.e., a(rp, )a(rp,)a(rps )w(Xp; X Xp, X Xps)-



The character w and its role
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