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Abstract. We give a complete description of the local integration of almost injective Lie
algebroids. We illustrate this construction with examples.

1. Introduction. In the 70’s, J. Pradines has announced a third Lie Theorem for

Lie groupoids [P3]. This theorem asserts that every Lie algebroid is integrable which
means that it is the Lie algebroid of a Lie groupoid. Some years latter R. Almeida and
P. Molino provided a counter example [AM] and K. Mackenzie defined an obstruction to
integrability for transitive Lie algebroids [Ma]. Nevertheless, it seems that the local Lie
integration of J. Pradines remains and it is used without any proof in several articles.
In the symplectic context, local integration of Poisson structure has been done by A.
Coste, P. Dazord and A. Weinstein [CDW]. P. Dazord has prooved that the Lie algebroid
associated to a local action of a Lie group on a manifold is integrable into a Lie groupoid
[Da]. More recently, several positive integrability results have been prooved [MM].
A Lie algebroid is said to be almost injective when its anchor is injective when restricted
to a dense open subset of the base space. The purpose of this paper is to give a complete
description of the local integration of almost injective Lie algebroids. This is the first step
to show that these Lie algebroids are integrable as we have announced in [D].

This paper is organized as follow :

— In section 1 we recall some of the basic concepts related to the Lie theory of groupoids.
— In section 2 we make the local integration of almost injective Lie algebroids. We first do
it for trivial Lie algebroids. Then we make the integration of morphisms. In the general
case, we conclude by using a local trivialisation of the algebroid.

— In section 3 we give examples.

2. Survey on Lie theory for groupoids. In this part we recall the principal def-
initions and properties concerning Lie groupoids. For a more complete setting on this
subject one can look at [Ma, CW].
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2 C. DEBORD
2.1. Lie groupoids.

DEFINITION 1. A groupoid over a set G(®) is a set G together with the following
structure maps :

— An injection u : G© — @G called the unit map. We often identify G(©) with its
image by u in G and call it the space of unit.

S
— A pair of surjective maps G = G(© such that s ou = id and r o u = id.

T
The map s is called the source map and r is the range (target) map.

— A product
G?» — G
(v,m) =

defined on the set of composable pairs : G2 = {(v,n) e G xG | s(y)=r(n)}
This product satisfies :

s(y-m)=sm) , rly-n)=r()

(v-n) y-m-v) , m-sn)=nandr(n)-n=n.
— An inversion map :
G — G
vy o=yt
1 —1

such that v~ -

S
A Lie groupoid is a groupoid G = G(©) equipped with a structure of smooth manifolds on
T

G and G(©, such that all structure maps are smooth and s is a submersion. This implies
that r is a submersion as well, that there is a natural smooth structure on G and w is
an embedding. We assume that G(©) is Hausdorff.

From now on, we shall work in the smooth context so “map” means smooth map, “man-
ifold” means smooth manifold, etc...

EXAMPLES.
1. Let H be a Lie group and ey its unit, then H = {ey} is naturally endowed with a
Lie groupoid structure.

2. Let R be a regular relation on a manifold M and consider the graph of R, that is
Gr :={(z,y) € M x M ; Ry}. Then

S
Grz=2 M
T
is a Lie groupoid where for all (z,y) and (y, z) in G we set

s(z,y) =y, r(z,y) ==

()" = (y,2) and (z,9)-(y,2) = (,2) .
This groupoid structure on a subset of M x M is usually called the pair groupoid structure.

1



LOCAL INTEGRATION OF LIE ALGEBROIDS 3

3. Let H be a Lie group and suppose that there is a differentiable left action of H on a
manifold M. Then
Sx
MxH=M
is a Lie groupoid called the groupoid of the action, where for all x in M and h, g in H
we define

sw(z,h)=x , ry(z,h)=h-z
(z,h)" ' =(h-z,h™") and (h-z,g)- (z,h) = (z,gh) .

NoTATIONS. If G :S; G is a groupoid and U is a part of G(© we usually denote
Gy:=s1(U), GY:=r Y (U) and GY :=s H(U)Nr 1 (U) .

As for Lie groups there is a notion of local Lie groupoid which is due to Van Est [VE].
A local Lie groupoid is given by :

— Two manifolds £ and £(® and an embedding u : £ — £. The manifold £(©
must be Hausdorff, it is called the set of units. We usually identify £(©) with its
image by u in L.

S
— Two surjective submersions : £ = £© called the range and source map, which
T
satisfy sou =r ou = id.

— A smooth involution
L — L
I = 1!
called the inverse map. It satisfies s(I=1) = r(l) for [ € L.

— An open subset DL of L) = {(I1,l5) € L x L | s(I1) = r(l5)} called the set of
composable pairs and a smooth product

DL — L
(ll, l2) — l1 . l2

The following properties must be fulfilled :
s(ly - 12) = s(l2) and 7(I; - l2) = r(l1) when the product I; - 5 is defined.

For all [ € £ the products r(I)-1,1-s(l), [-1~* and [~! [ are defined and respectively
equal to [, I, (1) and s(I).

If the product I; -1 is defined then so is the product I; *-I7 " and (I;-I) ! = 15117
If the products I; -l3, I3 - I3 and (1 -I3)-l3 are defined then so is the product Iy - (I2-13)
and (ll . l2) . l3 = ll - (l2 - l3)

The only difference between Lie groupoids and local Lie groupoids is that in the second
case the condition s(l;) = r(l2) is necessary for the existence of the product l; - l> but
not sufficient. The product is defined as soon as l; and [ are close enough from units.
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2.2. Lie algebroids.

Each (local) Lie groupoid admits a Lie algebroid [P2, P1]. Let us recall this construc-
tion.

Let G :Si G be a Lie groupoid. We denote by T°G the bundle over G of s-vertical

vector ﬁ%lds. That is T°G is the kernel of the differential T's of s.

For all v in G let R, : G,(,) — G() be the right multiplication by . A tangent vector
field Z on G is right invariant if it satisfies :

— Z is s-vertical : Ts(Z) = 0.
— For all (v1,72) in G®), Z(y1 - 32) = TRy, (Z (1))

Note that if Z is a right invariant vector field and h! its flow then for all ¢, the local
diffeomorphism h' is a local left translation of G that is h(vy1 - v2) = h*(71) - 72 when it
makes sens.

The Lie algebroid AG of G is defined in the following way :
— The fibre bundle AG — G(©) is the restriction of T°G to G(©).
— The anchor p : AG — TG® is the restriction of the differential T of r to AG.
~IfY : U — AG is a local section of AG, where U is an open subset of G(¥, we

define the local right invariant vector field Zy associated with Y by
Zy(y) = TR,(Y (r(v))) forall yeGY .

The Lie bracket is then defined by :
[,]: T(AG) xT(AG) — I'(AG)
(Y1,Y2) = 2y, Zyvs]qo
where [Zy,, Zy,] denote the s-vertical vector field obtained with the usual bracket
and [Zy,, Zv,]c o is the restriction of [Zy,, Zy,] to G©).
2.3. Coordinates of the second kind.

To describe the local integration of almost injective Lie algebroid we are going to use
the model given by the coordinates of the second kind.

Let G = GO be a Lie groupoid and p : AG — TG©® its Lie algebroid.

Let {Y1,---,Y%} be a local basis of sections of AG defined over an open set U of G(%),

Fori=1,--- ,k let Zy, be the right invariant vector field associated to Y;. We suppose
for simplicity that the Zy, are complete tangent vector fields and we denote by h! the
flow of Zy;,.

In this case X; := p(Y;) is a complete tangent vector field over U and its flow ¢! is equal
to the restriction to U of the map r o ht.

One can find an open set  of U x R¥ containing U x {0} such that the following map

U 0] . G
( b1, ,tx) +—  hito--oh!*(z)
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is a diffeomorphism onto its image.

Such a map is called a coordinate map of the second kind. It has the following remarkable
properties :

— ¥ maps the zero section U x {0} onto the units U.
—soWU =pry.
— For all (z,t1,--- ,t;) € Q roW(x, by, ;) = Pl 0---ocp2’“(a:).

Thus, the coordinate maps of the second kind enable one to identify locally a neighbor-
hood of the zero section of AG with a neighborhood of the set of units of G. Furthermore
 inherits a structure of local Lie groupoid over U whose source map and range map are
respectively given by

S (yatla"' 7tk) =y and r : (yatla"' 7tk) H@? oosolltck(y) .
The local product is given by :
(maslv"' )Sk) . (yatla"' 7tk) :\I,il(hil O'“ohzk ohil Oohzk(y))
when z = @it o+ -0t (y) and h{* o---0h* o hi' oo hl*(y) belongs to the image of P.

Note that the source map s is simply the canonical projection over U and the range map
r only depends on the vector fields Xy, -+, X} over U.

3. Local integration. Let A= (p: A — TM ; [,]) be a Lie algebroid. We denote
by p : Tjoe(A) = Tioe(TM) the morphism induced by p from the set of differentiable
local sections of A to the set of local differentiable tangent vector fields over M. Let M
denote the set of points of M over which p is injective. We will say that A is almost
injective if p is injective or equivalently if My is a dense open subset of M.

The purpose here is to give a complete description of the local integration of such Lie
algebroids.

If we are given a Lie algebroid A over M the coordinate maps of the second kind provide
a model for the local integration of A. Using this model there is no choice for the source
and range maps. The difficulty is to define the product. To do so one must be able to
recover the right invariant vector fields. That’s what we are going to do in this section.

3.1. Baker-Campbell-Hausdorff type formula.

Suppose you are given a manifold M and k tangent vector fields X, ---, X} over M
such that for all i, j = 1,--- , k there exist k maps f;’ € C°°(M) which satisfy

k
(X0 X1 = 17X
=1

For i = 1,---,k we denote by A; € M(C*(M)) the matrix with entries (4;);; = f}'.
Thus, the equality ([Xi,Xl], ey, [XuXk]) = (Xl, te ,Xk) . At holds.

We denote by ¢! the flow of X;.

Let Qo be an open subset of M x R* containing M x {0} and which is in the domain of
the map (z,t1, -+ ,t) = @it o+ 0 cp}i’“(a:)
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We define

s: M x RF — M and r: Qo — M
(T,t1,+,t) = @ (,t1,,t) > pllo-oplk(x) .

As previously, a tangent vector field Y over M x R* is s-vertical when T's(Y) = 0. If Q is
an open subset of M x R¥ | we will denote by 7%(Q2) the bundle of s-vertical vector fields
defined on Q. In other words T%(Q) is the restriction of T%(M x R*) := Ker(T's) to (.

The purpose of this part is to show the following proposition.

PROPOSITION 1. There exist an open subset Q1 of Qo which contains M x {0}, a
family {Z1, -+ ,Zy} of s-vertical vector fields defined on 0 and a real number n > 0
such that

1. The family {Z, -+, Zy} forms a base of sections of T*$;.
2. The equality Tr(Z;) = X;or holds fori=1,--- k.
3. Fori,j=1,---,k and (x,£) € Q1 C M x R¥ we have

k

[Zi7 ZJ](I',E) = Zf[”(r(x>£)) ) Zl(l’,f) .

=1

4. Forallt €] —mn,n[ andi=1,---,k , the flow hl of the vector field Z; is defined on
Q1 and satisfies

(a) soht =5,

(4) roht=glor,

(c) for all x € M and (t1,--- ,tx) € R* such it makes sense we have
hilO"'Ohi:k(l',()):(l’,tl,---,tk) .

To prove this proposition we need the following lemma.

LEMMA 2. For all i = 1,--- ,k there ezists a map C; : O — M (R), where O is an
open subset of M x R containing M x {0}, which satisfies :

- Cz(>0) =1Id;

~ For all (z,t) in O C M x R and (vy,--- ,vg) in RF |
U1

(D) (v1 - Xa - o - Xi) (97 ' (2) = (Xn, -, Xi) () - Ci(a, ) -

v,

PrOOF. Fixanz in M andi=1,--- k.

Let H;(x,-) be the path in (T, M)* given by
Hi(x>'): ]_6>€[ — (TzM)k

t = () (X, X)) (07 D) (@)
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where € is a strictly positive real number such that z is in the domain of ¢! for all ¢ in
] — €, €[. Using [S] we can show that

Hi(w,t) = —(eh).([Xi, Xa], -, [Xs, Xp]) (05 ) (2)
= —H;(z,t) - Ai(p; " (2)) -

(3

Consider now the vector field
Vit M x Mp(R) — T(M)x Mp(R) x My(R) ~ T(M x M(R))
(z,m) — (x,—X;(x);m,—m - A;(x))

Denote by T} the flow of ¥;. One can find an open subset O; of M x R containing M x {0}
such that the following map is defined

(z,t) = prooTi(x,Id).

Then C;(+,0) = Id and Cl(z,t) = —C;(z,t) - A;i(p; " (z)).

Thus for all x in M the path in (T, M)* defined by t — (X1, , Xp,)(x) - Ci(z, t) fulfils
the same differentiable equation as H;(z,-) and takes the same value at t = 0.
So the equality H;(z,t) = (X1, -+, Xg)(x) - Ci(z,t) holds for all (z,t) in O;. =

PROOF. [ Proposition 1] We denote by {aitl— ; ©=1,---,k} the canonical base of the
bundle of s-vertical fields on M x R* and by {e;,--- ,ex} the canonical base of R¥.
We can find an open subset Q C M x R¥ which contains M x {0} such that for all
(z,8) = (x,t1,--- ,tp)in Qand i=1,--- ,k

Taor(sr) = (@1)eo-0 (i) Xi(p; "o -0 (r(,€)))
= (Xla"' 7Xk)(r(m7£))'B(xa€)'ei

where B € M(C°°(2)) is the matrix which the i-th column is the i-th column of the
product

Ci(r(z,€),t1) - Co(gh? 0 - 0 (), 82) - - Cilpy 0 -+ 0 i (), 1) -
Furthermore the matrix B(z,0) is equal to Id for all z € M so we can find an open subset

Q; of Q containing M x {0} such that B(z,¢) admits an inverse for all (z,£) € Q.
We define ZZ(ZE,&') = (x,O,{,B_l(m,g) . ei) € T(z,g)(M X ]Rk) =T, M x Tg]Rk.

It is then straightforward to check that conditions 1), 2) and 3) are fulfilled.

The equalities s o b = s and r o hl = ¢! or come from s.(Z;) =0 and r.(Z;) = X; o,
respectively.

Takei =1,--- ,kand (x,&) = (2,0,--- ,0,t,t;i11, - ,tx) € Q1. Then the matrix B(z, &)
. Id; Do i )

is of the form ( 0 D1>’ thus Z;(z, &) = 57

Let ¢ be the path in Q defined by ¢ — h; '(z,&) then ¢(0) = (z,&)) and the equality
Zi(z, &) = a% implies that ¢/(t) = 0.

Finally (z,0,---,0,¢,tiy1, -+ ,tr) = hi(z,0,---,0,0,t;41,--- ,tx) for all ¢.

This prove the last point. =
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3.2. Local integration of trivial Lie algebroids.

Let (p: A— TM,[,]) be a Lie algebroid.
We denote by n the dimension of the manifold M and by & the dimension of the bundle
A. We suppose that 0 < k < n and that the bundle A is trivialisable.
Let {Y1,---,Y%} be a base of sections of A and X; = p(¥1), -+, Xk = p(Y%) the corre-
sponding tangent vector fields over M. §
Because A is trivial, for all 4, j, we can find k maps f;’ € C°°(M) such that

Vi, Yj] = Z Y,
and then
[Xi, X;] = p([Y3,Y]]) Z

So we can apply Proposition 1.
As previously, we denote by ¢! the flow of X;. We consider the maps
s:(z,8) e MxRE mx e M andr: (z,ty, - ,tp) € M xRF 5 ol o0l (z) € M .

We take an open subset ; of M x R* which contains M x {0}, a base {Z1,--- , Zy} of
sections of 7%y and a real number 1 > 0 such that

Zi(z,0) =Yi(z) , Tr(Z;) =Tr(Zior) =p(Yior)=X;or;

[Zz:Z] r,§) = Z )+ Zi(w,€) ;

for all ¢ €] —n, n[ the set Oy is in the domaln of the flow h! of the vector field Z; and the
following assertions are fulfilled

Sohgzg,rohzzgogor and (1)
for all z € M and (t;,--- ,tz) € R¥ such it makes sense we have
hilo...ohz’“(gy,O):(x’tl,"',tk) . (2)

Let

QQ = {(matla"' 7tk) € Ql ) (T(.’I},tl,"' 7tk)70) € Im(hil ° Ohi:k)
and (hi* oo hi*) 7L (r(z,t1, -+ ,t1),0) € Qi }.

The set (22 is an open subset of €y which contains the zero section M x {0}. we define
the differentiable map
7 92 — Ql
(T, t1, - tk) = hg™ oo h " (r(x,th, -, tg),0) .
Using the equalities (1) and (2), we check that soi =r, roi = s and that the restriction
of i to the zero section M x {0} is the identity map.

THEOREM 3. We suppose that the anchor p is almost injective.

B
There exists an open subset G of Qy which contains the zero section such that G = M
r

equipped with the following maps is a local Lie groupoid over M.
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— The source map is s and the range map s r.
— The unit map s the zero section.
— The inverse map is the map @ :

(1‘,t1,--- 7tk) '_)hlztk O---oh;tl(r(x,tl,... 7tk)70) .
— The local product is given by
(yysla"' 75k) ) (matla"' 7tk) :hil O---thk(x,tl,--- >tk)

and is defined over

D2G: {((y,81,--- 7Sk)7(m7t17"' 7tk)) EGXG7 y:T(.’I},tl,"' 7tk)7
(z,t1, -+ ,tg) € dom(hi* o---oh;*) and hi* o---o hi* (z,t1, - ,t) € G}.

Moreover, the Lie algebroid of G is A.

The non straightforward points to check in order to prove this theorem are the associa-
tivity of the product and that the inverse map is an involutive diffeomorphism.

3.2.1. Preliminary work.

We are going to show here the following proposition :

PROPOSITION 4. There exists a neighborhood Qs of the zero section in M x RF such
that the only local section of both s and r with values in Q3 is the zero section.

For each 7 = (t,--- ,t;) € R*, we define the s-vertical vector field
/A 0 — T
(1‘, E) = Zf:l ti : Zz(x) E) .
We denote by 12 the flow of Z,. Remark that 1 =1} and that the equality Tr(Z;) =
Tr(Z; or) implies that r o) =7 o} or.
Thus the restriction of the map 7 o9} to M x {0} is the flow of the tangent vector field
X, over M defined by

k
€M Tuoyr(Z) =Y ti- Xi(x) € TM .
i=1

LEMMA 5. There exists an open subset Ql of Q1 which contains the zero section such
that the map
o: & — o
(z,7) = (0
is a diffeomorphism onto its image.

PrOOF. The existence of an open subset of ; which contains the zero section and
which is in the domain of the map © comes from the equality ¢ = 9% .
We first remark that the restriction of ® to M x {0} is equal to identity. Furthermore
T(z,U)G(aiti) = Z;i(x,0) forall z € M and i =1,--- ,k. So for all z in M the differential
of © is an isomorphism. =

PRrOOF. [Proposition 4] Let M be the dense open subset of M over which p is injective.
Let K be a compact subset of M and ¢ € R” \ {0}.
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As previously we denote by X; = Tr(Z:|a) the tangent vector field on M which flow is
the restriction of the map r o) to units.

The Period bounding Lemma [AR] asserts that there exists a real number ng; > 0 such
that if the orbit of X; passing through x € K is periodic with a non zero period 7, then
Tz > NK,t- S0 one can find a real number 0 < ex; < 1 such that Kx] — ek, ex,] i a
subset of )y and for all z € K N My the map

Tzt ] _EK,taSK,t[ — M
A = ro®(z,\t) =ro Y)(2)
is injective. When ¢ = 0, we let m, o(A) =« for all A € R.
We define A = . in||ft\| 1{5K7t}, then 0 < A < 1.
e "" =

Note that for all z € K N My, t €] — Ak, Ax[\{0} and X € [—1,1] the following equality
holds :

e t(A) = m o (AJJE]) -
So for all x € KN My and t €] — Ak, Ax[\{0} the map 7, ; is injective when restricted
to [—1, 1]. In particular 7, ((\) = « if and only if A =0 or ¢t = 0.
Let {K;, i € I} be a covering of M by compact balls. We proceed as before and define
W = Ujer Kix] = Ax,, Ak, [ and Q) = W. Then € is an open subset of € containing
the zero section. We define Q3 = ©(Q;) Ny, it is also an open subset of Q; containing
the zero section.

Let v : O — Q3 be a local section of both s and r with values in (3.
We consider 7 :== O lov:0 — Qy ; x+ (x,t,). Then for all z € O,

rov(z) =roO(z,ty) =mpe, (1) =z .

So t, = 0 when x belongs to O N My. The continuity of 7 implies that 7 is the restriction
to O of the zero section. Furthermore, O is a diffeomorphism which sends the zero section
onto the zero section, so v is the restriction to O of the zero section as well. =

If € = (ti,--- ,tx) € R¥ we denote hé := hﬁl o---0 h}i’“. It is a local diffeomorphism of
Q1. We denote by T the pseudo-group of local diffeomorphisms of €23 generated by the
hE restricted to Q3. The equations (1) and (2) imply that for all ¢ € Y the equalities
sop=sand rop =ropor holds.

We deduce from the previous proposition the

COROLLARY 6. For all p € Y and x € M the following equality holds when it makes
sense

poiop(rop t(z,0) = (z,0) .
Moreover if p(z,0) = (z,0) then p(z) = 2z for all z € r—*(x) N dom(p).

3.2.2. Proof of Theorem 3.

We define G := (23N Q3) Ni(Q2NQ3). It is an open subset of Qs which contains the
zero section.
We have already notice that in order to prove the theorem we must show that the inverse
map is involutive and that the product is associative.
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Let’s show that the restriction of i to G is an ivolutive diffeomorphism.
Let (z,&) = hé(x) € G. By applying the first assertion of the corollary 6 to (h¢)~! we get
(h&)~toioi(hé(x)) =z for all x in M. Thus ioi =i.

Let’s show the associativity of the product.
Suppose that the following products are defined :

(7“(.27,53),52) ' ($,€3) = h&> o hfs (ZU) )
(r(h%2 o h¥(x)), &) - (r(x,&3), &) = A% 0 h¥2(r(z,&3)) and

((r(h%2 o hf(x)), &) - (r(x,&3), &) - (2, &3) -
Fix 7 € R* such that hé' o hé2(r(z,&)) = h7(r(z,&3)). According to the corollary we
have the equality k% o h%2 = h™ on r~!(r(z,&3)). So we obtain

((r(h*2 o h%*()), &) - (r(z, 63) §2)) - (x, 63) = hft o h*2 o h* ()
= (r(h* o h%(x)), &) - ((r(z,&), &) - (2, &3))

REMARK 1. — The elements of T restricted to G are local left translations of G.
s
— The almost injectivity of A4 implies that the local groupoid G = M is such that the

r
only local section of both s and r is the unit map. A (local) groupoid having this property
is called a (local) quasi-graphoid or an essentially principal groupoid [B, R].

3.3. Local integration of morphisms.

We describe here the (local) integration of morphisms between Lie algebroids. One
can find different proofs of this in [Ma, MM, MX].
For x = 1,2, let (p. : A« — M,][,]«) be an almost injective trivialisable Lie algebroid and
{Y7,---, Y } a base of sections of A.. Let G. ;; M be a local Lie groupoid associated

T

to A, as in theorem 3.

We suppose that we have a morphism f : A4; — Ay of Lie algebroid over identity. In
particular we have ps o f = py.

PROPOSITION 7. There exists a local Lie sub-groupoid Vi of Gy with space of units M
and a morphism F : Vi — G5 which integrates f.

PROOF. For * = 1,2, let {Z7,---, Z} } be the base of s.-vertical vector fields associ-
ated to the base of sections {Y}*,---,Y}* }.
For ¢ = 1,---,k;, we denote by ¢; the so-vertical vector field on A, associated to

£ = T2, @Y, that is q:(2,€) = 202, ai(ra(z, ) 22z, 6).
We denote by ®! the flow of ¢; and by h! the flow of Z} as we did previously. We can
find a local Lie sub—groupoid V1 of 1 having M as space of units such that the map
F: Vi — G2
(@b, b)) =hit ooyt (@) = @Yoo @l ()
is defined and smooth. One can easily check that F' is a morphism of local groupoids
which integrates f. m
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When f is an isomorphism, F' is an isomorphism onto its image as well.

REMARK 2. If G is a (local) groupoid over M and G’ a (local) quasi-graphoid over
M then there is at most one morphism from G to G’ over identity. So if f: V — G’ and
g : W — G' are morphisms where V and W are two local sub-groupoids of G having M
as space of units then f = g when restricted to VNW. So there exists a unique morphism
from VUW to G’ which is equal to f when restricted to V' and equal to g when restricted
to W. We will say that a morphism f : V — G', where V is a local sub-groupoid of G
having M as space of units, is mazimal if for any morphism g : W — G' where W is a
local sub-groupoid of G having M as space of units, we have W C V.

3.4. General case.

Let (p : A — TM,[,]) be an almost injective Lie algebroid. We denote by 7 the
projection of A onto M. Let {r; : A; = 7 %(0;) = O; x R¥ | i € I} be a local
trivialisation of the bundle A, {O; , i € I} being an open covering of M.

For each i € I, (p; : A; — T0O;,][,]4,) is an almost injective trivialisable Lie algebroid
and we can apply theorem 3.

Si

We obtain in this way a family 4 = {G; =2 O; , i € I} of local Lie groupoids such that
i

for all i € I, G; = O; is a local quasi-graphoid which integrates A;.

For all 4,5 € I, Alo,no; = Ailo.no; = Ajlo;no; so using the integration of morphisms,
there exist a local Lie sub-groupoid V;; of G;, Vj; of G; having O; N O; as space of units
and an isomorphism Fj; : V;; — Vj; which integrates identity. We can ask Fj; of being
maximal and because we are dealing with local quasi-graphoids, the cocycle conditions
are fulfilled :

Fii = IdGl s FZ;I = Fji and ij o Fij = Fik when it makes sense .

So there is a natural equivalence relation on | |;.; G; given by :
. : o] v €Vij, i€ Vi
if v; € G; and n; € G, v; ~ n; if and only if
Yi i n;j gy Vi ™~ 1 y { F; (yi) = n
Let G =||;c; Gi/~- If 4; belongs to G; we denote by 7; its image in G.
8§
One can easily check that G = M equipped with the following maps is a local Lie

groupoid over M.
— The source map is s : 7; — s;(7;) and the range map is 7 : 7; > r;(7;)-

— The unit map is given by z € O; — u;(z).

The inverse map is given by 7; — v; L

— The local product is given by 7; - 77; = 7; - 7; and is defined over

DG = {(W,m) eEGxG | (’yi,m’) S ’DQGZ', 1€ I}
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Furthermore, G is a quasi-graphoid and it integrates .4 by construction.

Let U and U’ be two local trivialisations of the bundle A. Let G and G’ the local groupoid
obtained from U and U’ as previously. Using the integration of morphisms and the fact
that the groupoids G and G’ are local quasi-graphoids one can easily show that there
exist a local sub-groupoid V of G over M, a local sub-groupoid V' of G' over M and
an isomorphism between V' and V'. Thus the “germ” of the groupoid obtained do not
depend on any choice.

In particular, let G be a (local) Lie groupoid over G(®) and AG its Lie algebroid. Suppose
that AG is almost injective. If H is a local Lie groupoid obtained as in Theorem 3 then
H and G are isomorphic around units, that is , there is a local sub-groupoid of H having
G for unit space which is isomorphic to a local sub-groupoid of G.

4. Examples.

1- Injective Lie algebroid

Let (p: A— TM,[,]) be a Lie algebroid of dimension & over a manifold M of dimension
n. We suppose that p is injective and that 0 < k < n. So A is isomorphic to the tangent
bundle of a regular foliation F on M. If O is a distinguished open set for F, one can
find a local basis {Y1,---,Y};} of sections of A defined on O such that [¥;,Y;] = 0 for all
i, 7. In other word, there is a local free action of R* on O. The local integration of the
restriction of A to O gives rise to the local groupoid  of this local action of R¥ on O.
So 2 is isomorphic (around the units) to the groupoid of the regular equivalence relation
induced by the foliation F on O.

2- Lie algebra of tangent vector fields

Let H be a Lie algebra of tangent vector fields over a manifold M. Suppose that the
dimension of # is finite. We consider the trivial bundle A = M x H over M and we
define p : A - TM , (z,X) — X(x). We suppose that p is injective over a dense
open subset of M. The bundle A is naturally endowed with a structure of trivial Lie
algebroid over M of anchor p. The local integration gives rise to a local Lie group H
which integrates H and a local action of H on M. The local Lie groupoid we obtain is
then the local groupoid of this action.

3- Action of R
Let N be a manifold and M = N x R. We equip the bundle A =TM ~ TN x TR over
M with the structure of Lie algebroid which anchor is the map

p: A=TM~TNxTR — TM~TN xTR

((z,0), (£, ) = ((z,0)(t,1X))

The local integration of A over an open set O X R of M = N xR gives rise to the groupoid
O x 0 xRf xR = O x R which is the product of the pair groupoid over O with the
groupoid of the action of Rf on R by multiplication.
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