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ABSTRACT. We consider a dynamical one-dimensional nonlinear Marguerre-
Vlaslov model for an elastic arch depending on one parameter € > 0 and study
its asymptotic behavior for large time as € — 0. Introducing appropriate
boundary feedbacks, we prove that the corresponding energy decays exponen-
tially uniformly with respect to € and the curvature. The analysis highlights
the importance of the damping mechanism - assumed to be proportional to
e* 0 < a <1 - on the longitudinal deformation of the arch. The limit as
e — 0, first exhibits a linear and a nonlinear arch model, for &« > 0 and
a = 0 respectively and then, permits to obtain exponential decay properties.
Some numerical experiments confirm the theoretical results, analyze the cases
a ¢ [0,1] and evaluate the influence of the curvature on the stabilization.

1. Introduction - Problem statement. We are concerned in this work with the
stabilization of a nonlinear shallow arch model by boundary feedbacks. More pre-
cisely, we are devoted to proving how standard arch models may be obtained as
singular limit of a 1-D Marguerre-Vlasov system - with respect to a small param-
eter € -, so that the exponential decay rate of the energy remains uniform as this
parameter goes to zero. A similar issue was addressed in [14] with internal damp-
ing mechanism and Dirichlet boundary condition. Here, we carry out the control
strategy which is given in [13] to study the model when the dissipation acts on
the boundary, a situation which add important technical difficulties. Our analysis
shows how crucial are the boundary conditions on the nature of the limit system
and on the decay properties.

A widely accepted dynamical model to describe large deflections of an elastic
shallow arch is the so-called Marguerre-Vlasov system (see [1, 2, 19] and the refer-
ences therein). Precisely, for Q = (0, L) where L designates the length of the arch,
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the following system is considered :
eusy — h(u, w), =0 xeQ, t>0,
wtst - wasvmtt + w;wwm - (w;h(ui’ws))x + k(x)h(ui,ws) =0 UAES Qa t> 0;

(1)

where h denotes the longitudinal strain of the arch
1
o w%) = (48 + (d)? + b ). 2

For simplicity, we put here the physical constants equal to one. The quantities u® =
u®(x,t) and w® = we(x,t) represent, respectively, the longitudinal and transversal
displacement of the arch at point x € Q@ = (0,L) and at time ¢t > 0. k = k(z)
represents the curvature of the arch and is assumed to be small enough. Finally,
¢ denotes a real positive parameter, introduced by Berger in [1] in the context of
plates in order to make the link between Von Kédrmén system (see [4]) for which
e = 1 and Kirchhoff-Love’s system (see for instance [8]) for which ¢ = 0. Thus,
the nonlinear model above reflects the effects of stretching on bending, a necessary
consideration for arch that undergoes large deflections from the equilibrium point
u=w=0.
We assume that the arch is clamped at x =0

u®(0,t) = w(0,t) = wi(0,t) =0, Vt>0. (3)

On the other edge © = L of the arch, assuming that the velocities u§(L,t) and
w§ (L, t) and the rate of bending wZ, (L, t) can be measured for all £ > 0, we prescribe
the following boundary feedback terms in the form of moments and shears :
h(us,w®)(L,t) = —yui(L,t), t>0,
(w;zz - w;tt - h(ui7w8)w§:)(l’7t) = th(L7t)a t >0, (4)

we (Lyt) = —ws,(L,1), t>0,

with v € R. In the sequel, in order to have only one parameter in the model, we
assume that v may be expressed in term of € as follows :

v(Ee)=¢% acR. (5)
At last, the initial condition for (1)-(4) are

(u®(z,0),us (x,0), w(z,0),ws (x,0) = (u°,u*,w’,w"), 0<zx<L (6)

with (u®, u!,w% w') independent of ¢.

Then, the energy associated to (1)-(6) is defined by
1 (L
B =g [ {4 02 + P+ E P 4 bk 0 bn >0 ()
0
and according to the boundary conditions (4) and (5), it satisfies (formally) the
following dissipation law

dE(t

WO o (L0) — @)P(L0) ~ @S (L0), W0, (9
Therefore, the boundary terms play the role of feedback damping mechanisms and
one can wonder if the energy decays to zero as time goes to infinity. In this paper, we
analyze both theoretical and numerically the following two questions with respect

to the value of « :

1. Uniform stabilization of E. with respect to ¢ and the curvature k;
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2. Convergence of the solution {u®,w®} as € goes to zero.

In a first part, we show that, for o € [0, 1], the energy E. decays exponentially
in time, uniformly with respect to the parameter € and the curvature k. In this
way, we make use of multipliers as in [13] to obtain non standard energy identities.
These identities and the assumption on the smallness of the curvature then allow
to construct an appropriate Lyapunov function leading to the decay property.

In a second part, we show that the asymptotic limit of the system (1) permits
to recover two modelizations of the transversal displacement of a beam partially
clamped. For a > 0, we obtain that the limit w of the transversal displacement w*®
is solution of the classical linear beam equation of fourth order

Wyy — Waatt + Wegre = 0 (9)

whereas for a = 0, we obtain the nonlinear equation

s = e+ e — 1[0+ [ (“; o) (s~ K2) =0 (10)

where ¢ = ((t) is a time-scalar function, solution of a first order ODE and related to
the limit u of u® via the initial condition ¢(0) = u®(L,0) = u°(L). In this respect,
results of this paper may also be considered as a contribution in the context of
vibration modelling. The connections between the various models available for a
given mechanical problem are often described by means of singular perturbation
problems. We refer the reader to the monograph of Ciarlet [4] in which various
shell models are derived as singular limits of the 3-D elasticity system and [5] for
an asymptotic analysis of nonlinear beam models.

The outline of the paper is as follows. In section 2, we apply a general result of
Lagnese-Leugering [13] to show the well-posedness of the nonlinear boundary value
problem (1-6) in the space of finite energy. Section 3 is then devoted to the proof of
the uniform exponential decay of E.. In Section 4, combining energy estimates and
compactness arguments, we derive the two asymptotic limits of (u®, w®) in precise
senses, depending on the positive value of « (see Theorem 4.1 and Theorem 4.2).
The main difficulty is the identification of the nonlinear term. This is done by using
ad’hoc test functions which depend on the boundary conditions in a sensitive way.
We also discuss the cases @ < 0 and « > 1. Finally, in Section 5, we numerically
check and specify the theoretical convergence. We conclude with some remarks and
perspectives. Our analysis improves the earlier work [16] and gives a satisfactory
answer to a problem suggested in [14].

2. Existence and uniqueness for the Marguerre-Vlaslov model. For any
e > 0 fixed, we first prove the well-posedness of the system (1-6) in the space of
finite energy. Taking the boundary conditions (4) and the energy dissipation law
(8) into account we introduce the following Hilbert space
H=VxL*Q)xWxV (11)
where
V={ve H(Q):v(0) =0}, W ={ve H*):v(0)=u0,(0)=0}. (12)
The Hilbert space H is endowed with the natural norm
1/2
| (v, 9, w,2) ||n= (II vllin e lly 122 + lwee [1Z2@) + 1 2 3o
(13)
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Then, the following result holds.

Theorem 2.1. Lete > 0, a € R, k € HYQ) and (u°,u',w’,w') € H. Then,
problem (1)-(6) has a unique global weak solution

(u®,uf, w®,wi) € C([0,+00); H) (14)
and the total energy E. given by (7) satisfies (8) for all t > 0.

Proof. The proof is obtained following closely the arguments developed in [13]. For
the sake of completeness, we sketch the basic arguments. In order to study the
well-posedness, we formulate the system (1)-(6) as an abstract evolution equation
in H. Then, local (in time) existence is obtained using standard semigroup theory.
Global existence is a consequence of the energy dissipation law (8).
First, let us introduce the following variables
25 = h(ug,w®); 21 =wuj; wg=w;; wi=w". (15)

After some integrations by parts using the boundary conditions, we arrive at the
variational system

(26 %0) = (25,,%0) =0, ¥V ¢ € L*(),
(21, ¥1) + (26, Y1a) + %21 (L, )1 (L) =0, Vi €V,
(W6 ¢1)v + (Wi, d1)w + wi(L, t)d1 (L) + wi, (L, t)d1e (L), (16)
= —(2Wiy, b10) — (k(2)25,01), Vo1 eW,
(wip, ¢2)w — (wG, 2)w =0, Vo €W,
where (,) denotes the scalar product in L?(Q). Then, following the same steps

developed in [13], we can rewrite (16) as a first order differential system in H,
namely

dUe
= AU® + F(U?), t>0,

at +EU) (17)

Us(0) = U°,

where U¢ = (2§, 25, w5, ws) and U° = (u® ul,w® w!). The operator A is max-

imal and dissipative and therefore the underlying linear system is governed by a
semigroup of contractions in H (see [13]). To deal with the nonlinear term arising
both on the equation and on the boundary, we can also proceed as in [13] to prove
that F' is locally Lipschitz continuous in H. Indeed, the additional difficulty here
could be the presence of the term (k(z)z§, ¢1) in the structure of F. But this latter
does not affect the result since it defines a Lipschitz function as well. Therefore,
for every (u®,u',w®,w') € H, the initial-value problem (17) has a unique local
(in time) weak solution. In order to obtain global existence, we need an a priori
estimate, which in this case, is given by the energy dissipation law. It implies that
[|U€(¢)||z is bounded in each time interval where the solution exists, since E.(¢) is
equivalent to ||[U®(t)||g. Uniqueness is proved in the usual way using Gronwall’s
inequality. O

3. Exponential decay for E.. In order to simplify the notations we write in this
section u for u® and w for w®. Moreover, we denote by C' a constant that may
change from line to line but is independent of €.
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For o € [0, 1], we prove the uniform exponential decay of E.. Using multiplier
techniques and introducing a suitable perturbation F; of the energy, we show that
the functional £. = E. + 6 F. verifies for § small enough,

dﬁ;t(“ < —CE.(t), %Ee(t) <L) < gEs(t)a t>0 (18)

This will lead to the following result.

Theorem 3.1. Let {u,w} be the global weak solution of problem (1)-(6) given in
Theorem 2.1. Assume that o € [0,1] and that the curvature k = k(z) satisfies

[15]loo + [[kz||oo s small. (19)

Then, there exist positive constants C' and u, independent of €, such that

Eg(t) < CES(O)G_ 2+sa(EE(;)+\\kl\§o>t7 YV t>0. (20)

In order to obtain (18), we first derive a differential inequality for the perturbation
F. defined in the following lemma.

Lemma 3.2. Let {u,w} be the global weak solution of problem (1)-(6), a,b >0 and
F, be given by

F.(t) = / {x(euxut +wawy) + (War(TWy) ) — blww + wWpwyy) — asuut} dzx. (21)
Q
Under the conditions of Theorem 3.1, there exist constants C,C1,Cy and n, inde-

pendent of €, such that

A=) _ oy 4 ceon) / W2 (1, w)da
dt .

; (2770+ el & |Po +E-(0)) — (3/2 b — C2)> [ wias

— w2 X — U)2 T — a 'LL2 X (22)
(1/2+b)/Q 2de + (1/2 b)/Q 2 de— (1/2+ )/Qe 2

(4 L2 (L) + (O + Dy (Lt)

+ (Cs“(nl +ne®) + L(e — 62“)/2> u?(L,t), vt > 0.

Proof. The idea of the proof follows the main steps given in [13] which we adapt in
our context. Observe first that the derivative in time of F is given by

dF.(t)
dt

:/ T[eUprtty + EULUL + Wy + Wywy]dx
Q
+ / [Wett (W) 5 + Wet (TWat ) p]d — b/ (w? 4 wwy )dx (23)
Q Q

- b/ (w2, 4+ Wewes )da — a/ e(u? + uug)da.
Q Q
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Then, integrating by parts over {2, we can replace the terms eus; and wys to obtain

dF.(t)
dt

/ h(ty, w), (T, — au)dx
Q
+/ <wmm + (weh(ug, w)), — k(x)h(um,w)) (zw, — bw)dx
Q
—l—s/ TU U dx + / TWeiwedr + / Wt (XWgt) pdx
Q Q Q

- b/ (w} + w2, )dx — aa/ uldx + wae (L, 1) (Lwy (L, t) — bw(L,t)).
Q Q

(24)
Using the boundary condition (6), the terms in h, in (24) are transformed respec-
tively as follows :

/ Bt 0)s (2100 — au)dz = —euy (I, 8)(Lug (L, 1) — au(L, 1))
. (25)

— | h(ug,w)(zuz, + (1 — a)uy)de
Q

and

/Q(wzh(ux, w))z(zw, — bw)dr =h(u,, w)(L, )w, (L, t)(Lw, (L, t) — bw(L,t))

— / (g, W)Wy (TWey + (1 — b)w, )dx.
Q

(26)
We now estimate the integrals in h in (24) as follows:

/QhOhHUO(xumx%U.(0ux4u&(wuwz%(1bﬁmﬂ%k(xu%bu0>d$
:_Am%wmwm+wwm+wmum
_ /Q (1, w) ((1 —a)up +2(1— b)%ﬁ — bkw — xkxw> da

= — /Q xh(ug, w)h(ug, w),dx — /Q h(tg, w) ((1 —a)uz +2(1 — b)%‘% + ckw) dx

+ | h(ug, w)((b+ c)kw + zkyw)dx
Q

= %(1—d)/§2h2(ux,w)dx+/ h(ux,w)((b—kc)kw—kxkxw)dx—%LhZ(uw,w)(L,t)

Q
(27)
where ¢ > 0 and d (precised in the sequel) are such that

w?

(1—a)u, +2(1 - b)f + ck(z)w = gh(uz,w) (28)
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Then, for any 1; > 0 (independent of ¢), Young inequality leads to

(g, w)((b+ ¢)kw + zk,w)dr < %((b + )2 + L% | h*(up,w)dx
Q Q

1
+ oIkl + [l [ wida.
2m Q
(29)
Summarizing, from (27)-(29) and using the boundary condition, we get
- / h(ug,w) (:cum + (1 —a)uy) + we(zwey + (1 — b)w,) + k(zw, — bw)> dx
Q
1 1
< [ W wide + oI+ () [ wide = LI (s, w)(L.0)
0 2m Q 2

L
< Cl/ h? (g, w)dz + Cz/ w?, dx — §€2aut2(L,t)
Q Q

(30)
with C7 and C5 defined by

1

Cl:i

1
(1—d)+%((b+0)2+L2) and szCTm(HkllioJrllkaio) (31)

Thus, returning to (24), we obtain

dF.(t
ﬁ < — / Wagrs (TWy — bw)daere/ zurtutd:v+/ xwmtwtd:r+/ Wat (TWyt ) zdx
dt Q Q Q Q

—b/(warwit)dx—as/ ufda:JrCl/ hz(u,w)deng/wgzd:c
Q Q Q Q

+ (wmt(L,t) + h(u7w)(L,t)wz(L,t)> (sz(L,t) — bw(L,t))

—e%u (L, 1) (Luz(L, t) —au(L, t)) — L/2e**u2(L,t), vt > 0.

(32)
Integrations by parts in the first term of the right hand side of (32) give that

- /Q Wane (2105 — b0)dz = — wnn (L, 1) Loy (L, £) — bu(L, 1)

+ /Q Wege (TWer + (1 — D)w,)dx
= — Wyas (L, t)(Lwy (L, t) — bw(L,t)) + L/2w?,(L, 1)

+ (1 - b)(wma:ww)(Lvt) - (3/2 - b)/ wiazdx

(33)
Analogously, the other integral terms in (32) are estimated using Young and Poincaré
inequalities :

1
e | rugude = ELuf(L,t) — — | eulde,
Q 2 2 Ja
L 1 2
rwgwide = —wy (L,t) — = | widx, (34)
0 2 2 Ja

L 1
/ Wat (XTWgt) pdx = —wit(L,t) + —/ witdx.
Q 2 2 Ja
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From (32), using (33) and (34), we then deduce the following inequality
dF.(t
dt( ) < — wi(L, t) (Lwy (L, t) — bw(L,t)) + (1 — b) (wepwy) (L, t)
—e%uy(L,t)(Lug (L, t) — au(L,t))
+C / h?(u, w)dx — (3/2 — b — 02)/ w? dx (35)
Q Q

—(1/2—&—@)/qutdx—(1/2+b)/ﬂwtda:+(1/2—b)/QwItdx
+ L/2wi(L,t) + L/2u}(L,t)(e — &*) + Lw?,(L,t).

Now, using the Sobolev embedding theorem together with Young and Poincaré
inequalities, we can deduce that

| —wi (L, ) (Lwa (L, t) — bu(L, 1)) |< n~ w?(L, 1) +nc/ w2, da,
Q

| (1= 0)(wapws) (L, ) < (1= b)*n~ " | w2 (L, t) | +n0/ w, d,
Q
and

euy(L, 1) (Lux(L, t) —au(L, t)) < E“C’(n_lut(L, )% + nui (L, t) + 77/ uidw)
Q

(36)
for any n > 0 (independent of ¢). It remains to estimate the terms u2(L,t) and
Jo uadx in (36) which are not part of dE, /dt and E., respectively. In this respect,
we observe that

V(L 1) = (b, w)(L, 1) — Ju (L 1) — kuo(L,1))?
< OOtz w)(L, 1) + wh(L, ) + K (1)
leading to

(L0 < Ot + (1 b 50 [ adde).

Analogously, we get

[ tetae < o [ 1w+ (15 1B +E.0) [ utde).

Thus, the above estimates and (35) allow finally to obtain the desired inequality. [

Assuming the curvature and its derivative small enough, one may now choose
the constants a,b,c,d and 7, n; in order to bound the derivative of F. in term of
E.(t) and dE.(t)/dt.

Lemma 3.3. Under the conditions of Theorem 8.1, there exists a constant 3 > 0,
independent of €, such that
dF.(t)
dt

< —BE(t)+ (n "+ L/2)wi(L,t) + (Cn~" 4 Lyw2,(L, 1)
(37)
+ <C€a(n1 +ne®) + L(e — sza)/2) u?(L,t)

for any n > 0 sufficiently small.
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Proof. From (22), we need to enforce that
1/2-b<0, 1/2+b0>0, 1/2+a>0,
38
G0, no (2o + BO)) <@2-b-ca Y

C1 = Ci(b,c,d,m) and Cy = Co(m1, ||k||% + ||kz||%) being defined by (31). We
first observe that the conditions (38); and (28) hold if we take a = 1/4, b = 5/8,
¢=3/4 and d = 3/2. Let us then choose

1 d-1 1@
M= ohre2+L2 411218202
so that €7 = —1/8 < 0. The second condition in (38)2 is then equivalent to

Co < g —nC(2 eI kI +E.0). (39)

If we now introduce A € (0, 1) ( small enough but independent of ¢ and E.(0)) and
fixe the function n as follows
_ T A
80 2+e(] k|3 +E-(0))
condition (39) becomes Cs < 7/8(1 — A) and requires a geometrical restriction on
the curvature k and its derivative
7 7
Ok 12+ 11 K 1) < Tm(1=3) < T (41)

which was assumed in Theorem 3.1. Finally, if & > 0, the first condition C14+Ce®n =
—1/8 + Ce*n < 0 always holds if € (devoted to go to zero in the sequel) is small
enough. If o = 0, it suffices to take A small enough. Consequently, for all ¢ > 0, we
have

dF. (1)

dt

7 (40)

g(—1/8+05"77)/ﬂh2(u1,w)dx—(7(1—)\)/8—02)/Qw§wdx

—9/8/ wfdac—l/S/ wgtdx—3/4/£ufdx
Q Q Q
+ (7 + L/2)wi (L,t) + (Cn " + Lywy (L, 1)

(42)
+ (Csa(n_l +ne®) + L(e — 520‘)/2> u?(L,t)
< = BE(t)+ (07" + L/2)wi(L,t) + (Cy~' + L)wg, (L, 1)
+ (C’s“(nl +ne®) + L(e — 52"“)/2> u?(L,t)
with
ﬁ:2min<1/8—050‘n,7(1—A)/S—C’g). (43)

The term 7(1 — \)/8 — C5 is independent of £ and strictly positive thanks to the
geometrical assumption on the curvature. The term 1/8 — Ce®y is also bounded by

below uniformly with respect to e, writing that

1 1 7A e 1

- —Cen=-—— > —(1—-"7)\) >0, 44
8 "= 8T 8 2y (R Ea0)) 8 ) (44)

for all ¢ < 1 and A small enough. Consequently, Lemma 3.3 is proved. U
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We are now in position to prove Theorem 3.1:

Proof. We introduce § > 0 and set

L:(t) = E-(t)+0F.(t), t>0. (45)
Combining (8) and Lemma 3.3, we obtain for all ¢ > 0
dL.(1)
< — §3E.
U <m0

(e a(emm e e - 2) Yuden (16)

- (1 - 5(77‘1 + L/2>>w§(L,t) - (1 - 6<Cn‘1 - L))wgt(L,t).

Now, we choose § > 0 satisfying

1—5<cn1+L> >0, 1—6<771+L/2> >0,

(47)
1-— 5<C(n1 +ne®) 4 (17> - sa)L/Q) >0
in order to obtain
dle(t
<0 < spr.1). (48)
In view of (40), (47) will be satisfied if we choose § > 0 of the form
- (19)

0= .
2+e(|[ k[1% +E:(0)

On the other hand, usual arguments permit to compare F. and E. (see for instance
[16]) in the following manner

| F.(t) |< C[E.(t) + eE.(t)?] < C[1 4+ eE.(0)]E.(t) (50)
leading to

<1 —5C[L + eEE(O)]) E.(t) < Lo(t) < (1 +6C[1 + 5E5(0)1> E.(t) (51)

c1 Cc2
and then to
s
E.(t) < iﬁ B.(0)e" =%, wt>o0. (52)
1

Finally, we take ¢ small enough and independent of € so that C(1+¢cE.(0)) < 1/2
(we recall that F.(0) is bounded in ¢); this implies that ¢; > 1/2, ¢o < 3/2 and
finally the uniform estimation (20) of Theorem 3.1. d

4. Singular limit as ¢ — 0. In this section, we analyze the limit of the solution
(u®,w®) of (1)-(6) as e — 0.

The first step is devoted to obtain some uniform bounds in . According to (8)
and the fact that the initial energy is bounded by a constant independent of ¢, the
following sequences remain bounded in L°°(0, c0; L2()):

{Veu}, {h(ug,w)}, {wi}, {wg,} {wi,}- (53)
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The boundedness of the sequences {u°} and {w®} implies that we can extract sub-
sequences, (still denoted by the same index €) and functions ¢,n and w such that

Veu; — ¢ weakly —% in  L>°(0,00; L*(9)), (54)
h(uS,w®) = n weakly —x in L>(0,00; L*(Q)), (55)
w® —w weakly — % in L*(0,00; W) N W(0,00; V) (56)

as € — 0. Moreover, we can use the Aubin-Lions compactness criteria (see e.g. [20])
to deduce that

w® — w strongly in L(0,T; H>7°(Q)) (57)
for any 6 > 0 and T' < co. Then, it follows from (55) and (57) that
wEh(us, w®) — wyn weakly in L*(Q x (0,7)) (58)

for any T < oo.

The above weak convergences suffice to pass the limit in the linear terms of (1).
The difficulty is to identify the weak limit of the nonlinear term (wSh(us, w®)),.
From (53) we can deduce that {uS} is bounded in L?(£2 x (0, 7)) and, therefore, we
can obtain a subsequence such that

ul — p weakly in L*(Q x (0,T)) (59)
for some p = p(z,t). Then, combining (57) and (59), we deduce that
h(us,w®) = h(p,w) weakly in L*(Q x (0,T)) (60)
which, together with (54), implies that
n = h(p,w). (61)
Now, we claim that 7 is independent of z. In fact, due to (54), we have that
cuf, =0 weakly in H'(0,T;L*()) (62)
and from the first equation in (1), (61) and (62) it follows that
e = h(p,w)s =0

which implies that the function 7 is independent of = : n(x,t) = n(t).

In addition, we can also prove that the weak limit w takes the initial data w®
and w': due to (57) we know that w® — w in C([0,T]; L?(Q)). Then, w®(x,0) =
w%(z) — w(x,0)in L(Q). Consequently, w(z,0) = w’(x). To prove that w§(x,0) =
w'(z), we proceed in a similar way obtaining a bound for {w§,} in L?(0,T; L*(Q))
as follows:

wiom (15 (v thE 0, kG )). )

The next steps are devoted to identify the function 7 analyzing its relation with «
and the boundary conditions.
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4.1. The case a € (0,1]. Multiplying the first equation in (1) by a(x) = /L and
integrating over €2, the following holds

2 L
sd—Q/ usa(x)dx:/h(ui,wg)a(x)d:ﬂ:—so‘uf(L,t)—l/ h(u, w®)dx. (64)

As e — 0, the left-hand side tends to zero in D’(0, 7). On the other hand, the right-
hand side converges to —n(t) because the boundary term tends to zero. Indeed,
thanks to the energy dissipation, we have

T
ga/ | 2 dt < B.(0), YT >0 (65)
0
and therefore
/25 (L,t) is bounded in L2(0,T). (66)
Consequently,
e*ui(L,t) - 0 in D'(0,T) ase— 0, (67)

since a € (0,1]. Thus, combining (61), (64) and (67), we deduce that n = 0.
Summarizing, we have proved the following result

Theorem 4.1. Let (u® ut,w® wl) € H, a > 0 and k € H*(Q). Consider the
global solution (u®,w*®) of system (1)-(6) obtained in Theorem 2.1. Then, ase — 0,

w® —w weakly in L>(]0,00;W)N Wl’oo([O,oo);V),
where w is the weak solution of
Wit — Wrgtt + Wegge = 0 xeQ, t>0
w(0,1) = w, (0,6) =0, >0
(Waze — Wart) (L, t) = we(Lyt),  wee(L,t) = —wee(L,t), t>0
(w(z,0),w(z,0)) = (W, w'), =€

(68)

Remark 1. We observe that the curvature k = k(x) does not appear anymore in
the limit system and therefore, (68) is the system obtained in [16] where the 1-D
version of the nonlinear von Karman system is considered. We also remark that
this property does not hold in the internal stabilization case studied in [15] where
the curvature remains for v > 0. Moreover, as discussed in [16], system (68) has
a unique global weak solution in C([0,00); W) N C1([0,0); V). As last, the total
energy associated to (68) is given by

1
B =5 [ (wF +ud + u, e (69)
Q
and obeys the energy dissipation law
dE(t
% = —w}(L,t) — w2, (L,t). (70)

It is well-known that E(t) tends exponentially uniformly to zero as t goes to infinity
(we refer for instance to [12]). Indeed, according to Theorem 3.1, this property may
be recovered by the limiting process, writing that

E@) < %/ C2dx + E(t) < liminf._oE.(t) < CE(0)e~ %%, Vit > 0. (71)
Q
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4.2. The case o = 0. As previously, the difficulty is to identify the weak limit of
the nonlinear term wth(u®, w®). Once again, multiplying the first equation in (1)
by a(z) = /L, and integrating by parts, we obtain

d2

{—:@/ﬂusa(x)dx:/Qh(us,wg)za(x)dx
= —ui(L,t) — l/ h(u®, w®)dx
L Jq
= (L) — (L) - L/L(wE)de—l/ k(2)us da
A L ’ 2L Jo * * L Jq ‘

(72)
According to the energy dissipation (see also the previous subsection), the sequence

{u®(L,t)} is bounded in H*(0,T), ¥V T > 0.
Therefore, we can extract a subsequence of {u®(L,t)}, such that
u®(L,t) — ¢ = ((t) weakly in H'(0,T) (73)
and
u®(L,t) — ¢ =((t) in C([0,T)), (74)
for all T > 0, as ¢ — 0. Now, passing (72) to the limit and taking (56), (62) and
(73) into account, we conclude that (¢ satisfies the first order ordinary differential
equation

G+ ! {C +/ <wg + k(:z:)w) d:c] =0, Vt>0. (75)
Moreover, due to (74), we have
¢(0) =u’(L). (76)
It remains to identify n = n(t). Integrating the relation (61) over Q = (0, L) and
writing that

L L
/ px, t)dx :limsﬁo/ h(u, w®)dx
0 0

=lim._o(u®(L,t) —u(0,t)) +/Q
=((t) +/Q<U§C +k(z)w>dz,

Ln(t) =C¢(¥) + /Q (uf + k:(x)w) dx. (78)

Summarizing, we have the following result :

Theorem 4.2. Let (u®,ul,w® wl) € H, a =0 and k € H(Q). Consider the global
solution (u®,w®) of system (1)-(6) obtained in Theorem 2.1. Then, as e — 0%, the
solution w® converges to w solution of

2

Ct+i{C+/ﬂ<u;$+k(x)w)dx} =0, t>0,

we get

2
Wyt + Wagzr — Waatt — % |:< +/ <wqC + k(iE)’LU) d$:| (w:cac - k($)) =0, in QX (O,T),
Q

2
(79)
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with boundary conditions

w(0,t) = wz(0,t) =0, wgy(L,t) = —wye(L,t), t>0,

1 1, B (80)
Wrry — Wxtt — E |:C(t) + /Q (iww + k(l‘)lU):l ’U)w:| (L, t) = wt(L, t),
and initial conditions
¢0) =u(L), w(z,0)=uw’(x), w(z,0) =w'(zx), zec. (81)

Remark 2. Contrary to the previous case, the curvature and the nonlinearity still
occur in the limit system (79)-(81). On the other hand, integrating the first equation

in (79), we can deduce that
1" e 2
- E/o e /Q(% + k(a:)w)dxds.

Substituting the above expression in the second equation of (79) we conclude that
w = w(x,t) satisfies

e+

¢(t) =u’(L)e”

Wit + Wrrrr — Wrxtt — M(tawvww)(wzx - k’(.]?)) =0

where

t .y 2 2
M(t’w,wx)_i[u()(lj)eﬁi/o e('L)/Q(u;‘rJrk:(:v)w>cla:der/Q <U;T+k(x)w>dz]

Thus, the limit system (79)-(81) can be viewed as a linear arch model ”perturbed”
by the nonlinear term M (¢, w, w;)(wy, —k(x)). Performing as [13] (see also Theorem
2.1), we can prove the existence and uniqueness of global weak solution. Moreover,
the energy of the limit system is given by

2
E(t) = % /Q(wt2 + wgt + wf,x)da; + % [C + /Q (%wg + k(x)w) dx} , (82)

which is the natural limit of the e-system energy. From the following relation

dE(t

W) (L1) ~ (1)~ (L), (53)
we observe that the limit system is dissipative and a rate of decay is expected.
Indeed, once again the exponential decay in time for E defined by (82) is a conse-
quence of the uniform (w.r.t. to €) exponential decay of E., obtained in the previous
section (see also Remark 1). As far as we know, the proof of the exponential decay
by direct methods, i.e., without introducing a limiting process in &, remains open.

4.3. Cases a < 0 and a > 1. The analysis developed here allows us to address
partially the remaining cases a > 1 and a < 0. Following the proof of Theorem 3.1,
it is possible to obtain that E. decays exponentially in both cases, but any informa-
tion on how the decay rate depends on ¢ is provided. The numerical experiments
detailed in Section 5 will suggest that in these cases, the decay rate is not bounded
by below uniformly with respect to €.

Concerning the limit as € — 0, we have two situations :

e for @ > 1, we may proceed as in the case 0 < a < 1 to prove that the limit
model is the linear model (68) of Theorem 4.1 (case « € (0, 1]).
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3

e In the case o < 0, we multiply the first equation in (1) by a(x) = /L to get
d2 —a/2
5_”‘/2“—/ ufa(z)de = —*/*us (L, t) — / h(us, w®)dx. (84)
dt? Q Q

According to the dissipation law, we know that {e*/?u$(L,t)} is bounded in
L%(0,T). Therefore, we can extract a subsequence such that e®/2u$(L,t) —
¢ in L?(0,T). Then, passing to the limit in (84) and taking the previous
convergence into account, we obtain ((t) = 0, for all ¢ > 0. Once again,
it remains to identify the function n = n(t). Due to (59) and the Sobolev
embedding, the sequence {u°(L,t)} is bounded in L?(0,T)

T T
/ | uf(L,t) \thgc/ || uf |3 dt < C. (85)
0 0

Consequently, we extract a subsequence satisfying u®(L,t) — 3 in L?(0,T).
Now, integrating (61) and writing that

L(t) = /Q plz, t)de = lime_q / h(us, w)dx = B(t)+ /Q <;w§+k(a¢)w>dz (86)

Q
we express the function 7 in term of 8 and w. Summarizing, as ¢ — 0, the
limit w of w* is solution the nonlinear system (similarly to the case o = 0)

4 0ezes = e~ 50+ [ (S b )i e k) =0, 02 0.7
w(0,t) = w;(0,t) = 0, wyz (L, t) = —wye(L,t), t>0
=0 = 1 [c0+ [ (Gu2 k)| o) = witzin). 1> 0

w(z,0) = w’(z), w(r,0) = w'(z), z€Q

(87)
where (3 is a non explicit function of L2(0,T).
In the next section, we study numerically the behavior of (u®, w®) and the cor-
responding decay of energy for the various cases w.r.t. « discussed above.

5. Numerical experiments. In this section, we check numerically the asymptotic
results as £ goes to zero for several values of « and k(x). For simplicity, we consider
the case of a cylindrical arch for which the curvature is constant : k(z) =k > 0 for
all z € Q.

The initial system (1) and the limit ones (68) and (79) are solved in space using
a C° — C'finite element method with mass lumping and Newmark scheme (we
refer to [6, 18]). Precisely, introducing a triangulation 7, of Q (h = maxre7, |T),
we approximate L%() and H'(2) by the finite-dimensional space V;, = {up|us €
C°(Q),upr € P1,VT € T,} and H?(Q) by the finite-dimensional space W), =
{wp|wy, € Cl(ﬁ),whﬂ« € P3,VT € T,}. Pk, k € N, designates the space of the
polynomials of degree < k. The time discretization is performed in a standard way
using implicit centered finite difference schemes of order two. Moreover, due to
the term ¢ in front of uf,, we take a small ratio dt/h = 1/100 between the time
and space parameter, in order to capture precisely the variation of «°. Finally, the
ordinary differential equation (75) in ¢ is solved using the implicit Euler scheme.

We consider the following initial condition (u",u!,w®, w') € H

(u®(2),u* (), w’(x),w (z)) = (sin(rz),0,sin*(7x),0), z€Q (88)
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and take T = 2.

5.1. Case a € (0,1]. We first comment the results we observe in the case o = 1.
Tables 1 and 2 collect the numerical results for &k = 1/5 and k = 4 respectively. In
agreement with the theoretical part, we first check the strong convergence of w® in
L2(2) and H(2) toward w, solution of the limit system (68). For k = 1/5, we
obtain

~2.98,0.76 | wg — we [[12(0x0,1)) o o~ 4:16,0.55

|| we ||L2(Q><(O,T))

|| w® —w [[z2x(0,1) _
|| w HLZ(Qx(o,T))

(89)

whereas for k = 4, we observe

|| wg — we |[22Qx (0,1))

| wa [[z2(0x(0,1))

|| W —w ||L2(x(0,1))

~ 6_0'2880'51
|| w HL?(Qx(o,T))

7 ~ 093038 (g
highlighting the influence of the curvature on the rate of convergence. Similarly, we
verify the weak convergence of h(us,w®) — n as € goes to zero. Furthermore, we
observe the exponential decay of the energies (7) and (69) uniformly with respect to
e. We remark however that the energy E. does not converge toward E (for instance
in the L?(0,T)-norm), because the part of the energy E. ,- = 1/2 fOTfQ e(uf)?dz,
which is bounded uniformly with respect to ¢, does not converge toward zero. We
obtain that only the part E. .- of E. defined by

B = 3 [ {0 + @i + @i + bl v o

converges toward the limit energy F : for k = 1/5, we observe that

(91)

| Bepws = Elz20m) ~ o—6:21,0.203 (92)

Il E {l2(0,m)
As a consequence, we observe that only the exponential decay rate associated to
E. - converges to the exponential decay associated to I, approximatively equal to
—4.037. Of course, this is not in contradiction with the uniform exponential decay
in time of F..

e=10""1 e=10"2 e=10"3
'“@;fgiﬁfxmfw 9.33x 1073 | 1.31 x 1073 | 2.76 x 104
L X (0, T
”7ﬁ;ﬁﬂ§f“fdff” 476 % 103 | 1.05 x 10-3 | 3.77 x 10~
Tzl L«(Q2x (0, T
\jbjb n)dzdt | || 6.55 x 1073 | 6.56 x 10~* | 1.86 x 103
\ut( )|\L2()T) 4.762 15.392 49.66
||ea/2ut( ) r20.m) 1.505 1.539 1.570
E.—
L‘Wiﬂzg%?ffl 3.72 x 1072 | 3.43 x 1072 | 3.43 x 102
E]gﬁfiijT> 1.31 x 1073 | 7.23 x 10~* | 5.13 x 10~
0,
Ly e(us)2dtda 1.255 1.1822 1.2225
Decay rate for E. —3.6691 —3.5705 —3.6469
Decay rate for E. - —4.0304 —4.0368 —4.0367
Decay rate for E. - —2.1100 —2.0261 —2.0181

TABLE 1. Estimations in the case « =1 and k=1/5 - dt =

h,/100.
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e=10"1 e=10"2 e=10"3
o™ =wl 22 ax 0.1 2.51 x 1071 | 5.98 x 1072 | 2.38 x 102
LleL2(Q><(0,T))
(e —welle2 (@ 0.m) 1.81 x 101 | 5.40 x 102 | 3.08 x 102
H“)THL2(Q><(O T))
\ fo fQ n)dzdt | || 4.69 x 1073 | 1.81 x 1072 | 7.77 x 1072
I ut( ) |\L2 0.T) 5.861 17.768 88.89
I ga/%t( ) ||L2 ©0.1) 1.8533 1.7768 2.811
B Ell 20 9.65 x 102 | 7.20 x 102 | 8.60 x 10~2
||E||L2j0,7~)
1B Plle20.m) 423 %1072 | 3.98 x 1072 | 3.20 x 102
NEN L2 0,1
L] e(u)2dtda 3.157 1.735 4.421
Decay rate for E. -3.33 —-3.64 —-3.22
Decay rate for Eg ;- —3.65 —3.98 —4.01
TABLE 2. Estimations in the case &« = 1 and k =4 - dt = h/100.

On the other hand, for a € (0,1) the term +/eu$(L,t) converges toward zero in
L?(0,T) (writing that /euf = e(1=)/2(c%/24¢) and using (64)). Numerical results
are collected in Tables 3 and 4 for o = 1/2. We have

H 61/2 s(L t) ||L2(O T~ 60 40&_0.2471 ~ 60.406%(1—04) (93)

and we observe now that the full energy E. defined by (7) converges to the limit
energy defined by (69)

| B — E|lr201) _
I| E{|z20,1)

_ _ 1q_
2.80,0.2494 -, ,—2.89_3(1—a) (94)

This highlights the influence of the boundary term on the convergence toward zero
(w.r.t. ¢) of the term E. ,-. In this case, the exponential decay rate associated
to the full energy E. converges toward the exponential decay rate value —4.037.
We remark that this value is the same for ¥ = 1/5 and k¥ = 4 which confirms
the independence of the limit system with respect to the curvature in the case
a > 0. Finally, in agreement with the analytical expression (20), the decay rate for
FE., € > 0 is decreasing with the curvature : as expected, the curvature acts as a
limiting factor for the stabilization of the beam.

Figures 1 depict the function ¢t — w®(L,t), t € [0,T] for a = 1 (Left) and
a = 1/2 (Right). In both case, due to exponential decay of E., the displacement
u® is damped in time. The case o = 1 highlights an oscillating phenomenon in time
while the case a = 1/2 exhibits a faster decay of the displacement in time, as e
tends toward zero.

5.2. Case a = 0. Let us know comment the result we obtain in the case a = 0
which exhibits at the limit a nonlinear behavior and a dependence with respect to
the curvature. Results, for k¥ = 1/5 and k = 4, are collected in Tables 5 and 6,
respectively. Once again, we recover the theoretical convergence of w® toward w
in H} and also of u®(L) toward the function ¢ solution of the ODE (75)-(76). For
k =1/5, we observe that

||us (L, ) —

I1¢1] Lo 0,1)

CHLOO(O,T) o 140,043 (95)
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e=10"1 e=10"2 e=10"3
™= w2 0 0.7)) 6.83 x 103 | 1.02 x 10~3 | 1.83 x 10—*
LleL2(Q><(0,T))
[lws ~well 20 0.1 3.46 x 103 | 9.60 x 10~ | 1.79 x 10~
HTUJHLZ’(QX(O.T))

\ fOTfQ(h(u;,wE) —mn)dxdt | || 2.48 x 1074 | 7.24 x 107% | 7.46 x 1074
[ ug(L,t) ||220.1) 2.705 4.934 8.885
e®2us (L, ) | r2 (0.1 1.521 1.560 1.579

t (0,7)
|| e2ug(L, ) ||p20,7) 8.55 x 1071 | 4.93 x 107* | 2.80 x 10~}
%ﬁg;)“ 312 %1072 | 1.76 x 10~2 | 9.89 x 10~3
“Eiigﬁi!ﬁf’ﬂ 1.20 x 1073 | 2.85 x 107* | 1.56 x 10~*
%fOTfQ e(us)2dtdx 7.53x 1071 | 243 x 107! | 7.92 x 1072
Decay rate for E. —4.056 —4.042 —4.038
Decay rate for E; 4. —4.0359 —4.0377 —4.0372

TABLE 3. Estimations in the case @« = 1/2 and k = 1/5 - dt = h/100.

e=10"1 e=10"2 e=10"3
”“fh;,t'li(“(;g?) 219 x 1071 | 1.24 x 107! | 4.40 x 1072
”””’jrﬂ’;',zf;(‘::f)’j>> 1.66 x 101 | 7.55 x 1072 | 2.48 x 102
S (h(us, w®) — m)dadt | || 2.11 x 1072 | 1.81 x 1072 | 1.63 x 1072
[ ug (L) [lL2(0.1) 3.0986 8.959 15.656
| €%/2us (L) ||p2(0,m) 1.742 2.801 2.784
| £2uE (L, ) (oo || 979 x 1071 | 8.85 x 1071 | 4.95 x 10!
| —||51;|i_2|L:(T0§T) 7.63 x 1072 | 4.75 x 1072 | 2.59 x 10~2
Eii%ﬁijﬁ)‘”’ 404 x 1072 | 312 x 1072 | 1.75 x 1072
L e(u)2dtda 1.853 0.815 0.549
Decay rate for E. -3.70 —4.29 —4.11
Decay rate for E; 4. —3.76 —4.29 —4.10
Decay rate for E; ;- —6.23 —4.88 —4.14

TABLE 4. Estimations in the case &« = 1/2 and k = 4 - dt = h/100.

Figure 2 depicts the function u®(L,-) with respect to t € [0,T] for ¢ = 1072 and
¢ = 1073, The figure exhibits the oscillating behavior of u® and the convergence
toward ( as € goes to zero: in this respect, the contrast between the smoothness of
the limit ¢ and the oscillations of u® illustrates the singular character of the term
eu$, in (1). Moreover, with respect to the convergence of the energy and exponential
decay, we observe for a = 0 the same phenomenon than for a = 1: only the energy
E. = converges to the limit energy E defined by (82), which does not contradict the
uniform exponential decay. Finally, the exponential decay rates we obtain confirm
the dependence in the case a = 0 of the limit system with respect to the curvature
: for k = 1/5, the decay associated with E. converges as € toward approximatively
—3.3471 whereas for k = 4, the decay converges toward approximatively —3.1302.
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NONLINEAR SHALLOW BEAM

FIGURE 1. T =2 -k = 1/5 - u*(L,-) for e = 107! (solid line),
¢ = 1072 (dashed line) and & = 1073 (dotted line) vs. t € [0,77:
a =1 (Left) and a = 1/2 (Right).

e=10"1 e=10"2 e=10"3
[T~ wllz2 0 0.1) 853 x 103 | 3.75 x 103 | 1.20 x 10-3
LleL2(§Z><(0,T))
[y 2102|200 0.1 4.05 x 1073 | 1.93 x 1073 | 6.39 x 10~*
T szHL’Z(Qx(o,T))
| Jo Jo(h(us, w®) —n)dadt| || 1.60 x 1072 | 5.67 x 10~* | 9.40 x 1077
4§ (L, )| 20,7 1.5109 1.6031 1.5581
& Uu ) L2007 . X - . X - . X -
e/ 2u§ (L, )| p2(0,m) 477 x 1071 | 1.60 x 10~! | 4.97 x 1072
o 29.203 11.195 3.861
11Be—Bllp20.r) 371 x 1072 | 3.47 x 10-2 | 3.44 x 102
||E||L2jO,T)
E. w—F
12, le20.m) 1.21 x 1072 | 8.21 x 107* | 2.83 x 10~*
NEL20,1)
L e () dwdt 2.5583 2.5949 2.4323
Decay rate for E. -3.21 -3.31 -3.33
Decay rate for E; - —3.67 —3.74 —3.76

TABLE 5. Estimations in the case &« = 0 and k= 1/5 - dt = h/100.
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e=10"1 e=10"2 e=10"3
L I PETEITES) 412 x 10~2 | 2.10 x 102 | 1.01 x 102
LleL2(Q><(0,T))
s —we |2 0 0.1 348 x 102 | 1.39 x 10~2 | 5.42 x 10-3
erEHL?(Qx(O.T))
1 (h(ue, w®) — n)dadt| || 4.21 x 1072 | 8.21 x 1073 | 4.71 x 10~3
0Ja z n
(4§ (L, )| 22 0.1 4.9237 3.0321 5.4012
e 2u§ (L, )| 20,1y 841 x 1071 | 3.97x 1071 | 8.12 x 102
[lu"(L ) =Clloe o.17) 47.11 33.12 12.11
g\(”l%oom,m
% 8.64 x 1072 | 4.81 x 1072 | 2.01 x 1072
HEsl,leeH—jl\oL;jom 3.12x 1072 | 6.51 x 1073 | 1.91 x 103
i fOTfQ e(us)2dxdt 3.1991 5.0712 4.8021
Decay rate for E. —2.9711 —3.0310 —3.1146
Decay rate for Fg - —3.2930 —3.3701 —3.4100

TABLE 6. Estimations in the case &« = 0 and k =4 - dt = h/100.

T
— 1/100
- = 1/1000
zeta

0.1

0.05

—0.05y,

FIGURE 2. T =2, k = 1/5, a = 0, u(L,-) for ¢ = 1072 (solid
line), ¢ = 1073 (dashed line) and the limit ¢ (dotted line) vs.
te[0,17.

5.3. Cases a < 0 and « > 1. To end this section, we give the decay rates obtained
for « = —1 and « = 2. As briefly discussed in Section 4.3, the limit solution w
associated to these cases is respectively solution of a linear and a nonlinear system.
However, Theorem 3.1 does not apply here and does not provide information on the
decay rate. To our knowledge, this question is open in the literature. Tables 7 and
8 collect the decay rates for E, ,- and E. ., for « = —1 and a = 2 respectively.
In both case, it appears that the decay rate for E. ., (and therefore for E.) is
not bounded by below uniformly with respect to e. At the limit in e, only the
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transversal displacement of the beam is stabilized in time. Figure 3 illustrates the
non-dissipation in time of u®(L) in these cases. These observations also highlight
the nonlinearity (see Figure 4) of the response of the beam with respect to the
amplitude of the boundary dissipation. The case a < 0 highlights the over-damping
phenomenon, well-known for instance for the wave equation. The case o > 1
highlights the lack of boundary dissipation for the longitudinal displacement u®.
We therefore conjecture that Theorem 3.1 does not hold in these cases, whatever
the value of the curvature.

| e=10' | e=10"% | e=107"

Decay rate for E. = || —2.15 x 1071 [ =6.76 x 1072 | —2.19 x 1073
Decay rate for E; ;- —3.6219 —3.6821 —3.6902

TABLE 7. Exponential decay rate in the case « = —1 and k = 1/5

- dt = h/100.

| e=10' | e=10"% | e=1073

Decay rate for B, - || —2.17x 1071 | —2.38 x 1072 | —2.27 x 1073
Decay rate for E; .- —4.0405 —4.2187 —4.0367

TABLE 8. Exponential decay rate in the case « = 2 and k = 1/5
- dt = h/100.

6. Concluding remarks. The analysis performed in this work highlights the sen-
sibility of the value of the longitudinal deformation h(uf,w®)(L,t) = —e*u§(L,t)
imposed at one extremity of a nonlinear elastic beam on its stabilization in time.
The different behavior as € goes to zero are summarized in Table 9. We observe that
a = 0 is the only value for which the decay rate is uniformly bounded and leading
to nonlinear asymptotic system, dependent on the curvature. In this respect, the
corresponding boundary condition is less rigid, from a mechanical viewpoint, than
the one obtained for o > 0, a case which do not retain the nonlinear terms, as € goes
to zero. We also observe that the curvature of the beam is a limiting factor of the
stabilization process in time. Moreover, the restriction on the curvature imposed
for the proof of the uniform decay is only a weak mechanical assumption.

Adapting some technics used in [14], it seems interesting to extend this analysis
to the two dimensional case. It is also worth to investigate similar commuting
property in the context of exact controllability (see [7, 17]).

a<0 | a=0 | ac(0,1) | a=1 | a>1
Non Linear Non Linear Linear Linear Linear
pe — 0 (x) pe>p>0 | pt>p>0 | pf>p>0 pe =0 (%)

E.we = E (%) | Ecye > E (%) | Ee = E (%) | Ecwe = E (%) | Ecppe — E (%)
TABLE 9. Summary of the behavior of the system with respect to
¢ in function of o (* : Numerical observation) - u¢ designates the
exponential decay rate.
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FIGURE 3. T =2 -k = 1/5 - w*(L,-) for ¢ = 1072 (solid line),
e = 1072 (dashed line) for & = —1 (Left) and o = 2 (Right).
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