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Some examples



Basic notation

P(E) probability meas., B(E) bounded functions on E.
> (N EPE) XBE) — ulf) = [ uldw) F(x)
> Q(xi1,dx) integral operators x; € E; ~ x; € Ep
Q) = [ Qlade)fle)

[1Q)(dx) = /u(dX:L)Q(ledXz) (= [nQI(F) = nlQ(F)])



Basic notation

» Boltzmann-Gibbs transformation G > 0

1
1(G)

When G < 1 we have the (non unique) Markov transport equation

pldx) = We(p)(dx) = G(x) p(dx)

Ve(p) = pSuc
with

Su6(x; dy) = G(x) dx(dy) + (1 = G(x)) Ve (u)(dy)



Feynman-Kac models

Markov chain X, € E, and a potential function G, : E, — [0, o0[

d@,,::z—n O<1;[<ncp(x,,) dP, with P, = Law(Xo,...,X,)

> Transition/Excursions/Path spaces
Xo= (X0 X0n1)  Xe=Xr gy Xo=06,X)

» O Continuous time models

tht1
X=X o & Ga(Xn) = exp / Vi(X))dt



Some examples

» Confinements: X, €¢Z>A & G,:=1,4.

Qp=Law ((Xo,...,X) | X, €A, YO < p < n)

and
Z, =Proba(X, € A, YO < p < n)

» SAW : Xn = (X};)nggn & G,,(Xn) = 1an€{X0/"“’an—l}

Qn = Law ((Xg, ..., X)) | X, #X;, VO < p<q<n)

and
Z,,:Proba(X,'J;éXé, Vo <p< q<n)



Some examples
» Filtering : Y, = Hn(Xna Vn) & Gn(Xn) = pYn\Xn()/n‘Xn)'

Qn=Law ((Xo,..-, Xa) | Yo =yp, YO< p < n)

and
Zn:pYo ..... Yn(yO,"'ayn)

» Multilevel splitting : A, |, with B non critical recurrent subset.

T,=inf{t>T,1 : X/ €(A,UB)}

Xn = (Xi{)te[Tn-,TnJrl] & Gﬂ(Xn) = 1An+1 (X'II',,H)

Q, = Law ( X/ X' hits A,_1 before B
[To,Th]

and
Z, =P(X’ hits A,_; before B)



Some examples

» Absorption models :

absorption ~(1—G,)  ~ c exploration ~ M1

X € ES X i

n

Q= Law((X§,...,X5) | T >n) & Z,=Proba (T > n)

> Quasi-invariant measures : (G,, M,) = (G, M) & M p-reversible

1
- log P (Tabs' > n) ~ptoo A = top spect. of Q(x,dy) = G(x)M(x, dy)

[Frobenius theo] Q(h) = Ah = Ax eigenfunction (ground state)

1
u(h)

P(XS € dx | T? > n) ~preo h(x) u(dx)



Some examples

» Doob h-processes X" :

1, Q(x,dy)h(y) — M(x,dy)h(y)

M"(x,dy)th LX) Q(x, dy)h(y) = QM (x)  M(h)(x)



Ineracting particle interpretations
Nonlinear evolution equation
Mean field particle models
Graphical illustration
First order expansions
Uniform concentration w.r.t. time
Particle free energy



Flow of n-marginals [X,, Markov with transitions M,]

Mn(F) = 7n(F)/7n(1) with 5,(F):=E [ £(X.) [] Gal

0<p<n
T ((1) = 20)

Nonlinear evolution equation :

M1 = VY6,(Nn)Mny1

Zn+1 - nn(Gn) X Zn

N
Nonlinear m.v.p. = Law of a Markov X, (perfect sampler)
Mh+1 = CD,,+1(1],,)
= 00 (Snn,Mni1) = 10Kas1,n, = Law(X41)




Examples related to product models

{H hp(x) } Adx) with h, >0

3 illustrations:

1
ho(x) = e Brn =BV 34— (dx) = z e PV \(dx)

n

Bp() = 1) Ap L = mn(d) = 2 La,(x) A(d)

n
ho(0) = P(¥pl0, Y0, - - ¥p1) = n0a(d0) = p(Olyo,- - -, ¥n)
For any MCMC transitions M, with target 7),, we have

N1 = NnpiMar1 = Vi, (1) Mpy1 C Feynman-Kac model



Mean field particle model = Markov &, = (£/)1<j<y € EV

o . 1
P61 €dx [ &) = [ Koprap(&h o) with np'= 5 > og

1<i<N 1<i<N

and the (unbiased) particle normalizing constants

Zr/1v+1:nn( XZN H 77p
0<p<n




Mean field particle model = Markov &, = (£/)1<j<y € EV

o . 1
P61 €dx [ &) = [ Koprap(&h o) with np'= 5 > og

1<i<N 1<i<N

and the (unbiased) particle normalizing constants

Zr/1v+1:nn( XZN H 77p
0<p<n

1} [Kn+1,nn = Sn,nn Mn+1]

n =

~ Sequential particle simulation technique

Gp-acceptance-rejection with recycling & M, 1-propositions

~ Genetic type branching particle model

G, —selection ~ M, —mutation i
(Ericisn ——— &n=(E1cicn ——— &ni1 = (Ehii<icn




Graphical illustration : 1, >~ N =L >,y 0
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How to use the full ancestral tree model ?

Gn—l(xn—l)Mn(Xn—h an) hép Hn(Xn—laxn) Z/n(dxn)

= Qn(d(x0, ..., %n)) = nn(dxn) My, (Xn, dXn—1) ... M (X1, dxo)

x nn(dxn) HrH»l (Xn7xn+1)
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How to use the full ancestral tree model ?

Gn—l(xn—l)Mn(Xn—h an) hép Hn(Xn—laxn) Z/,,(an)

= Qn(d(x0, ..., %n)) = nn(dxn) My, (Xn, dXn—1) ... M (X1, dxo)

x ﬂn(an) Hn+1 (Xn7xn+1)

Particle approximation = Random stochastic matrices

QN (d(xo, - .., xn)) = 0 (dx,) M, v (Xn, dxn—1) ... My v (x1, dxo)

Ex.: Additive functionals — fa(xg,...,Xx,) = ﬁ > o<p<n Ip(Xp)
Q) (fa) = A My (6)
n+1 P
0<p<n

matrix operations



The example of the h-process and the absorption model

Qn(d(x0,- -, X)) X P((XF,..., X" € d(x0, ..., %)) h(xn)

> Invariant measure i = ,uh/\/l” & normalized additive functionals

fn(Xo,...,Xn) = :>Qn( n) =n Mh(f)

O<p<n

» If G = G depends on some § € R ~ f := 2 log G°

0

l
ey 9 Jog 2 (.

NB : Similar expression when M? depends on some 6 € R.



4 particle estimates

» Individuals &/ "almost” iid with law

nnznﬁ:% > by

1<i<N

» Path space models ~~ Ancestral lines "almost” iid with law

1
Qn = 77[’7\1 = N Z 6ancestral linen(i)

1<i<N
» Backward particle model
QN(d(x0, -5 xn)) = 1N (dxy) M, v (Xn, dxn—1) ... My v (x1, dxo)
» Normalizing constants

Zpy1 = H Mp(Gp) “Ntoo Z H 77p (Unbiased)
0<p<n 0<p<n



How & Why it works

> (Computer Sci.) Stochastic adaptive grid approximation.
» (Stats) Universal acceptance-rejection-recycling sampling schemes.

> (Probab) Stochastic linearization/perturbation technique.

h = q)n(nn—l)
1
mo= S () +— V)

VN

Theorem: (VV), ~n1o (Va), independent centered Gaussian fields.

&, n(1p) = 1y stable sg <= No propagation of local errors
=> Uniform control w.r.t. the time horizon

~» New concentration inequalities for (general) interacting processes




Key idea = First order expansions

Key telescoping decomposition

n

77r,1V —Mn = Z [(bp,n(n;lav) —®pn (¢p(77,,avfl))}
p=0

@ First order expansion

VN [q)p,n(n;,wv) —®ph (¢p(77,l)v—1))]

_ VN [%n (¢p(ngl) + \% v,,N) — 0 (05l 1))

VN

with a predictable D, , — first order operator & 2nd-order measure R;Ia\{

~ YN N
~ V, Dpn+ Rp.n

n

fluctuation term bias-term



Stochastic perturbation model

Stochastic perturbation model
WiN = /N [l —n,] = VD, + — RY
n 77n 0<zp;n p,n \/N

Under some mixing condition on the limiting FK semigroups ¢, ,
0sc (Dp.n(f)) < Cte e~ (n=P)

and
E (|RY(£)|™) < Cte 2~™(2m)!/m!

I

Uniform concentration estimates w.r.t. the time parameter




Particle free energy
Multiplicative formulae

H ngl(Gp) = ’}/,,,V(l) —Ntoo Vn 1) H 77p p)

0<p<n 0<p<n

Taylor first order expansion

1
(y —x)
Vx,y >0  logy —logx= [ —L ") g
X,y ogy — log x /Ox+t(y_x)

i3
log (v (1)/7a(1))

= ZO§p<n (Iog 77;I:V(Gp) — log np(Gp))

= Socpen (108 (16(Go) + Jy Wi™(Gp)) — logn(Gp))

LY /1 W (G dt
= /N 4=0<p<n
VN =p< 0 WP(GP) + ﬁ WIZ77N(GP)

~ first order expansion [exercice]



Concentration inequalities
Current population models
Particle free energy
Genealogical tree models
Backward particle models



Current population models
Constants (c1, c2) related to (bias,variance), ¢ universal constant
Test funct. ||| <1,V (x>0,n>0,N>1).

> The probability of the event

[ =] (1)< T (L Vi) + 0 Vi

is greater than 1 — e™*.

> x = (x)1<i<d ~ (—00,x] = H?Il(—oo,x,-] cells in E, = RY.

Fn(X) =1 (1(—oo,x]) and F,?I(X) = 77,/7\/ (1(—oo,x])

The probability of the following event

VN |FY - Rl <c Va3 D)

is greater than 1 — e™*.



Particle free energy models

Constants (c1, ¢z) related to (bias,variance), ¢ universal constant
V(x>0,n>0,N2>1)

» Unbiased property

E(nf(f) I oG] =E[fx) I (%)

0<p<n 0<p<n

> For any € € {+1, —1}, the probability of the event

" o a
<= (IT+x+vx)+

a 2
Z, N

Vx

€
— log
n

s

is greater than 1 — e™*.
note(0 <e<1l=(l—e°)V(e°—1)<2)
N

z
e —<e =
z




Genealogical tree models := 1"V (in path space)

Constants (cy, ¢;) related to (bias,variance), ¢ universal constant
fa test function ||fy|| <1,V (x>0,n>0,N >1).
> The probability of the event

(1+x+vVx)+c % Vx

Y — Q) (F) < o "1

is greater than 1 — e™*.

> F, = indicator fct. f, of cells in E, = (R% x ..., xR%)
The probability of the following event

sup }ﬂrlwv(fn) — @n(fn)| <c(n+1) \/Z(Kﬁ"dp (x+1)
fa€EF,

is greater than 1 — e™*.



Backward particle models

Constants (cy, ¢p) related to (bias,variance), ¢ universal constant.
fo normalized additive functional with ||f,|| <1,V (x > 0,n>0,N > 1)

» The probability of the event

1 X

Q-] <a g O+ V) +a  grrT

> f. ., normalized additive functional w.r.t. f, =1(_ j, a € RY = E,

The probability of the following event

d
sup ‘QnN(fa,n) - @n(fa,n)‘ <c N(X + 1)
acRd

is greater than 1 — e™.
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