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The wave equation with distributed control

We consider the following wave equation:

yu(z,t) — Ay(x,t) = v(z,t) Ly, (z,t), (x,t) € Qr
y(x7t) =0, (J?, t) €Xrp (1)
y(.T,O) :yO(I)a yt(l'»o) :yl(gj)’ x € Q.
T
> QT:QX(OaT); o
> S =00 x (0,T); s
> gqr =w x (0,T) C Qr;
> (yo.n) € HY(Q) x L2(9). e
0 0.5
Controllability problem
We search a control v € L?(g7) such that
y(aT) =0, yt('a T) =0. (2)
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The wave equation with boundary control

We consider the following wave equation:

ytt(xat) - Ay(l’,t) = 07 (.’E,t) S QT
y(x,t) =0, (z,t) € Eg’ (1)
y(x,t) = v(x,t), (z,t) € Xk
y(,0) = yo(z), Yi(7,0) = y1 (), z € ()
> Qr =Q x (0,7T); @ g
> 38 =T x (0,T); f
> (yo,y1) € L*(Q) x H1(Q). i

Controllability problem

We search a control v € L?(X1.) such that

y(~,T) =0, yt('a T) =0. (2)
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Controllability of the wave equation

Some references

[@ J.-L. L1oNS, Contrélabilité exacte, perturbations et
stabilisation de systémes distribués. Masson, Paris, 1988.
» Hilbert Uniqueness Method (HUM).

[§ C. BarpOs, G. LEBEAU, AND J. RAUCH, Sharp sufficient
conditions for the observation, control, and stabilization of
waves from the boundary, SIAM J. Control Optim., 1992.

» Geometric Control Condition.

[§ E. Zuazua, Propagation, observation, and control of waves
approximated by finite difference methods, Siam Review, 2005.
» spurious high frequencies issue.
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Aim of this talk

‘ ‘ ‘ Propose a method to approximate the control
2t of minimal L2-norm for the wave-like
equations using a space-time finite element
15 discretization:
] » avoid the spurious frequencies issue
!
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Aim of this talk

‘ ‘ ‘ Propose a method to approximate the control
2t of minimal L2-norm for the wave-like
equations using a space-time finite element
15 discretization:
] » avoid the spurious frequencies issue
1 > easy to implement
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Aim of this talk

‘ — ’»%m'ﬁi Prop.osfe a method to approximate .the control
2 St of minimal L2-norm for the wave-like
equations using a space-time finite element
discretization:
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Aim of this talk
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From a minimization problem to a mixed formulation
Numerical approximation and simulations

Application to wave equations with moving controls
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Hilbert Uniqueness Method (HUM)

The idea

The controllability of the wave equation is reduced to the following
minimization problem:

min _J* (g0, 1) / |oPdadt-+(pi (- 0),y0) 1 1—(#(- 0),41)5
(vo,p1)EH qar

where
» H=L*Q)x H(Q)

» ¢ is the solution of the following backward equation:

Ly =0, in Qr
Y= Oa on ZT
(o(T),¢t(T)) = (0, 1), in Q.
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Hilbert Uniqueness Method (HUM)

Some remarks

» The well posedness of the minimization of J* can be deduced
from the coercivity of J*: there is a constant k7 > 0 such
that for every (¢o, 1) € H we have

1 0), 91 O)) I3 < b // pPdzdt.  (OBS)

» The control of minimal L2-norm is given by

v=—plg.

» The observability inequality (OBS) is, in general, not uniform
with respect to the discretization step.
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Minimization with respect to ¢

We replace the standard minimization problem

min J*<9007 901)

(WOvQDl)GH
by the following one
- 1
min J*(e) = 5 [ leldudt + (o100 m0)_1, — (6, 0) ).
peW 2 ar

with W = {¢ € ® such that Ly = 0 € L*(0,T; H*(Q))} and

_ [ 9eC(0,T;L*(Q)) N CY0,T; H(Q));
- { Ly € L?(0,T; H1(Q)). }
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Minimization with respect to ¢

We replace the standard minimization problem

min  J*(¢p,
oy o0 01)

by the following one

- 1
min J*(e) = 5 [ leldudt + (o100 m0)_1, — (6, 0) ).
peW 2 ar

with W = {¢ € ® such that Ly =0 € L*(0,T; H'(Q))} and

_ [ 9eC(0,T;L7(Q) N CH0,T; H());
- { Ly € L?(0,T; H1(Q)). }

® is a Hilbert space endowed with the scalar product:

T
(0. 7)o = // ppdadt + 1) /0 (Lo 1), Lp(-, 1)) 1.
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Minimization with respect to ¢

A mixed formulation

» The minimization of J* over ® is submitted to the constraint
equality
Ly =0.
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Minimization with respect to ¢

A mixed formulation

» The minimization of J* over ® is submitted to the constraint
equality
Ly =0.

» This constraint is addressed introducing a Lagrangian
multiplier
A€ L20,T; H} (Q)) = A.
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Minimization with respect to ¢

A mixed formulation

» The minimization of J* over ® is submitted to the constraint
equality
Ly =0.

» This constraint is addressed introducing a Lagrangian

multiplier
A€ L20,T; H} (Q)) = A.

> o can be obtained as the solution of the following mixed
formulation:

{a(w,wa(%/\) = @), Ype® o
blo,\) = 0, VA € A.

>
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Minimization with respect to ¢

A mixed formulation

{ Q(W’E) +b(¢ai) = l(¢)7 V? € (MF)
b, N) = 0, VA € A

where
a:Pxd—R, a(go,go):// opdrdt
ar
T
b X AR b)) = [ (Lol A O)-rad
0

1:® =R, () =—{(ot(-,0),y0)—11 + /Q ©(-,0) yrdx.
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Well-posedness of the mixed formulation

Theorem

We assume that there exists C > 0 such that for every ¢ € ®

1(-,0), e (-, 0) 17 < C(II@H%z(qT) + ”L‘PH%z(O,T;Hl(Q)))'

1. The mixed formulation (MF) is well-posed.
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Well-posedness of the mixed formulation

Theorem

We assume that there exists C > 0 such that for every ¢ € ®

1(-,0), e (-, 0) 17 < C(II@H%z(qT) + ”L‘PH%z(O,T;Hl(Q)))'

1. The mixed formulation (MF) is well-posed.

2. The unique solution (p,\) € ® x A is the unique saddle-point
of the Lagrangian

£(p, ) = 5a(0,9) + blep, ) — (o).
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Well-posedness of the mixed formulation

Theorem
We assume that there exists C > 0 such that for every ¢ € ®

1(-,0), e (-, 0) 17 < C(II@H%z(qT) + ”L‘PH%z(O,T;Hl(Q)))'

1. The mixed formulation (MF) is well-posed.

2. The unique solution (p,\) € ® x A is the unique saddle-point
of the Lagrangian

£(p, ) = 5a(0,9) + blep, ) — (o).

3. The optimal function ¢ is the minimizer of J* over ® while
the optimal function A € A is the state of the controlled wave
equation (1) in the weak sense (associated to the

control —p 14, ).
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Well-posedness of the mixed formulation

Idea of the proof

> a continuous over ¢ x ¢ a(p,p) = // podrdt
symmetric ar

positive
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Well-posedness of the mixed formulation

Idea of the proof

> a continuous over ¢ x ¢ a(p,p) = // podrdt
ar
T

symmetric
positive
» b continuous over ® x A b(p, A) = /0 (Lep(t), A(t))-1,1dt
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Well-posedness of the mixed formulation

Idea of the proof

> a continuous over ¢ x ¢ a(p,p) = // podrdt
ar
T

symmetric
positive
» b continuous over ® x A b(p, A) = /0 (Lep(t), A(t))-1,1dt

> [linear form over & 1) = —(@1(0), y0)—1.1 + ((0), 1)
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Well-posedness of the mixed formulation

Idea of the proof

> a continuous over ¢ x ¢ a(p,p) = // podrdt
ar
T

symmetric
positive
» b continuous over ® x A b(p, A) = /0 (Lep(t), A(t))-1,1dt

> [ linear form over & 1) = —(21(0), o) —1.1 + ((0), 1)2
» Two more properties:
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Well-posedness of the mixed formulation

Idea of the proof

> a continuous over ¢ x ¢ a(p,p) = // podrdt
ar
T

symmetric
positive
» b continuous over ® x A b(p, A) = /0 (Lep(t), A(t))-1,1dt

> [ linear form over & 1) = —(21(0), o) —1.1 + ((0), 1)2
» Two more properties:

» a is coercive over N (b) with

N (b) = {¢ € ® such that b(p, \) = 0, YA € A}
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Well-posedness of the mixed formulation

Idea of the proof

> a continuous over ¢ x ¢ a(p,p) = // podrdt
ar
T

symmetric
positive
» b continuous over ® x A b(p, A) = /0 (Lep(t), A(t))-1,1dt

> [ linear form over & 1) = —(21(0), o) —1.1 + ((0), 1)2
» Two more properties:

» a is coercive over N (b) with
N (b) = {¢ € ® such that b(p, A) =0, VA € A}
» b satisfies the inf-sup condition: there exists & > 0 such that

blp: ) N

inf sup
NeA pea [|oflal|A]a
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An augmented Lagrangian strategy

For any r > 0 we define the augmented Langrangian L, by:

L) = 5 (0,0) + bl ) — U(9),

where a, : ® x ® — R is given by

T
ar(9,7) = alp,P) + 7 /0 (Lip(-, 1), Tp(-, 1)y,
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An augmented Lagrangian strategy

For any r > 0 we define the augmented Langrangian L, by:

L) = 5 (0,0) + bl ) — U(9),

where a, : ® x ® — R is given by

T
ar(9,7) = alp,P) + 7 /0 (Lip(-, 1), Tp(-, 1)y,

Remark:

Since a(p, ¢) = a,(p, @) for every p € W, the Lagrangians £ and
L, share the same saddle points.
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Numerical approximation and simulations
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Discretization of the mixed formulation

Let ®; and Ay, be two finite dimensional spaces such that for every
discretization parameter h > O:

» &, C P
» Ay C A
We introduce the following approximating problems:
ar(@h?@h) + b(@ha )\h) = l(@)a W € Py
< ~ MF;
{ b(n, An) =0, VAL € Ap (MFp)
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Discretization of the mixed formulation

Let ®; and Ay, be two finite dimensional spaces such that for every
discretization parameter h > O:

» &, C P

» Ay C A
We introduce the following approximating problems:
{ ar(Pn, Pp) + b(@n, An) = 1), Vo ey,

b(goh, )\h) = 0, VX}L S Ah (MFh)

®;, must be chosen such that Ly, € L*(0,T; H1(2))

For instance, ®;, could be chosen as a finite element space of class
Cl. E.g. Hsieh-Clough-Tocher (HCT) finite element space!
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Well-posedness of the discrete mixed formulation

For a fixed h > 0 the mixed formulation (M F},) is well-posed as a
consequence of the following two properties:

> a, is coercive on the subset NV} (b) C @, C P;

» discrete inf-sup condition: there exists d;, > 0 such that

b A
inf sup M > Op.
MEAR gy edy, [[©nllol|An]lA
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Well-posedness of the discrete mixed formulation

For a fixed h > 0 the mixed formulation (M F},) is well-posed as a
consequence of the following two properties:

> a, is coercive on the subset NV} (b) C @, C P;

» discrete inf-sup condition: there exists d;, > 0 such that

b A
inf sup M > Op.
MEAR gy edy, [[©nllol|An]lA

Remark:

The constant d;, may go to zero when h goes to zero. ..
If this is the case then (¢p, Aj,) may not converge to (¢, A) in
® x A when h — 0.
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Some difficulties

The inf-sup constant is uniform with respect to h?

» For this choice of spaces ®; and Ay, there exists § > 0 such
that
op > 6, Vh > 07

24

22

20

16

14

12
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Some difficulties

Some tricky terms appear in the mixed formulation

How can we implement numerically the following terms?

T
- /0 (Lep(-, 1), Tp(-, 1)t

T
> [ o). 30)
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Some difficulties

Some tricky terms appear in the mixed formulation

How can we implement numerically the following terms?

T
> [ (Lot0. Lot )it = ot [ Lotpdsar
0 T

T
> /0 (Lp(t), A1) _1 1dt =~ (Cgho‘)é//Tch)\dxdt

Nicolae Cindea  Controllability of the wave equation using space-time FEM



Some difficulties

Some tricky terms appear in the mixed formulation

How can we implement numerically the following terms?

T
> [ (Lot0. Lot )it = ot [ Lotpdsar
0 T

T
> /0 (Lp(t), A1) _1 1dt =~ (Cgho‘)é//Tch)\dxdt

v

red line: Cyh®
Co ~ 1.48 x 1072
o~ 2.1993

blue dots: vy,

v

v

v
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An example with distributed control
Simplest initial data
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An example with boundary control

yO(x) = 4x]1(0,%)(x)7 yl(x) =0, (x € (0’ 1))

T=24

) 28“ - {0} X (OvT)7 E%j = {1} X (O,T)

phi(x, t)
AX, t)
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An example with boundary control

— 0]

== =v(t)

Figure : Exact control vs. approximated control
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An example with boundary control

——BFS
—6—HCT uniform
—8—HCT non uniform

-2 -1

10 10
h

Figure : Evolution of [|v — va||z2(0,7) W.r.t. h for BFS finite element (),
HCT-uniform mesh (o) and HCT- non uniform mesh (O); r = 1.
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Application to wave equations with moving controls
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Time-dependent control domains ¢ case

TC

For time-dependent control domains gr:

O > prove the exact controllability of the wave

| | equation;

» give a constructive method to approach
the control of minimal L2-norm:

(] N A—— » discuss the numerical implementation of
0051 this method.
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Time-dependent control domains ¢ case

TC

For time-dependent control domains gr:

O > prove the exact controllability of the wave

| | equation;

» give a constructive method to approach
the control of minimal L2-norm:

(] N A—— » discuss the numerical implementation of
0051 this method.

T

[ A.Y. KHAPALOV, Controllability of the wave equation with
moving point control, Appl. Math. Optim. (1995).

[ L. Cul, X. Liu, H. GAo, Exact controllability for a
one-dimensional wave equation in non-cylindrical domains, J.
Math. Anal. Appl. (2013).

[§ C. CASTRO, Exact controllability of the 1-D wave equation
from a moving interior point, ESAIM COCV (2013).
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Observability inequality in time-dependent domain case

Proposition (C. Carlos, N.C, A. Miinch — 2014)

Assume that gr C (0,1) x (0,T) is a finite union of connected
open sets and satisfies the following hypotheses:

any characteristic line starting at a point z € (0,1) at timet =0
and following the optical geometric laws when reflecting at the
boundary ¥ must meet qp.

Then, there exists C > 0 such that the following estimate holds :

I (0(+,0), @ (-, 0))”%{ < C(H‘PH%?((]T) + ||L90||%2(0,T;H—1(o,1))),

for every ¢ € C([0,T], L*(0,1)) n C1([0, T], H~1(0,1)) and
satisfying Lo € L?(0,T; H=1(0,1)).

Notation: H = L?(0,1) x H=1(0,1).
Lo = o4 — Paa-
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Observability inequality in time-dependent domain case

Idea of the proof

We follow the method used by C. Castro in the case of a moving
pointwise control:

[ C. CASTRO, Exact controllability of the 1-D wave equation
from a moving interior point, ESAIM COCV., 19 (2013).

Some ingredients of the proof :

» D’Alembert formulae:

Nicolae Cindea  Controllability of the wave equation using space-time FEM



Observability inequality in time-dependent domain case

Idea of the proof

u(é’n,l,#»m)
t+0 2d < ) , o
t+x / l02(0, s)|“ds 5//215 |@T| + || ) yds
t+6
i
t-of
2 2
t—g <> / l0:(0, 5)|*ds < — 5 //m“ } ‘(;Dz + || )dyds
u(gz,t—z)
xT
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Observability inequality in time-dependent domain case

Idea of the proof

We follow the method used by C. Castro in the case of a moving
pointwise control:

[ C. CASTRO, Exact controllability of the 1-D wave equation
from a moving interior point, ESAIM COCV., 19 (2013).

Some ingredients of the proof :
» D’Alembert formulae;

> known observability inequality in the boundary case;
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Observability inequality in time-dependent domain case

Idea of the proof

Boundary observability inequality:
T
160 0), 00 0)17 < C [ (0, 1) .

1combined with the previous estimate gives:

1o (-, 0), 06, NI < C (ol Zogr) + llallEgy))
H = L*0,1) x H1(0,1)
V = H}0,1) x L*(0,1)

T
t,
01 1 1
0 05 1
T
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Observability inequality in time-dependent domain case

Idea of the proof

We follow the method used by C. Castro in the case of a moving
pointwise control:

[ C. CASTRO, Exact controllability of the 1-D wave equation
from a moving interior point, ESAIM COCV., 19 (2013).

Some ingredients of the proof :
» D’Alembert formulae;
> known observability inequality in the boundary case;

> equi-repartition of energy.
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Observability inequality in time-dependent domain case

Idea of the proof

We follow the method used by C. Castro in the case of a moving
pointwise control:

[ C. CASTRO, Exact controllability of the 1-D wave equation
from a moving interior point, ESAIM COCV., 19 (2013).

Some ingredients of the proof :
» D’Alembert formulae;
> known observability inequality in the boundary case;
> equi-repartition of energy.

Remark

The proof of the proposition is specific to the one-dimensional case.

Nicolae Cindea  Controllability of the wave equation using space-time FEM



Controllability in time-dependent control domain case

Corollary (C. Castro, N.C., A. Miinch — 2014)

Let T > 0 and qr C (0,1) x (0,T") be such that

any characteristic line starting at a point x € (0,1) at time t =0
and following the optical geometric laws when reflecting at the
boundary ¥ must meet qr.

Then the wave equation is null controllable in time T
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Controllability in time-dependent control domain case

Corollary (C. Castro, N.C., A. Miinch — 2014)

Let T > 0 and qr C (0,1) x (0,T") be such that

any characteristic line starting at a point x € (0,1) at time t =0
and following the optical geometric laws when reflecting at the
boundary ¥ must meet qr.

Then the wave equation is null controllable in time T

Proof.
We apply HUM.

O
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Controllability in time-dependent control domain case

Corollary (C. Castro, N.C., A. Miinch — 2014)

Let T > 0 and qr C (0,1) x (0,T") be such that

any characteristic line starting at a point x € (0,1) at time t =0
and following the optical geometric laws when reflecting at the
boundary ¥ must meet qr.

Then the wave equation is null controllable in time T

Proof.
We apply HUM.

Numerical approximation :

O

» usual problems due to the controllability of high frequencies;

» problems due to the controllability domain non-constant in
time.
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Hilbert Uniqueness Method - a reformulation

[1 N. CiNDEA AND A. MUNCH, A mixed formulation for the
direct approximation of the control of minimal L?*-norm for
linear type wave equations, Calcolo, Vol. 52, 2015.

J* bject to Ly = 0.
glelg (), subject to Ly

o] ¥e C([0, 7], H}(0,1)) n CL([0,T), L*(0, 1))
- { such that Ly € L?(0, 7, H~1(0,1)) } '

Remark

® s an Hilbert space endowed with the inner product

(0,7 q)_// (2, 8)% xtda:dt+77// (Lo, LP)_1 dz dt.
qr T

for any fixed n > 0.
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Idea of the method: step by step

1. write the minimization of J* as a saddle-point problem for an
associated Lagrangian.
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Idea of the method: step by step

1. write the minimization of J* as a saddle-point problem for an
associated Lagrangian.

2. write the optimality conditions for the Lagrangian as a
mixed-formulation in ¢ and A.

Nicolae Cindea  Controllability of the wave equation using space-time FEM




Idea of the method: step by step

We consider the following mixed formulation : find
(p,\) € ® x L?(0,T, H}(0,1)) solution of

{a(¢7¢)+b(<ﬁ,>\) = i), Vpcd

b X) = 0, VX € L2(0,T, HL(0,1)),

where

a:Pxd >R, alp,p) = // gmpda:dt—i—n// (Ly, Lp)_1 dx dt.
qr T
T
b:®x LQ(OaT’ H(%(()? 1)) — R, b(go,)\) = / <L(P(',t),)\(',t)>,1’1dt_
0

1
1:® =R, () =—(p(-,0),50)-11 -l-/o o(z,0)y1 (z)d.
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Idea of the method: step by step

1. write the minimization of J* as a saddle-point problem for an
associated Lagrangian.

2. write the optimality conditions for the Lagrangian as a
mixed-formulation in ¢ and A.

3. use the generalized observability inequality in order to prove
that this mixed formulation is well-posed:

» ¢ is the dual variable
» )\ is the controlled solution.
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Idea of the method: step by step

1. write the minimization of J* as a saddle-point problem for an
associated Lagrangian.

2. write the optimality conditions for the Lagrangian as a
mixed-formulation in ¢ and A.
3. use the generalized observability inequality in order to prove
that this mixed formulation is well-posed:
» ¢ is the dual variable
> )\ is the controlled solution.
4. discretize the mixed formulation and prove that the discrete
controls converge to the exact continuous controls:

» C! finite elements for
» P finite elements for .
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Numerical examples

Some controllability domains

2 . 2k . 2 .
V(1)
ak

t t t ,

1r . 1+ g 1 |4 g

Qr
or . or . or .
0 05 1 0 0.5 1 0 05 1
T xT xT
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Numerical examples

Some controllability domains — and associated meshes
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A first numerical test

Initial data to control

Controllability of the wave equation using space-time FEM
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A first numerical example

Results

Figure : qr = g4 5 : Functions ¢;, (Left) and \;, (Right).
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A first numerical example

Results

Figure : Norms |[v — vp||12(g) (®) and [ly — AnllL2(g.) (#) vs. h.
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A second numerical example

Initial data to control

Controllability of the wave equation using space-time FEM
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A second numerical example

Results

Figure : Functions ¢y, (Left) and ), (Right).
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A second numerical example

Results

Table: qr = q%zzz.

t Mesh 1 2 3 4 5
h 718 x 1072 359 x 1072 1.79x 1072 897 x 1073 449 x 10~3
lvnllr2(gp) 5.350 5.263 5.195 5.172 5.165
lv = vnllp2(gp 1.3571 9.78 x 1071 691 x 107! 513 x 107! 3.69 x 107!
ly = Mll2cop | 712x1073  323x107%  1.19x 1073  4.82x10~* 212x10~*

» v — control of minimal L?-norm supported on ¢r;

» y — controlled solution by control v.
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A wave with variable speed of propagation

We consider the following wave equation

ytt(xvt) - (C(w>yw(x7t))x = v(:c,t) ]LJT(CC)v (x7t) € QT
y($7t) =0, (l’,t) € X
y(@,0) = yo(z),  we(z,0) =y1(), z € (0,1).

We take the propagation speed ¢ € C°°(0, 1) given by

6

54

! r€[0,045 ]
dl){ 5, x € [0.55,1].

0 T T T T T T T T T
0 01 02 03 04 05 06 07 08 09 1
x
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A wave with variable speed of propagation

Numerical results

Figure : qr = ¢3 for a non-constant velocity of propagation
Function ¢y, (Left) and A, (Right).
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Conclusion

» We developed a constructive method to compute the
distributed (and boundary) control of minimal L?-norm
(eventually supported in non-cylindrical domains);

» We proved the exact controllability of the one-dimensional
wave equation with a distributed control supported on a
non-cylindrical domain;

» Numerical results indicate that the computed controls
converge to the exact control.

v

A similar method can be used for the dual inverse problem. ..
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Some perspectives and open questions
> [lon — vllz2(gr) = ch®? ) J
» uniform “inf-sup” discrete condition? """

» Optimization of the control's support.

107 107
h
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Some perspectives and open questions
> [lon — vllz2(gr) = ch®? ) J
» uniform “inf-sup” discrete condition? """

» Optimization of the control's support.

107 107
h

» What about the approximation of
controls for higher dimensional
wave equations?
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Thank you!
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