CONSTANT TERM FUNCTORS AND TENSOR STRUCTURES

THIBAUD VAN DEN HOVE

These are notes for a talk given by the author during a workshop on Geometric Satake in
Clermont-Ferrand, in January 2022. Due to time constraints, a lot of details, proofs and lem-
mas were omitted in this talk, which have been added here. Almost all of the arguments below
come from [FS21, Chapter VI], although translated into the setting of schemes. In particular, any
mistakes in this translation are entirely due to the author.

Throughout these notes, we fix an algebraically closed field k, a reductive k-group G along with
a maximal torus T and Borel B, a coefficient ring A = Z/¢"Z for some prime ¢ # char(k), and
the projective line X = P}. Our main goal is to give the Satake category Sata A & Tannakian-type
structure. (Recall that this Satake category is the full subcategory of flat relatively perverse ULA
sheaves in D¢ (Hkg 7, A)P4.) In particular, we want to equip it with the structure of a symmetric
monoidal category, and find a symmetric monoidal fibre functor. The main tools we will use are the
constant term functors, to reduce to the easier case of tori.

I thank all the participants of the workshop, and especially the organizers Arnaud Mayeux, Timo
Richarz, and Simon Riche. I also thank Simon Riche for helpful comments on an earlier version of
these notes.

1. CONSTANT TERM FUNCTORS

Let I be a finite index set, and S — X' a morphism of schemes. For a regular dominant
cocharacter A € X, (T)", for which the associated parabolic is just the Borel, there is a G,,-action
on the affine Grassmannian Grg ;, where G,, acts through L} G, using the cocharacter A. Since
the fixed points of this G,,-action are exactly Grr r, and sheaves on Hkg ; are automatically L}r G-
equivariant, and in particular G,,-equivariant, hyperbolic localization gives an exact functor

CTlBys : Dét(Hng X x1I S, A)bd — Dét(GI‘TJ X xI S, A),

which we call the constant term functor. Aside from preserving both limits and colimits, as after
forgetting the equivariance it can be described by either a left or a right adjoint, it has some other
very useful properties:

Lemma 1.1. The constant term functor CTQS 18 conservative.

Proof. As we already know CTIB)S is exact, it is enough to show that for A € Dy (Hkg 1 x x1.5, A)P9,
if CTE’ g(A) = 0, then already A = 0. This can be checked on geometric fibres, so we may assume
that S is a geometric point; here we use that hyperbolic localization is compatible with base change.
Reducing the index set I if necessary, we may also assume that the points (z;);e; determined by
S — X are distinct. In this case, Hkg s x x1 S admits a stratification, indexed by (X (T)*)!, with
the stratum corresponding to (y;); being isomorphic to [S/([ [,c;(L*G),, xx S)], where (LT G),, is
the stabilizer of y; inside LT G. If A # 0, then boundedness of A implies that there is some maximal
stratum on which it is nonzero, say (p;);. Let —fi be the anti-dominant representative of (u;);, with
corresponding semi-infinite orbit S_z. Then, using that Grg 1 (,,), N S—z = S, one sees that the
restriction of CTIB7S(A) to [—x] € Gry is just the pullback of Ajis/(7,_,(L+6),, xx5)] to S, which is
nonzero. O

Another useful property of the constant term functors, is that they preserve and reflect universal
local acyclicity and perversity (up to a shift), as the following two propositions show. For a reductive
group G, let 7 : Grg,; — X1, or more generally mg s : Grg,1 x x1.S — S, be the natural projection.
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Proposition 1.2. Let A € D¢ (Hkg, 1 xx1 S, A)P4. Then the following are equivalent:

(1) A is ULA over S,
(2) CT]IBVS(A) € D¢y (Grg.r xxr S, A) is ULA over S,
(3) Rmr.s CTgﬁs(A) € Dt (S, A) is locally constant with perfect fibres.

Proof. As hyperbolic localization preserves universal local acyclicity in general, we immediately get
(1) = (2). For the converse (2) = (1), it is enough to show that if CTIB)S(A) is ULA over S, then
the natural map pg, ; RHom(A4, RW!QSA) QL pE A — RHom(pg, | 4, Rpl; ,A) is an isomorphism. By
conservativity, it is enough to prove this after applying the constant term functor associated to the
Borel B~ x B < G x G. But then we can use a similar isomorphism for CTJIBVS(A), the fact that
hyperbolic localization preserves exterior tensor products and inner Hom’s, and some properties of
the six-functor formalism to get a sequence of isomorphisms

CTIB* xB,s(pg,lR@(Aa RW!G,SA) ®" pé,gA) = p;l CTJIB:S(RHOJ(A RW!G,SA)) ®" p;lk",Q CTIB,S(A)
= pf1ai R(p") (RHom(A, R sA)) @ pf, CTg 5(A)
= p.195 RHom((p™)*(4), (") Rrg gA) ®" pF, CTh (A)
= p}.1qf RHom((p™)*(A), (¢7) Ry sA) ®" pf, CTh 5(A)
= p} RHom(g," (p*)*(A), Rry sA) ®" ph» CTp 5(A)
= pf 1 RHom(CT 5(A), Ry sA) ®" pf o CT 5(A)
= R@(p’}k’,l CT{B,S(A)v RP!T,z CT{-},S(A))
>~ CT}- «5,s(RHom(p; | A, RP!G,2A)7

where p* : Grg — Grg and ¢* : Grg — Grr are the maps coming from hyperbolic localization,
PG, Pa,2 are the two projections G x G — G, and similarly for pr; and pr .

Finally, the equivalence between (2) and (3) follows from the fact that, up to reductions, which
does not change the category of étale sheaves, Grr ; X x7 S is the disjoint union of copies of S. [

Consider the locally constant map

deg : Grp; — X (T) Lo, Z,
where the first map is given by summing the relative positions.

Proposition 1.3. The constant term functor CTgyS is t-exact for the perverse t-structure on the
source, and the standard t-structure on the target (which is the same as the perverse t-structure).
In particular, for some A € Dgy(Hkg 1 x x1 S, A)Pd, we have

Ae?SDSHke r xx1 S,A)P! = CT% 4(A) e DSU(Grr s xx1 S, A).

Remark 1.4. Before we give the proof, let us note that this proposition is the analogue of [FS21,
Proposition VI.7.4]. However, at that point in their manuscript, Fargues and Scholze have not
yet proved that relative perversity is preserved by base change, or that the p/Sp=0 parts of the
t-structure can be determined on geometric fibres; in fact they use this proposition to show these
properties. On the other hand, since we have access to the machinery of [HS21], we do already know
these properties hold in this situation, by Theorem 6.1 of loc. cit.

Proof. By conservativity, the first statement implies the second. By Remark 1.4 and the fact that
hyperbolic localization commutes with base change, we may assume that S is a geometric point.
We will also only show that CTIB’ g(A)[deg] preserves the < 0 part, the similar assertion for the
> 0 part can be proven in the same way, by replacing the *’s by !’s and vice versa, and using the
semi-infinite orbits for the opposite Borel instead of the usual semi-infinite orbits.

Reducing I, we may assume S — X' maps into the open locus where z; # x; for i # i’. In this
case, there is again a stratification j,,), : Hkg 1,(u,), X x1 S = Hkg 1 x x1 .S, indexed by (X4 (T)F).
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Note that we have A € PSD<" if and only if j(*uv)vA € DS"wos for all (p;); € (X4(T) ), where
Ay, = ier{2p, piy. In particular, using excision triangles, we may assume that A = Tt A

for some A,,), € Dz_d“”)i (Hke 1,(4;), X x1 S, A). Moreover, using the truncation functors we get
a filtration of A(,,), into complexes concentrated in a single degree; in particular, we may assume
Ay, 1s concentrated in degree —d,,,), -

Now, recall that Hke 7 (), Xx1 S = [S/(ILic;(LYG)yu, xx S)], and that pullback along the
corresponding quotient map is fully faithful for complexes concentrated in a single degree. And
since this quotient map is a morphism over S, we may assume A(,,, is the pullback of some
C € Dg; (S, A), also concentrated in degree —d(,,),. By a dévissage argument, we may assume that
A = F, and C = F¢[d(,,),], and by the Kiinneth formula that I = {*} contains only a single
element. In particular, we are reduced to showing that if A = j, \F¢[(2p, 1], then CT g g(A)[deg]
lies in degrees < 0.

To show this last part, let v € X,(T) be a cocharacter, with corresponding semi-infinite orbit
S, xx 8. Recall that dim((S, x x S) N (Grg,(x},, X x ) < {p, u+v). In particular, the restriction
of CTp,s(ju 1 Fe[(2p, 1)]) to [v] € Grp g4y X x S, which is just

REc((Sy xx18) 0 (Gre,gayu X x1 ), Fe)[(20, )],

sits in degrees < 2{p, u + vy — (2p, uy = (2p,v). Shifting by the degree map, we see that the result
indeed lies in degrees < 0, and this is what we wanted. O

From this point on, we will only use the case where S = X’. So even though most results will
hold in more generality, we restrict ourselves to this case for simplicity.

The previous proposition gives the following corollary, which we will use quite a few times later
on.

Corollary 1.5. A complez A € DM (Hkg 1, AP is flat perverse if and only if Rrr . CTE(A)[deg] €
Dei (X1, A) is isomorphic to a finite projective A-module, concentrated in degree 0.

Proof. By Proposition 1.2, Rrr ., CTE(A)[deg] is locally constant with perfect fibres. By Proposi-
tion 1.3, we have that A is relatively perverse if and only if Rrr . CT5(A)[deg] is concentrated in
degree 0. Finally, A being flat perverse is equivalent to Rry, 4 CTh(A)[deg] having Tor-amplitude
in [0,0]. And since we are working over the simply connected base X I this is in turn equivalent
to Rmp 4 CT L (A)[deg] being isomorphic (not just locally) to a finite projective A-module in degree
0. O

We mentioned earlier that we want to equip the Satake category with the fibre functor. This is
the following result:

Corollary 1.6. Taking direct sums of cohomology induces a functor
Fl'= @ Ry : Saté’A — LocSys(X', A).
mMEZL
This functor is exact, conservative and faithful, and has the property that if f : A — B is a morphism
in SatéA such that ker(F1(f)) is a direct summand of FI(A), then f has a kernel in SatIG,A. A
similar assertion also holds for cokernels.

Proof. We will show in Lemma 1.7 below that F' =~ H°(Rrr 4« CTE[deg]), so that F! takes values
in local systems by Corollary 1.5. Moreover, F! is exact by Proposition 1.3, using the fact that, up
to reductions, 77 is the disjoint union of isomorphisms. Similarly, we see that F' is conservative,
using Lemma 1.1. Now, let f : A — B be a morphism in Saté’A such that ker(FZ(f)) is a direct
summand of F!(A), and consider its kernel in Perv(Hkg 7, A); we have to show this kernel is ULA
and flat perverse. But this follows by Proposition 1.2 and Corollary 1.5, as ker(FI(f)) is a direct
summand of F! (A). The similar assertion for cokernels can be proven in a similar way. Finally, to
prove faithfulness, let f,g: A — B map to the same morphism in LocSys(X, A), and consider the
morphism f — g in SatéyA. As this maps to the zero morphism, the kernel of FZ(f — g) is a direct
3



summand, so that f — g has a kernel in Saté A- But the natural inclusion of this kernel into A is an
isomorphism after F! by exactness, so that faithfulness follows from conservativity. O

Lemma 1.7. For Ae SatéwA, we have

P H (Rrg «(A) = HO(Rrr,s CTH(A)[deg]).

ieZ
Proof. Using the stratification into semi-infinite orbits (Grp r)red = [ [,c X (T) S,, we see that
(1.1) CTg(A) = @ R(qv)1(Ajs,)s

veXy (T)

where ¢, : S, — X — Grp is the restriction of ¢g*. On the other hand, the same decomposi-
tion into semi-infinite orbits, gives a filtration on the complex Rmg «(A), with associated graded
@, R(q,)1(A}s,). Now, we can decompose Grg s into the unions of Schubert cells Gre, 7, (4, ac-
cording to the parity of >._;(2p, u;); as the Bruhat ordering can only compare cocharacters with the
same such parity, this is a decomposition into clopen subsets. Finally, we note that when restricted
to these clopen subsets, (), R(q.)i1(As,) is concentrated in either even or odd degrees, so that the
spectral sequence associated to our filtered complex degenerates. After shifting by the degree map,
this, along with (1.1), gives the desired isomorphism. O

Remark 1.8. Although the (shorter) spectral sequence argument we have given only gives a non-
canonical isomorphism, it is possible to construct a canonical isomorphism, by adapting [BR18,
Theorem 5.9] to the setting of Beilinson-Drinfeld affine Grassmannians. We omit details.

As a final result in this section, we want to show that constant term functors induce functors on
the Satake categories. While for CT,IB this follows from previous results, the assertion actually holds
more generally, replacing the Borel B by certain parabolics P < G.

Fix a cocharacter A € X, (T), inducing a parabolic P < G, the opposite parabolic P~, and the
Levi subgroup M = P n P~ < G. Moreover, let M be the maximal torus quotient of M, i.e., the
cocenter. As this is a torus, there is a natural locally constant function Gry; ; — Xy (M), obtained
by summing the relative positions. In particular, composing this with the7map Gray,r — Grﬂ, I

induced by the projection, and pairing with 2p5 — 2p,r, we get a degree map
degp : Gra,r — Gryp ;p — X4 (M) — Z.
On the other hand, X induces a G,,-action on Grg,;, where G,, acts through L}')\. So similarly to
CT IB, hyperbolic localization gives a functor
CT% : Dey(Hkg, 1, A)P? — Dy (Hkps 1, A)P9,
by dividing out L}LM from the diagram
Grg,; < Grpr — Grag,1,

and first pulling back along Grg 1 — L;’M\GrG,I.
Lemma 1.9. The functor CT}, induces a functor

CTh[degp] SatIGVA — Satjrw’A.

Proof. As hyperbolic localization preserves ULA sheaves, we have to check that CT; [degp] preserves
flat perverse sheaves. For this, note that if P’ = P is another parabolic of G with image Q < M,
then the functors

CTh[degp] and  CTf[degy] o CTh[degp]
are naturally isomorphic; this follows from (—)-(—)*- base change for the fibre product Grp: ; =
Grpr XGry, Gror, cf. Lemma 1.10. Now Corollary 1.5 tells us that CTh[degp] preserves flat
perverse sheaves. (I

The following lemma was used in the proof:



Lemma 1.10. Let K,L, M be smooth affine group schemes, and K — M and L — M group
homomorphisms, with L — M surjective. Assume that K xp; L is also smooth. Then there is a
natural isomorphism Gr .1 = Gri 1 Xary,; Grr,r for any finite set I.

Proof. First, there is a morphism t: Grgx,,,;1 — Grg 1 Xary,, Grp,; by the universal property
of the fibre product. Conversely, let z: R — X' be any scheme. Let us denote by & o the trivial
torsor. An element of (Grg,; XGry ; Grr.r)(R) can be represented by a pair (€k, k), with Ex
an Kpg-torsor on Xg and Bk : 8K|'XR,FI =~ &k 0|xp-T,, a similar pair (€r,3) for L, and an
isomorphism «o: Ex x K M =~ & x' M, commuting with g and 7, under the natural identifications
Eox xBE M =&y = E, x' M. Let us denote Ex xX M =~ &, xE M by Ex.

Using the natural morphisms Ex =~ Ex xK K — & xE M =~ &y and &, — &y, we can
consider the fibre product £k xg,, &. We claim this is an K x s L-torsor. Indeed, we can choose
a cover U of Xp trivializing both £k and £, and hence also &y;. More specifically, we want
to choose equivariant isomorphisms £x xx, U = K x U and &1, xx, U = L x U, which induce
the same trivialization of £s; this is possible by surjectivity of L — M. It is then clear that
Ex xgy €1 18 a K xpy L-torsor. Moreover, the isomorphisms Sx and J3; induce an isomorphism
BrxuL: (Ex Xey EL)|xp-T, = (E0,KxmL)|Xg—T,-

This gives a map Gri Xar,, Grr, = Grix,,, which is readily seen to be inverse to . O

2. CONVOLUTION

In this section, we show that the convolution product preserves the Satake category. Recall that
it was given as

*1 = Rmyq*(— X —) : Dgt(Hkg 1, A)*? x Dy (Hkg, 7, A)P? — Dy (Hkg 1, A)P9,

for the maps
HkG,] X xr Hng <i HkG7I>~<HkG7] =2 HkG,[.

Consider a k-algebra R and points (x;); € X!(R). Then, as usual for the definition of Beilinson-
Drinfeld Grassmannians and Hecke stacks, we denote by D, r the ring of regular functions of the
formal affine scheme obtained by completing X I along I'y,, where I'y, = Ujerly,,

Proposition 2.1. The convolution product induces a functor
*7 Saté’A X Saté’A — SatIG’A.

Proof. First, we note that m is proper and that the exterior product of ULA sheaves remains ULA,
as follows by the definition of ULA sheaves as dualizable objects in a certain category. In particular,
the convolution product preserves ULA sheaves. Let Ay, As € Saté A; we have to show A x5 Ag is
flat perverse. Since A; and As are already ULA, we can reduce to the case I = {«} by using the
Kiinneth formula.

Over X2, consider the stack Pfk, parametrizing the following data, for a k-algebra R:
Two points (z1,22) € X%(R),
Three G-torsors &y, &1, & on Dy, ) R,
An isomorphism & =~ & away from I';,, and
An isomorphism & = & away from I'y,.

Note that away from the diagonal A < X2, this torsor corresponds to the usual hecke stack:
Hk x y2 (X2\A) = Hkg o x x2 (X2\A),

where for some integer m € Z>(, we denote by Hk¢ ,,, the Hecke stack associated to an unnamed
index set of cardinality m. On the other hand, over the diagonal A =~ X, the stack Hk agrees with
the convolution Hecke stack Hke 1 >~<HkG71 used to define the convolution product. Moreover, there
are natural maps
p1,p2 - Hk — Hkg 1
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and
m : Hk — Hke 2,

respectively forgetting the torsors &, & and &;. Note that the torsors classified by Hk and Hkg 1
do not live on the same disk. However, there are always maps between those disks, so pulling back
the torsors gives the desired morphism of stacks.

Now, consider the complex C := Rm. (pf A1 ®L p} As) on Hkg 2, which is ULA as both A; and A
are. Moreover, away from the diagonal, m is an isomorphism, so that C' is just the exterior product
of A; and Ay, which is hence concentrated in degree 0. As C' is ULA, Rrr 4 CT%(C)[deg] is locally
constant with perfect fibres. But since away from the diagonal, this is concentrated in degree 0, the
complement of the diagonal being open dense implies that Rmy 4 CT2B (C) is concentrated in degree
0 over the whole X?2. In particular, the restriction of C to the diagonal is also isomorphic to a finite
projective A-module concentrated in degree 0. But this restriction is exactly A; x Ao, so we conclude
by Corollary 1.5. (]

3. FusioNn

We would like to use the convolution product to make Saté, A into a symmetric monoidal category.

To construct the commutativity constraint, we will define a more general fusion product on Saté A
which comes with natural commutativity and associativity constraints (although we will need to
modify them), and show that this fusion product specializes to the convolution product.

More precisely, for any surjective map x : I — J of finite sets, there are morphisms

Hkg ;< Hkgr xx1 X7 — Hkg ;.

Here, the morphism X7/ — X' is defined on R-valued points as (;); — (%4(;)); whose base change
to Hkeg 1 is the left morphism. On the other hand, the right morphism is the closed immersion defined
by sending a tuple ((;)icr, €0, &1, @), with z; = o} if x (i) = x(i’), to the tuple ((zy-1(;))jers, &0, &1, @)
(using a slight abuse of notation, as again the torsors are defined over different disks, this time
because the graphs appearing differ). In particular, as base change preserves relative notions such
as ULA and relative perverse, and because pushforward along closed immersions also preserves these
two properties, pull-push along this diagram defines a functor

\I/G : Saté’A g Saté’A.
Lemma 3.1. The functor Yg is compatible with the fibre functor and constant term functors.

Proof. For the constant term functors CT%, we want to see that CT} oW and Wy o CTL are
naturally isomorphic. But this follows from base change, using the (—)(—)*-description of constant
terms and the fact that Hkg r x x1 X I Hkg, s is a closed immersion, so that *- and !-pushforward

agree.
In particular, for the compatibility with the fibre functor, we are reduced to the case G = T by
Lemma 1.7. In that case, we are again done by base change, using that 77 is ind-proper. O

Now, for any decomposition I = I L ... I}, of an index set I, let j : XTIk < X1 be the
open dense subset consisting of those points (z;); such that z; # x; whenever i and ¢’ do not lie in
the same I;. Over this open dense subset, we have a variant of the Satake category:

Definition 3.2. The Satake category Satg{[{"”’l’“ is the full subcategory of D¢y (Hkg, 1 x xr X T30k A)bd
spanned by the flat relatively perverse and ULA objects.

In particular, the restriction j* preserves Satake categories. It turns out this restriction is very
well behaved:

Lemma 3.3. The two restriction functors j* : SatéyA — Satg’[}\’“"l’“ and j* : LocSys(X1, A) —
LocSys(X i1k A are fully faithful.



Proof. Note that the restriction j* : Perv(Hkg ;) — De(Hkg r x x1 XTIk A)Pd admits a right
adjoint PH"Rj,. To show the restriction on Satake categories is fully faithful, it is enough to show
that A — PHRj,j* A is an isomorphism for all A € Satéy,\ (even though its right adjoint might not
preserve ULA objects). For this, let i : Z = X! be the reduced closed complement of X i1k " and
choose some A € Saté)A. It suffices to show that i.i'A € PDZ?(Hkg 1, A)Pd. By (a suitable variant
of) Corollary 1.5, we can check this after Rmp . CTIB[deg], where we get a local system of finite
projective A-modules. We conclude by noting that i4i'A € DZ*(X!, A), as Z admits a stratification
by smooth codimension > 1 strata, by pulling back the partial diagonals of X7.

This last argument also shows that the restriction on local systems is fully faithful. O

Now, over X i1k we have an isomorphism

LiIy,.... D ~ L;Iy,....I
HkGJ XXIX’l’ ’k:(HHkGJj) XXIX B k,
J

so that exterior products gives a functor

. I Iy, LIy, I
P : Satg , x ... x Satd , — Satg .

Proposition 3.4. The functor ® takes values in the full subcategory SatévA c Satgﬁl\"”’l’“.

Proof. Define the stack Hkg 1.1,,...,1, over X1, parametrizing the following data, for a k-algebra R:

° (xi)iGI S XI(R),
e G-torsors &, ..., &, on Dy, g,
¢ Isomorphisms &;_; = &; away from Uhelj Ty, .

In particular, there are natural maps

pj : Hkg 11y, 1, — Hka 1,
remembering only one isomorphism, and

m HkG7I§Il7~~;Ik — HkG,]

obtained by composing all isomorphisms. Similarly as in the proof of Proposition 2.1, note that the
torsors classified by the different Hecke stacks don’t lie on the same disks, but again there is always
a map between those disks along which we can pull back the torsors.

Now, given objects A; € Satg_’A for each j, consider the object C' = Rm,(pf A1 ®@%...@%pf Ay) on
Hkg, 7, which is ULA, so that Ry . CT% (C)[deg] is locally constant with perfect fibres. Moreover,
one readily checks that m is an isomorphism over X /1T 5o that over this open subset, C' is just
the exterior product. In particular, over X it Ik Ryrp CTL(C)[deg] is concentrated in degree 0.
As XTIiIx is open dense in X7, this implies that Rrp . CT5(C)[deg] is concentrated in degree 0
everywhere, so that C e SatéA by Corollary 1.5. Finally, since C is exactly ®(A41,...,Ax), we see
that ®(Aq,..., Ay) € Satg . O

Remark 3.5. The functor ® above will be used to get a monoidal structure on Saté A- Asits
definition involves an exterior product, it is equipped with natural commutativity and associativity
constraints. However, this naive commutativity constraints will lead to certain sign issues, so we
modify this constraint by hand. Decompose the Hecke stack as Hkg r = Hkg'T ]_[Hk%f%}i, where a
Schubert cell Hkg, 7,(4,), is contained in the even or odd part according to whether . ,{(2p, ;) is
even or odd; note that the dominance order can only compare elements with the same such parity, so
that we actually get a decomposition into clopen substacks. Then, when commuting two complexes
concentrated on chc’f}‘}, we change the naive commutativity constraint by adding a minus sign.
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Another way to phrase this is that the diagram

Iy

I Iy, LI,
SatG’A X ... X SatG’A SatG,A

(3.1) (sz)jl lFHl ..... I
LocSys(X71,A) x ... x LocSys(X*,A) LocSys(X TiuIk A)

naturally commutes, and functorially in Iy, ..., I;. This follows from the implicit shifts in the fibre
functors. Moreover, faithfulness of these fibre functors already determines the signs.

We conclude that, for any decomposition I = I1 u ... u Iy, we get the fusion product
* SatgA X ... X Satgf,A — Saté,A.

In particular, for any index set I, the composite

* v
SatéA X ...X% Saté,A — Satéf‘A””I — Saté,A

makes Satg A into a symmetric monoidal category, by the previous remark. Moreover, one readily
checks that this agrees with the convolution product.
Now, by commutativity of (3.1), we see that the induced diagram

*

I I, I
Satg y x ... x Satd , Satg A

con| |
LocSys(X11,A) x ... x LocSys(X T+ A) LocSys(X1,A)
also naturally commutes. In particular, the fibre functor F! is naturally symmetric monoidal for
the fusion product, and hence also for the convolution product by Lemma 3.1.

Finally, let us go back to the setting of Lemma 1.9 and before, which attached to certain parabolics
P < G with Levi M the constant term functor

CTp[degp] : Saté’A — Satfw,A.
It turns out these also have a symmetric monoidal structure.

Proposition 3.6. For any decomposition I = I; u ... u Iy, the diagram
Sathl,A X ...X Satg‘;A —* 5 Satg

(c7F taesr 1) | lCTé [degy ]

i
I Iy * I
SatM,A X ... X SatM7A — Satp A
naturally commutes.

Proof. Over the open subset X7i/1-Ix this follows from the Kiinneth formula. We conclude by
Lemma 3.3 O

Again using Lemma 3.1, we conclude that the constant term functors are also symmetric monoidal
for the convolution product.
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