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INTRODUCTION

This paper takes place in a longstanding project aiming to study index theory
and related questions on stratified pseudomanifolds using tools and concepts from
noncommutative geometry.

The key observation at the beginning of this project is that, in is K-theoritic
form and before the use of the Chern character or heat kernels methods to produce
explicit formulas, the Atiyah-Singer index theorem [2] involves ingredients that
should survive to the singularities allowed in a stratified pseudomanifold. This is
possible, from our opinion, as soon as one accepts reasonable generalizations and
new presentation of certain classical objects on smooth manifolds, making sense on
stratified pseudomanifolds.

The first instance of these classical objects that need to be adapted to singu-
larities is the notion of tangent space. Since index maps in [2] are defined on the
K-theory of the tangent spaces of smooth manifolds, one must have a similar space
adapted to stratified pseudomanifold. Moreover, such a space should satisfy natural
attempts. It should coincide with the usual notion on the regular part of the pseu-
domanifold and incorporate in some way copies of usual tangent spaces of strata,
while keeping enough smoothness to allow interesting computations. Moreover, it
should be Poincaré dual in K-theory (shortly, K-dual) to the pseudomanifold it-
self. This K-theoritic property involves bivariant K-theory and was proved between
smooth manifolds and their tangent spaces by G. Kasparov [15] and A. Connes-G.
Skandalis [9].
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In [11], we introduced a candidate to be the tangent space of a pseudomanifold
with isolated conical singularities. It appeared to be a smooth groupoid, leading
to a noncommutative C*-algebra, and we prooved that it fulfills the expected K-
duality.

In [17], the second author gave a notion of noncommutative symbols, living on
the noncommutative tangent space of a pseudomanifold with isolated conical singu-
larities, as well as a notion of ellipticity, such that the classical results on manifolds
are brought to the conical case: elliptic symbols describe the K-theory of the tan-
gent space and the isomorphism between the K-theory of the noncommutative
tangent space and the K-homology of the conical pseudomanifold itself resulting
from [11] can be concretely interpreted as a symbol map sending an appropriate
class of elliptic operators (namely, fully elliptic b-pseudodifferential operators), to
there elliptic noncommutative symbols.

In [4], the noncommutative tangent space together with other deformation groupoids
was used to construct analytical and topological index maps, and their equality is
prooved. As expected, these index maps are straight generalizations of those of [2]
for manifolds.

The present paper is devoted to the construction of the noncommutative tangent
space for general stratified pseudomanifold and the proof of the K-duality. It is
thus a sequel of [11], but can be read independently. At first glance, one should have
expected that the technics of [11] iterate easely to give the general result. In fact,
if the definition of the groupoid giving the noncommutative tangent space itself
is natural and intuitive in the general case, its smoothness is quite intricate and
brings issues that did not exist in the conical case. We have given here a detailed
treatment of this point, since we believe that this material will be usefull in further
studies about the geometry of stratified spaces. Another difference with [11] is that
we have given up the explicit construction of a dual Dirac element. Instead, we use
an easely defined Dirac element and then proove the Poincaré duality by a recursive
argument, based on the stability of removing minimal strata in a pseudomanifold
and then “doubling” it to get a new pseudomanifold, less singular. The difficulty
in this approach is moved to the proof of the commutativity of certain diagrams in
K-theory, necessary to apply the five lemma and to continue the recursion.

The interpretation of this K-duality in terms of noncommutative symbols and
pseudodifferential operators, as well as the construction of index maps together
with the statement of an index theorem, is postponed to forthcoming papers.

This approach of index theory on singular spaces in the framework of noncom-
mutative geometry takes place in a long history of past and present resarch works.
But the specific questions about Poincaré duality, topological index map and state-
ment of an Atiyah-Singer like theorem are quite recent and attract an increasing
interest [24, 21, 28, 25].

1. BASIC DEFINITIONS

1.1. Around Lie groupoids. We refer to [27, 6, 18] for the classical definitions and
construction related to groupoids, their Lie algebroids and groupoids C*-algebras.
In this section, we fix the notations and recall the less classical definitions and
results needed in the sequel. Some material presented here is already in [11, 4].
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1.1.1. Pull back groupoids.

Let G = M be a locally compact Hausdorff groupoid with source s and range r. If
f:+ N — M is a surjective map, the pull back groupoid *f*(G) = N of G by f is
by definition the set

(G ={(z,y,y) e N x G XN | r(y) = f(x), s(v) = f(¥)}
with the structural morphisms given by

(1) the unit map z — (z, f(z), ),
(2) the source map (z,7,y) — y and range map (z,v,y) — x,

(3) the product (z,7,y)(y,n, z) = (x,7n, z) and inverse (x,7,y) ' = (y,7~*

;).
The results of [26] apply to show that the groupoids G and *f*(G) are Morita
equivalent when f is surjective, open and proper.

Let us assume for the rest of this subsection that G is a smooth groupoid and
that f is a surjective proper submersion, then * f*(G) is also a Lie groupoid. Let
(A(G),q,] , ]) be the Lie algebroid of G (which is defined since G is smooth).
Recall that ¢ : A(G) — T'M is the anchor map. Let (A(* f*(G)),p, [, ]) be the Lie
algebroid of *f*(G) and T'f : TN — T'M be the differential of f. Then we claim
that there exists an isomorphism

AC (@) ={(V,U) e TN x A(G) | Tf(V) = q(U) e TM}

under which the anchor map p : A(*f*(G)) — T'N identifies with the projection
TN x A(G) — TN. In particular, if (U,V) € A(*f*(G)) with U € T,N and
V e Ay(G), then y = f(x).

1.1.2. Subalgebras and ezxact sequences of groupoid C*-algebras.

To any smooth groupoid G is associated two C*-algebras corresponding more or less
to two different completions of the involutive convolution algebra C2°(G), namely
the reduced and maximal C*-algebras [5, 7, 27]. We will denote respectively these
C*-algebras by C*(G) and C},,.(G). Recall that the identity on C°(G) induces
a surjective morphism from C}, .. (G) onto C*(G) which is an isomorphism if the
groupoid G is amenable. Moreover in this case the C* algebra of G is nuclear [1] .

We will use the following usual notations :

S
Let G = G be a smooth groupoid with source s and range r. If U is any subset
of G we let :

Gy =s"'(U), GV :==r ' (U) and G = Gly == Gu NG .

To an open subset O of G(9) corresponds an inclusion ip of C(G|o) into C°(G)
which induces an injective morphism, again denoted by ip, from C*(G|o) into
C*(G).

When O is saturated, C*(G|o) is an ideal of C*(G). In this case, F := GO\ O is a
saturated closed subset of G(?) and the restriction of functions induces a surjective
morphism rp from C*(G) to C*(G|r). Moreover, according to [13], the following
sequence of C*-algebras is exact :

0 —— C*(Glo) —2— C*(G) —£— C*(G|p) —— 0 -
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1.1.3. KK-elements associated to deformation groupoids.
A smooth groupoid G is called a deformation groupoid if :

G =Gy x {0} UG2x]0,1] = G = M x [0,1],

where G; and G5 are smooth groupoids with unit space M. That is, G is obtained
by gluing G2x]0,1] = M x]0,1], which is the cartesian product of the groupoid
G2 = M with the space ]0, 1], with the groupoid G; x {0} = M x {0}.

In this situation one can consider the saturated open subset M x]0,1] of G(®). Using
the isomorphisms C* (G| arxj0,17) = C*(G2)®Co(]0, 1]) and C*(G|arx0y) = C*(G1),
we obtain the following exact sequence of C*-algebras :

0 —— C*(Ga) @ Co(]0,1]) 20, ov(@) —<2, C*(Gy) —— 0

where 7p7]0,1] is the inclusion map and evy is the evaluation map at 0, that is evg
is the map coming from the restriction of functions to G|z o}

We assume now that C*(G1) is nuclear. Since the C*-algebra C*(G2) ® Cy(]0,1])
is contractible, the long exact sequence in K K-theory shows that the group homo-
morphism (evg). = -®[evg] : KK (A, C*(G)) — KK(A,C*(G1)) is an isomorphism
for each C*-algebra A [9].

In particular with A = C*(G) we get that [evy] is invertible in K K-theory : there
is an element [evo] ™! in KK (C*(Gy),C*(G)) such that [evo]®[eve] ' = 1c+(g) and
[6’00]_1(@[61}0] = 1C*(G1)-

Let evy : C*(G) — C*(G2) be the evaluation map at 1 and [ev;] the corresponding
element of KK (C*(G),C*(G)).

The K K-element associated to the deformation groupoid G is defined by :
§ = [evg] '®@[evi] € KK(C*(G1),C*(Gy)) .

One can find examples of such elements related to index theory in [7, 13, 11, 4].

1.2. Generalities about K-duality. We give in this paragraph some general
facts about Poincaré duality in bivariant K-theory. Most of them are well known
and proofs are only added when no self contained demonstration could be found in
the literature. All C*-algebras are assumed to be separable and o-unital.

Let us first recall what means the Poincaré duality in K-theory [16, 9, 7]:

Definition 1. Let A, B be two C*-algebras. One says that A and B are Poincaré
dual, or shortly K-dual, when there exists « € K°(A® B) = KK(A ® B,C) and
Be€ KK(C,A® B) ~ Ky(A ® B) such that

bea=1€ KK(A,A) and f®a=1¢€ KK(B,B)
B A
Such elements are then called Dirac and dual-Dirac elements.

It follows that for A, B two K-dual C*-algebras and for any C*-algebras C, D, the
following isomorphisms hold:

ﬂ%%:KK(B@C,D) — KK(C,A® D);

ﬁ(%-:KK(A@C,D) — KK(C,B® D);

with inverses given respectively by - ® a and - ® a.
A B
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Example 1. A basic ezample is A = C(V) and B = Co(T*V) where V is a closed
smooth manifold ([16, 9], see also [11] for a description of the Dirac element in
terms of groupoids). This duality allows to recover that the usual quantification
and principal symbol maps are mutually inverse isomorphisms in K-theory :

Ay =(  ® a): K(Co(T*V)) — K°(C(V))

' Co(T*V)

Sy =(8- ® ): K C(V)) = Ko(Co(T*V))
o)

We observe that:

Lemma 2. Let A, B be two C*-algebras. Assume that there exists « € KK(A ®
B,C) and 8,0 € KK(C,A® B) satisfying

Bga=1€KK(A A) andf ©a=1€KK(B,B)

Then 8 =3 so A, B are K-dual.
Proof. A simple calculation shows that for all z € KK (C, A ® D) we have :

5%(96%04) (B%a).

=T ®
A®B
Applying this to C =C, D = A and z = ' we get:
F=paFea=01=4
B A B
O

This implies in particular that given two K-dual C*-algebras and a Dirac element
a, the dual-Dirac element [ satisfying the definition 1 is unique. The lemma implies
also that if there exists « € KK (A ® B, C) such that

‘®@a:KK(C,A® B) — KK(A,A) and -®a: KK(C,A® B) — KK(B, B)
B A

are onto, then A, B are K-dual.

2. STRATIFIED PSEUDOMANIFOLDS

We are interested in studying stratified pseudomanifolds [30, 19, 12]. We will
use the notations and equivalent descriptions given by A. Verona in [29] or used by
J.P. Brasselet, G. Hector and M. Saralegi in [3]. The interested reader should look
at [14] for a review of the subject.

2.0.1. Definitions.

Let X be a locally compact separable metrizable space.

Definition 1. A C*-stratification of X is a pair (S, N) such that :

(1) S = {s;} is a locally finite partition of X into locally closed subsets of X,
called the strata, which are smooth manifolds and which satisfie :

soN &1 =0 if and only if sg C 4.
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(2) N = {N, s, ps}ses is the set of control data or tube system :
Ny is an open neighborhood of s in X, s : Ny — s is a continuous retrac-
tion and ps : Ny — [0, +0o[ is a continuous map such that s = p;1(0). The
map ps s either surjective or constant equal to 0.
Moreover if Ny, N sy # 0 then the map
(s, ps) + Ns, Ns1 — $0%]0, +00]

s a smooth submersion.
(8) The following compatibility conditions hold :

for sog # s1 the equalities

Tso O Tsy = sy AN Psy © Ts; = Psg

hold everywhere they make sense, that is on Nyy NN, Nt (N, Nsy).

(4) For any two strata so and s1 the following equivalences hold :
soN &1 # 0 if and only if Ny Ns1 #0
Ny N Ns, # 0 if and only if so C $1, so = s1 or s1 C So.

To such a stratification is naturally associated a filtration. Precisely, let X; be the
union of strata of dimension < j. We get the filtration :
pcXpCc--CX,=X.

We call n the dimension of X and X° := X \ X,,_1 the regular part of X. The
strata included in X \ X° are called singular, their set is denoted Sgjng.
For any subset A of X, A° will denote A N X°.

A crucial notion for our purpose will be the notion of depth :

Definition 2. When so C $1 we denote it by sqg < s1 and we say that sg is smaller
then s1. If moreover sg # s1 we note so < s1. The depth d(s) of a stratum s is the
biggest k such that one can find k different strata sqg,--- ,Sp_1 such that
Sp <81 < - < Sk—1 < Sk =S,
The depth of the stratification (S,N) of X is :
d(X) := sup{d(s), s € S}.

A stratum whose depth is 0 will be called minimal.

We have followed the terminology of [3], but remark that the opposite convention
for the depth also exists [29)].

Finally we can define stratified pseudomanifolds :

Definition 3. A stratified pseudomanifold is a triple (X,S, N) where X is a locally
compact separable metric space, (S, N) is a C*-stratification on X and the regular
part X° is a dense open subset of X.

If (X,Sx,Nx) and (Y,Sy, Ny) are two stratified pseudomanifolds an homeomor-
phism f: X — Y is an isomorphism of stratified pseudomanifold if :
(1) Sy = {f(s), s € Sx} and the restriction of f to each stratum is a diffeo-
morphism onto its image.
(2) Mgy o f = fomsand ps = py(s) o f for any stratum s of X.
Let us make some basic remark on the previous definitions.
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Remark 1. (1) At a first sight, the definition of a stratification given here
seems more restrictive than the usual one In fact according to [29] these
definitions are equivalent.

(2) Usually, for example in [12], the extra assumption X,,_1 = X,,_o is required
in the definition of stratified pseudomanifold. Qur constructions remain
without this extra assumption.

(8) A stratum s is reqular if and only if Ny = s and then ps = 0.

(4) Pseudomanifolds of depth 0 are smooth manifolds, and the strata are then
union of connected components.

The following simple consequence of the axioms will be usefull enough in the sequel
to be pointed out:

Proposition 1. Let (X,S, N) be a stratified pseudomanifold. Any subset {s;}1 of
distinct elements of S is totally ordered by < as soon as the intersection Nic N, is
non empty. In particular if the strata so and s1 are such that Ny, N Ng, # 0 then

d(so) # d(s1) or sop = $1.

By a slight abuse of language we will sometime talk about a stratified pseudoman-
ifold X while we only have a partition S on the space X. This means that one can
find at least one control data N such that (X,S, N) is a stratified pseudomanifold
in the sense of our definition 3.

2.0.2. Examples.

(1) Smooth manifolds are, without other mention, pseudomanifolds of depth 0 and
with a single stratum.

(2) Stratified pseudomanifolds of depth one are wedges and are obtained as follows.
Take M to be a manifold with a boundary L and suppose that you have a sub-
mersion 7 of L onto a compact manifold s. Consider the mapping cone of (L, )

cnl:=L x[0,1]/ ~z
where (z,t) ~, (2/,t') if and only if (z,t) = (2/,t') or t =t = 0 and 7(z) = 7(2’).
The image of L x {0} identifies with s and by a slight abuse of notation we will
denote it S. Now glue ¢, L and M along their boundary in order to get X. The
space X with the partition {s, X \ s} is a stratified pseudomanifold.
Two extreme examples are obtained by considering 7 either equal to identity, with
s = L or equal to the projection on one point c. In the first case X is a manifold
with boundary L isomorphic to M and the stratification corresponds the partition
of X by {L, X\ L}. In the second case X is a conical manifold and the stratification
corresponds the partition of X by {¢, X \ ¢}, where ¢ is the singular point.
(3) Manifolds with corners with their partition into faces are stratified pseudoman-
ifolds [20, 22].
(4) If (X,S,N) is a pseudomanifold and M is a smooth manifold then X x M is
naturally endowed with a structure of pseudomanifold of same depth as X whose
strata are {s x M, s € S}.
(5) If (X,S, N) is a pseudomanifold of depth k& then CrX = X x S1/X x {p} is
naturally endowed with a structure of pseudomanifold of depth k + 1, whose strata
are {sx]0,1[, s € S} U {[p]}. Here we have identified S* \ {p} with ]0,1[ and we
have denoted by [p] the image of X x {p} in CrX.

For example, if X is the square we get the following picture :
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2.0.3. The unfolding process.

Let (X,S,N) be a stratified pseudomanifold. If s is a singular stratum, we let
Ls = p;1(1). Then Ly inherits from X a structure of stratified pseudomanifold.
One can then define the open mapping cone of (Ls, 7s) :

cﬂ'SLS = Ls X [07 +OO[/ s

where ~_ is as before.
According to [29], see also [3] the open mapping cone is naturally endowed with
a structure of stratified pseudomanifold whose strata are {(s' N L;)x]0,4+oc[, s’ €
S} U {s}. Here we identifie s with the image of Ls x {0} in ¢, Ls. Moreover, up
to isomorphism , the control data on X can be chosen such that one can find a

continuous retraction fs : Ny \ s — L for which the map
U, : j\fs — Cr, Ly

(2.1) L L Ghes(z)] ifads

z elsewhere
is an isomorphism of stratified pseudomanifolds. Here [y,t| denotes the class in
cr Ls of (y,t) € Lg x [0, +00].
This result of local triviality around strata will be crucial for our purpose. In par-
ticular it enables one to make the unfolding process [3] which consists in replacing
each minimal stratum s by L. Precisely suppose that d(X) =k > 0 and let Sg be
the set of strata of depth 0. Define O := Uses, {2z € X | ps(2) <1}, Xp = X\ Op
and L := Uges,{z € X | ps(z) = 1} C Xp. Notice that it follows from remark 1
that the Ly’s where s € Sy are disjoint and thus L = Ues, Ls. We let

2X =X, UL x [-1,1]U X,
where X = X, and X, (respectively X,") is glued along L with L x {~1} C
L x [-1,1] (respectively L x {1} C L x [-1,1]).
Let s be a stratum of X which is not minimal and wich incounter Og. We define
the following subset of 2X:
§:=(sNX,)U(snL)x[-1,1]U(sNX;")
We then define
Sox :={5 s€Sand sNOy # P} U{s™,sT;sT =seSand sNOy = 0}.
The space 2X inherits from X a structure of stratified pseudomanifold of depth
k — 1 whose set of strata is Sox.

Notice that there is a natural map p from 2X onto X. The restriction p to any
copy of X is identity and for (z,t) € L x [=1,1], p(z,t) = ¥ 1([z,| t |]). The
strata of 2X are the connected component of the preimage by p of the strata of X.
The interested reader can find all the details related to the unfolding process in [3]

and [29] where it is called decomposition. In particular starting with a compact
pseudomanifold X of depth k, one can iterates this process k times and obtain
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a compact smooth manifold 2 X together with a continuous surjective map 7 :
2% X — X whose restriction to 7~(X°) is a trivial 2¥-fold covering.

Example 2. Look at the square C with stratification given by its vertices, edges
and its interior. It can be endowed with a structure of stratified pseudomanifold
of depth 2. Applying once the unfolding process gives a sphere with 4 holes : S?\
{D1, D3, D4} where the D; are homeomorphic to disjoint open disk. The set of
strata of S? is then {S2%, 51,82, S3,S,} where S; is the boundary of D;. Applying
the unfolding process once more gives the torus with three holes.

3. THE TANGENT GROUPOID AND S-TANGENT SPACE OF A COMPACT STRATIFIED
PSEUDO-MANIFOLD

3.1. The set construction. We begin by the description at the set level of the
tangent groupoid and the S-tangent space of a compact stratified pseudo-manifold.

We keep the notation of the previous section : X is a compact stratified pseudo-
manifold, S the set of strata, X° the regular part and N = { N, 7, ps}ses the set
of control data.

For each s € S we let
Os:={z€ X | ps(z) <1} and F, := O, \ U Os, -
s0<s

Note that Fy; = O if and only if s is a minimal stratum and O; = s when s is
regular.

Lemma 3. The set {Fs}ses form a partition of X.

Proof. If z belongs to X, let S, := {s € S | ps(z) < 1}. It follows from proposition
1 that S, is a countable set totaly ordered by <. Let s§ be the minimal element of
S.. Then z belongs to Fy:. Thus X C (J s Fs-

If z€ F,NF, thens < s’, s =s" or s’ <s. Suppose that s’ < s, since z € Fys C Oy
we have z € Uso<s Os, which is incompatible with z € Fs. Thus Fs N Fy = ) or
s=ys". O

Recall that O = O,NX°. We denote again by 7, : Oy — S the projection. When s
is a stratum, 7, is a proper submersion and one can consider the pull-back groupoid
*mx(TS) = OF of the (usual) tangent space T'S =2 S by 7. It is naturally endowed
with a smooth groupoid structure. Notice that when s is regular § = Os = O2, 7
is identity and *7(T'S) = TO?.
At the set level, the tangent space of X is the groupoid :

T5X = | 73 (TS)|pe = X°

sES

where F? = Fs N X° and its tangent groupoid is as in the smooth case [7] a defor-
mation of the pair groupoid on the tangent space :

Gh =T5X x {0} U X° x X°x]0,1] = X° x [0,1] .
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Examples 4. (1) When X has depth 0, we recover the usual tangent space and
tangent groupoid.
(2) Suppose that X is a trivial wedge (see example 2.0.2):

X=c,LUM

where M is a manifold with boundary L and L is the product of two manifolds
L = sx @ with 7 : L — s being the first projection. We have denoted by
¢l =L x[0,1]/ ~, the mapping cone of (L, ). In other word ¢, L = s X cQ
where ¢@ = Q x [0,1]/Q x {0} is the cone over Q). We denote again by s
the image of L x {0} in X. Then X admits two strata : s and X° = X \ s,
F; =0, = Lx]0,1] and Fxo = X°\ Oy = M. The tangent space is

TSX = Ts x (Qx]0,1]) x (Qx]0,1) UTM = X°
where T's x (Qx]0,1[) x (@x]0,1[) is the product of the tangent space T's = s

with the pair groupoid over @x]0,1[ and T'M denotes the restriction of the
usual tangent bundle T X° to the sub-manifold with boundary M.

Remark 5. For any stratum s, the restriction of G§ to F? is equal to
"1 (TS)|Fe x {0} UFY x F7x]0,1] = F¢ x [0,1]

which is also the restriction to F2 of *(ms x Id)*(G!), the pull-back by ms x Id :
02 x [0,1] — S x [0,1] of the (usual) tangent groupoid of s :

Gl =Tsx {0}Us x sx]0,1] = s x [0,1] .
In the following, we will denote by A% _;, the Lie algebroid of *(ms x Id)*(G?).

e X1

3.2. The smooth structure. In this subsection we prove that the tangent space
and the tangent groupoid of a stratified pseudomanifold can be endowed with a
smooth structure in such a way that the underlying manifolds has the same con-
nectedness than X°).

To do so , we first choose a glueing function. It is a smooth decreasing and positive
function 7 : R — R such that ([0, +oc[) = [0,1], 771(0) = [1, +o0o[ and 7’ doesn’t
vanish on ]0, 1[.

If s is any singular stratum, we let 7, = 7 0 p;. Thus 7, = 0 outside Of.

Roughly speaking, the topology on T°X will be of the following form. A sequence

(T, Vi, yn) € "% (T'sn)|F,, where n belongs to N, will go to (z,V,y) € *n;(T's)|F,
if and only if :

s (2n) — 7s(Yn) LV

T (Tn)
To understand the last convergence, first note that for n big enough we have s,, < s
and Tyys ~ Ty ()8n X K, where K;, is the kernel of the differential of the restriction
of ms, from T's — T's,,. Recall that 75 (z,) = s, (yn) and w5, o5 = m,, . Under

Tsp (Tn)

Tp =T, Yo — Y, Vo +

suitable identifications, gives an element of K,, while v, belongs to

Tx,, (y)5n-

We will present the smooth structure with two different and independent point of
view. Before this, we look in more details at the local structure of X°. Then, in
the second part we will produce an atlas for the tangent space. In the third part we
will describe the smooth structure of the tangent space by giving the Lie algebroid
of the tangent groupoid. These parts are quite technical and can be left out as soon



K-DUALITY FOR STRATIFIED PSEUDOMANIFOLDS 11

as you believe that the tangent space and the tangent groupoid can be endowed
with a smooth structure compatible with the topology described above.

3.2.1. The local structure of X°.
Let us choose a riemanian metric on X°. We denote by n the dimension of X° and
by ns the dimension of the stratum s. Thus n = ns when s is regular.

When s is a stratum, recall that 75 : N2 — s is a smooth submersion. Let Ky C

TN? be the kernel of the differential Try and g5 : TN? — TN? the orthogonal
projection on K. Thus

(3.1) (T7s,qs) : TN? — 72 (Ts) @ K

is an isomorphism which enables us to identifie 7¥(T's) with a subbundle of TX°.
Notice that when s is regular, s = N and 7, is identity, thus K; = s x {0}.

If z belongs to X°, let S, :={s €S| ps(z) < 1}. Tt is a finite set which is totally
ordered according to proposition 1. Suppose that S, = {sg,- -, s} with

Sop < 81 < -0 < Sg

where s, C X° is regular. One can find an open neighborhood U, of z in X° such
that U, C Nf_ N, and for any singular stratum s we have U, N O, # () if and only
ifses,.

Moreover with no loss of generality, with the help of a reparametrisation of the
control data if necessary, we can suppose that for 0 < ¢ < j < k, z belongs to
Ns, NN5; Nt (NG, Nisj) and thus choose U, C N, NN, Nt (N, Nsj) . So the
following equalities hold on U, :

(3.2) for 0 <i<j<kK:m, om = and ps, 075, = ps, -
By taking a possible smaller U,, for 0 < i < k one can find a smooth submersion
f3 U, — R" " such that the map

\I'lz = (ms;, [27) : Uz — (8i N7, (Uz)) x R
is a diffeomorphism. Moreover it follows from 3.2 that for 0 < i < j < k, ¥lo(WI)~1
is of the form (z,t) — (75, (2), hji(z,1)).

Thus, when £ > 1, by taking canonical forms of the submersions 75,_,- -, 75,
successively and a possible smaller U,, there are diffeomorphisms : ¢ : U, — R",
¢s, : s, (U,) — R™i such that the diagram :

(3.3) U, —2 ~Rn

commutes for all 4 > j, where o4 : R® — R? denotes the projection onto the last

dth coordinates.
A chart of X° of this type will be called a distinguished chart.
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In the same time, the compatibility conditions 3.2 ensure that

(3.4) K, v, ={0} xU, C Ks,_,|ly, C- - CKs,|lu. CTU, .
So in particular we have for 0 <i < j <k :

(3.5) Gs; ©4s; = qs; ©qs; = qs; on TU.

Let T? be the orthogonal complement of Ky, |y, into K, ||y, foralli=1,...,k
and T?° the orthogonal complement of K, |y, into TU,, thus the filtration (3.4)
leads to the following graduation:

(3.6) TU, = T @Il 2*¢ --aT.°.
:Ksn—l‘Uz

It will be usefull for our purpose to understand how the differential map of a
distinguished chart behaves.
According to
(3.7)
R =R" ™ x R?%x7Ms-1 x ... x R™"17"0 x R"0
~ R @ R e—1 @y ... @ R R0 @ RO
where R -1 ~ {0} x R~ ™~ x {0} CR""™ x R "~ x R"%-1 =R"

and with the previous notation, notice that 3.3 implies that the differential map:
(3.8)
do: K, |u. @T 1 @T5 2@ - T — R x (R " x-1 G- - -@R™1 "0 GR"0)

is upper triangular with respect to these decompositions. Equivalently, one can say
that d¢ respects the filtrations:

LoCcLyC---Lj_1 C TUZ, L; = @§=OTZSi ~ TUZ/KSi ~ TI';(TSZ‘)‘UZ
and
R%0 CR"™1 C--- CR™» =R"

In particular, we can consider the diagonal blocks of d¢ with respect to (3.6) and
3.7. Since d¢ is invertible, they provide isomorphisms

(3.9) [dg)? : T57 — R™5 7 ™-1 ; j=1,...,5 and [dg,]° : TS — R0,
Of course, the inverse of d¢ is upper triangular with diagonal blocks given by
([de})~"', j=0,1,....k+1.

Let us see how these decompositions project to the strata.
If U! denotes 75, (U,), the graduation 3.6 behaves correctely with the inclusion
75 (TU.) C TU, and provides each TU. with the graduation :

(3.10) TU! = T & ij[l QDT ij; = drg, (T5).

2,17
Again, each differential map:
(311) d((ﬁsb) : TZS;@T;TZI PH- - @T;"; — s R™six (Rnsq,_d"%‘—1 D-- ~EBR"S1 —Msg @RnSU)
is upper triangular with diagonal blocks corresponding to those of d¢ via the ap-
propriate composition with drs, and diagram (3.3).

Now, with all these ingredients in hand we can define appropriate charts for the
tangent space of X.
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3.2.2. An atlas for TSX.

The atlas will contain two kinds of local charts. The kind of these charts will depend
on the fact that their domains meet or not a glueing between the differences pieces
composing the tangent space T°X, that is the boundary of some Fj.

The first kind of charts, called regular charts are charts whose domain is contained
in 75X \ o for a given stratum s of the stratification. We observe that 75X |1~3 is a

smooth group01d as an open subgroupoid of *7¥(T's) = N?. Thus, regular charts
have domains contained in

|—|s€SF‘s
and coincide with the usual local charts of the (disjoint) union of the smooth
groupoids Uses*m2(T's).
The second kind of charts, called deformation charts (adapted to a stratum s), are
charts whose domain meets 75X |oF, for a given stratum s, that is, charts around
points o = (p,u,q) € T5X|pr,, s € S. Their description is much more difficult.
Let (p,u,q) € T°X and s such that p € OF,. This means exactly that p,, (p) = 1
for some s; < s. Let

(3.12) S =8>8_1>>80

be the ordered sequence of strata such that pg,(p) =1,7=0,...,l — 1. Thanks to
the compatibility conditions 3.2 this sequence only depends on 7(p) thus it is the
same for q. Note that since p belongs to Fs = O; \ Uy <Oy, the sequence above
correspond exactly to the first I + 1 terms of S, = {s € S | ps(p) < 1}.

Let us take distinguished charts ¢ : U, — R™ around p and ¢’ : U, — R" around
q. Since m4(p) = 7s(q), we can also ask that the corresponding induced charts on
the strata satisty :

(3.13) s, (Up) = 7s,(Ug) and ¢, = ¢ for i =0,...,1.

We will note in the sequel U; = 75, (Up) and ¢; = ¢, for i =0,...,1 and n; = n,,.
According to (3.7) with [ instead of k we will write ¢(x) = (z!*1, 2!, ... 2!, 2°) and

¢'(y) = Wty Y0
As in the previous part 3.4 we let : K := K, |y, = ker(T'ry, )|y, for i =0---1. We
have the filtration:

(3.14) KiCKi_1C---CKyCTO,
which leads to the corresponding graduation 3.6:
(3.15) TU, =K, eT'oT ' aT°

where T% = 1" is the orthogonal complement of K; into K;_; foralli =1,...,1—1
and T° = T, the orthogonal complement of Ky into TU,,.
As in 3.16 for all € U, the differential map:

(316) d¢x . Kl@Tl@Tl_l EB”'EBTO — LR @Rnl—’ﬂl—l @.”@Rru—no @Rno

is upper triangular with respect to these decompositions and induces the isomor-
phisms :

(3.17)  [dpg) : TV — RE~4i-1; j=0,1,...,1 and [d¢,|'"! : K; — R
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Let us also introduce the positive smooth functions:

A
ti:ZTopsj,i:O,l,...,l; 0, = Htj,i:L...,l
7=0 /

Note that t; (resp. 6,) is strictly positive on F§, if j > ¢ (resp. j > i) and vanishes
identically if j < (resp. j < ).

We are ready to define a deformation chart around the point (p, u,q). The domain
will be:

(3.18) U=T5X|y
where U, and U, are chosen as above, and the chart itself:
(3.19) ¢:U —R>"

is defined as follows. For all (x,v,y) € (7, there exists a unique ¢ such that x € Fy_,
then (z,v) € 7} (TU;) can be immersed in T'U, using 3.1 and decomposed as:

v=0v4+v_1+-FvoeT® - aT".
We can set :
(3.20)  doll(v) = [dg] (v:) + [de] ™ (vi1) + -+ + [de]°(v0) € {0} x R™ C R"

and define:
~ gl gl i+l

(3.21) p(z,0,y) = (¢(2),

_ yitt
Oi(z) 7 Oia(x)

The map ¢ is clearly injective with inverse defined as follows. For (z,w) € ¢(U)
and i such that ¢~ 1(z) € F,:

0 w) = (7 (@), (Ao ) 7 () ¢ @ = O (97 @) - w))

where, using the decomposition (??) for w = (w'*1,--- wp) € R™:

el (@) - w = Oy (@)™ 4o 4 g (@)™ € R X {0} C R

,doll(v))

To ensure that (¢,U) is a local chart, it remains to check that ¢(U) is an open
subset of R2". It is easy to see that ¢(Fy,) is open for every i € {0,...,1} so we
consider (p,u,q) € U such that p € OF, for some integer i. Let J = {ig,...,ix} C
{0,1,...,7— 1} such that:

Vied, ps,(p)=1.
Thus we have:

(3.22) psi(p) <1y Vi€, ps;(p)=1; VjgJandj<i, ps(p)>1

by construction, ¢ satisfies the same relations. Set %(IL u,q) = (X9, Vo). Using the
Taylor formula and the fact that 6;,; is negligible with respect to 1 — ps,; at the
region p; = 1, noting also the invariance of ps, with respect to perturbations of
points along the fibers of s, , 75, ,,...; We prove that there exist an open ball
B; of R™ centered at xg and an open ball By of R™ centered at 0 and containing
vy such that for all (x,v) € By X By, if

r=¢"'(x)€F,, forjeJorj=i, theny=¢ '(x— ety .v) e Fy, .
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This proves that (x,v) € Im ¢, thus
¢(p,u,q) € By x By C Im ¢
and the required assertion is proved. We end with:

Theorem 1. The collection of reqular and deformation charts provides TSX with
a structure of smooth groupoid.

Proof. The compatibility between a regular and a deformation chart contains no
issue and is ommitted. We need only to check the compatibility between a defor-
mation chart adapted to a stratum s and a deformation chart adapted to a stratum
t, when their domains overlap, which implies automatically that s <t or s > ¢ or
s=1.

Let us work out only the case s = t, since the other case is similar. We have here to
compare two charts ¢ and ¢ with common domain U and involving the same chain
of strata s = s; > s;_1 > -+ > sg9. The whole notations are as before and v, v’ are
the underlying charts of X° allowing the definition of {/}v We note, for the sake of
concision, u* (resp. u’*), k=1+1,...,0, the coordinate functions of u := 1) o ¢~*
(resp. 1’ 0 ¢'~1) with respect to the decomposition (3.7) of R™. Observe, thanks to
the particular assumptions made on ¢, @, %, 9’ (cf.(3.3), (3.13)), that u*(x) only
depends on xj := (x¥,x*71 ... x%) € R% and that u* = u’* for all k <1+ 1. Let
(x,v) € Im ¢ and i such that = = ¢~ (x) € F,,. Then:

~ ~ 141 141 [i+1] 1 1 [i41]
1 _ u'T(x)—u (x—© v) u'(x)—u' (x—O -v)
04 x,v) = (ulx), B , x

(3.23)

witl(x)—uit (x—0lt .y i i\ —
RGO Gyl o (4l (v))

We need to check that the above expression matches smoothly with the corre-
sponding expression for an integer k € [¢,{] when ;(x) (and thus 0;_1,...,0;11)
goes to zero. For that, the Taylor formula applied to v, & > r > ¢ 4+ 1, shows
that the map defined belows is smooth in (x,v,t) where (x,v) are as before and
t=(t;,ti_1,...,to) € R is this time an arbitrary (I + 1)-uple close to 0:

ur(x)—ur(exrf(—)[f#l].v) if 0r _ Hi-_ltj 7& 0
du)x (V" +tp_ov L v ) if 35 € {r —1,7,...,1} such that t; =0,

In our case, t; = t;(x) and tx_1,...,t; go to zero, so the second line in the previous
expression is just:

d(u")x(v")
and for obvious matricial reasons:
d(u")x(v") = (dip)" o ((dg)") T (v") = dp o (dp*) T (v7)

Summing up these relations for r =i+ 1,..., k, we arrive at the desired identity.

Thus, 75X is endowed with a structure of smooth manifold. Moreover, in this local
charts, the smoothness of all algebraic operations associated with this groupoid is
straightforward. O



16 CLAIRE DEBORD AND JEAN-MARIE LESCURE

3.2.3. The Lie algebroid of the tangent groupoid.
We define

Qs . TX° — TX°
(z,V) +— { (2,75(2)qs(2,V)) if ze N?

0 elsewhere

By a slight abuse of notation, we will keep the notations ¢s; and @, for the corre-
sponding maps induced on the set of local tangent vector fields on X°.

Let A be the smooth vector bundle A := TX° x [0,1] over X° x [0,1]. We define
the following morphism of vector bundle :

o A=TX°x[0,1] — TX° x T[0, 1]
(2,V,t) = (2,tV 4+ s Qs(2,V);t,0)

In the sequel we will give an idea of how one can show that there is a unique
structure of Lie algebroid on A such that ® is its anchor map. The Lie algebroid A
is almost injective and so it is integrable, moreover we will see that at a set level G
must be a groupoid which integrates it [8, 10]. In particular G% can be equipped
with a unique smooth structure such that it integrates the Lie algebroid A.

Now we can state the following :

sing

Theorem 2. There exists a unique structure of Lie algebroid on the smooth vector
bundle A =TX° x [0,1] over X° x [0, 1] with ® as anchor.

To prove this theorem we will need several lemmas :

Lemma 1. Let sg and s1 be two strata such that d(sg) < d(s1).

(1) For any tangent vector field W on X°, Qs,(W)(7s,) = 0.
(2) For any (z,V) € TX®, the following equality holds :

QS1 o QSO(Z,V) = Qso o QS1 (Za V) = TSO(Z)QSI (Z’ V) .

Proof. First notice that outside O,, N Oy, either Qg, hence Qs, (W) or 75, and Qs,
vanish thus the equalities of (1) and (2) are simply 0 = 0.
(1) According to the compatibility conditions 3.2 we have ps, o w5, = ps, on Ogy N
Os,. Thus ps, is constant on the fibers of 75, and since 75, = 7 0 pg,, Ts, is also
constant on the fibers of 7y, . For any tangent vector field W, and any z € Og, the
vector @, (W)(z) is tangent to the fibers of 7y, thus Q, (V)(7s,) = 0 on Oy, N Oy, .
(2) The result follows from the first remark and the equality 3.5 of the part above.
O

The next lemma ensures that ® is almost injective, in particular it is injective in
restriction to X°x]0, 1]. A simple calculation shows the following :

Lemma 6. For any t €]0, 1] the bundle map ®; is bijective, moreover

Tz :1 - ! z
Ol () =2V - D O e ey @ EY)

SE€Ssing

where for any singular stratum s the map ts is defined as follows :
1

to X0 SR, t(2) = Y 7o (2) -

s0<s



K-DUALITY FOR STRATIFIED PSEUDOMANIFOLDS 17

Thus in order to prove the theorem 2 it is enough to show that locally the image
of the map induced by ® from the set of smooth local sections of A to the set of
smooth local tangent vector fields on X° x [0, 1] is stable under the Lie bracket.

OO

sing 7 8;

Idea of the proof of Theorem 2. First notice that outside the closure of Us, s
the image under ® of local tangent vector fields is clearly stable under Lie Bracket.
Thus using decomposition of the form 3.6 described in the last part and standard
arguments it remains to show that if s, and s, are strata of depth respectively a
and b with s, < s;, if U is an open subset of X°, as small as we want contained in
N, NN, and if WL VLV, and W), are tangent vector fields on U, satisfying :

V+ and V,, can be porjected by 7, ,
Qs (W) =Q,(V+t)=0forany s €S,

Q.00 = { [ impen” <% and Quwi) = |

0 elsewhere
then [®(WL+W,), ®(V4)] and [®(W},), ®(V,)] are in the image of ®. In other word,
we have to show that the maps (z,t) € X°x]0,1] + (&; 1 ([2(WL4+W}), D(V1H)](2)),1)
and (z,t) € X°x]0,1] + (®;([®(W}), ®(Va)](2)),t) can be extended into smooth
local section of A. The result follows from our preceding lemmas and usual calcu-
lations. 0

7sW, when s < s,

0 elsewhere ’

Now we can state :

Theorem 7. The groupoid G can be equipped with a smooth structure such that
its Lie algebroid is A with ® as anchor.

Proof. According to proposition 2 and lemma 6, the Lie algebroid A is almost
injective. Thus according to [10] there is a unique quasi-graphoid G(A) = X°x[0, 1]
which integrates A. Suppose for simplicity that for each stratum s, O, is connected
(which will ensure that G%| Fox0,1] i a quasi-graphoid).
Moreover the map @ satisfies :
(i) @ induces an isomorphism from Ajg 1] := Al xox)o,1 to TX°x]0,1],
(ii) for any stratum s, the Lie algebroid A restricted over F¢ x [0,1] to a Lie
algebroid As := A|pox0,1) which is isomorphic to the restriction of Aﬁrsxld
over F? x [0,1].
Thus, again by using the uniqueness of quasi-graphoid integrating a given almost
injective Lie algebroid, we obtain :
(i) the restriction of the G(A) over X°x]0, 1] is isomorphic to X°x X°x]0,1] =
X°x]0,1], the pair groupoid on X° parametrized by |0, 1],
(ii) or each stratum s the restriction over F? x [0,1] is equal to G%

Fox[0,1]-
Finally G(A) = G% and there is a unique smooth structure on G% such that A is
its Lie algebroid.

If some O; is not connected, replace in the construction of the tangent space the
groupoid *(*m4)(T's)|r, by its s-connected component. Let CT°X and CG% be
the corresponding groupoids. Then the previous proof applied to equip CG% with
a unique smooth structure such that A is its Lie algebroid. One can then show
that there is a unique smooth structure on G% such that CGY% is its s-connected
component. ([l
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Thus 75X which is the restriction of G4 to the saturated set X° x {0} can be also
endowed with a smooth structure.

3.2.4. Standard projection from the tangent space onto the space. The space of
orbits of X°/TSX is equivalent to X in the sense that there is a canonical isomor-
phism Cy(X°/T5X) ~ C(X).

Moreover one can define a continuous surjective map : p : X° — X such that
por=pos.

To do so, let us first choose a smooth non decreasing function f : Ry — Ry such
that f([0,1]) = 0 and flj o[ = Id.

If X has depth 0, X° = X and we just take p = id.

Let us assume that the depth of X is £ > 0. For each singular stratum s recall that
there is an isomorphism 2.1 :

U : Ny — e, Ls =Ls x [0,400[/ ~5 .
we define the map
Ds t Ns — Ns
given by
Usopso \I’;l[xat] = [xvf(t)]
For each integer i € [0,k — 1], we define a continuous map:
pi: X — X

by setting p;(z) = ps(z) if z belongs to Ny for some singular stratum of depth ¢ and
pi(z) = z elsewhere. In particular, p;|o, = 7, for every stratum s of depth i. We
define now the map :

P=PpPoop10---0Pk-1

it satisfies the following properties :
Lemma 8. 1) Let r,s: TSX — X° be the target and source maps of the S-tangent
space of X. Then:

p or = p oS
2) The restriction of p from X° to X is onto.
Proof. 1) Let v € TSX. There exists a unique stratum s such that v € *7*(TS).
If s is regular, then r(vy) = s(7y) so the result is trivial here. Let us assume that s
is singular and let 7 < k its depth. By definition, r(v) and s(v) belong to O,. For
each stratum ¢ > s of depth j > 4, we have everywhere it makes sense:

Tt OPy = Ty, Mg Oy = Tsy Ps O T = Ps
thus :
Ps OPt = PsOTt OPt = Ps O Tt = Ps

which proves that p;(Os) = O, and moreover:

TsOPt = Mg Ot OPt = Ts Ot = T

Recalling that p;|o, = 7s|o., this last relation implies:

pio"'opk71|05 =TsOPi+1 0" O0Pk—-1{0; = Ts|O;

Since by definition we also have m,(r(v)) = ms(s(7)), we conclude that:

p(r(y)) =poo - pi—1oms(r(y)) =poo---pi10ms(s(v)) = p(s(v))
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2) We have pp—1(X°) = X°Uy(5)=p—1 5 and for all j p;_1(X° Uy, 8) = X°U
Ud(s)Zj—lS' u

Such a map p will be called a standard projection for T>X on X.

4. POINCARE DUALITY FOR STRATIFIED PSEUDO-MANIFOLDS

Let X be a closed stratified pseudomanifold of depth k& > 0. The tangent
groupoid G% is a deformation groupoid which gives rise to a K K-element, called a
pre-Dirac, in the K-homology of T°X:

(4.1) ox = [eo] ' @ [e1] € KK (C*(TSX),C).

Here e : C*(G%) — C*(T°X) and e; : C*(G%) — K(L?*(X°)) are the usual evalu-
ation morphisms. This K-homology class will be pulled-back using a morphism:

Uy : CHT°X) ® CO(X) — C*(T°X),

wich is defined in the sequel.
If £k =0, X is smooth and we have:

(4.2) Ty (a®b)(V) = bz).a(V)

for every V e T, X, z € X.
In order to extend it for arbitrary pseudomanifolds we will use a standard projection
p:X° — X for T°X onto X as in paragraph 3.2.4. We obtain imediately?

Lemma 9. The following formula:

Va € C*(T°X), be CO(X), y€T°X, Ux(a®b)(y) =b(por(y)).aly)
defines a homomorphism:

Uy : C*(T°X) ® C(X) — C*(T5X)

where p: X° — X is a standard projection for TSX.
We set:
(4.3) Dx = V% (0x) = [Ux]®dx € KK(C*(T°X) ® C(X),C).
This section is devoted to the proof of the main theorem:

Theorem 3. Let X be a closed stratified pseudomanifold. The K-homology class
Dx is a Dirac element, that is, it provides a Poincaré duality between the algebras
C*(T5X) and C(X).

The proof is done thanks to a recursive argument based on the unfolding process
to reduce the depth of the stratification.

If depth(X) = 0 the result is well known, and that Dx is a Dirac element is a
consequence of [11]. Let & > 0 and assume that the theorem 3 holds for all closed
stratified pseudomanifolds with depth < k.

Let X be a closed stratified pseudomanifold of depth k& + 1. We let Sy denotes the
set of minimal strata in X.
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4.0.5. The first step. We will first consider
s€So sESy
Xp=X\W, L:=Usqs,p;(2) and Op=X;)\ L.
L is a pseudomanifold of depth k£ and X, is of depth k.

Now we state :
T3X, = T°X|xe and T°W = T°X |y .

We are going to define Dirac elements associated to O, and W.
The inclusion
i T°0, — T°X
provides a K-homological element dp, = i"*(5x) € K°(C*(T°0y)) which coincides
with the K-class coming with the deformation groupoid:

t t iy
go, = gX|O§x[0,1} — Ox

Next, if a € C*(T5X,) and b € Co(Op), then Wy (d @ b), where f(@) = a and
b € C(X) is the extension by 0 of b, does not depend on the choice of @ and lies in
the ideal C*(T°0y). In other words, ¥x induces a homomorphism:

(4.4) o, : C*(T3X,) @ Co(Op) — C*(T°0y)
We thus get:
(4.5) Do, = [Yo,] ® do, € KK(C*(TSXb) ® Cp(0p),C).

We can do similar things with 75W and W. Indeed the inclusions i : TSW «— T5X
and Gf, = Gi|woxjo,1] — G% show that i*dx coincides with the element dy
associated with the deformation groupoid Gf;,. Moreover, ¥ x induces as before a
homomorphism:

(4.6) Uy : O(TW) @ C(W) — C*(T°W)
So we can set:
(4.7) Dy = V5] @ ow € KK(C*(TSW) @ Co(W),C).

Since X is a closed saturated subspace of X°, we have the following exact sequence
of C'*-algebras:

(4.8) 0 — CHTSW) -5 C*(T5X) L ¢ (T5X,) — 0
We also have

(4.9) 0 — Co(0y) — C(X) L C(W) — 0

We have the following proposition.

Proposition 2. The elements Do, € KK(C*(T°X,) ® Co(Op),C) and Dy €
KK(C*(TSW) ® C(W),C) satisfy
1) The following equalities hold:

(4.10) il ® Dx=lg ® Dy
C*(T5X) c(W)
(4.11) [f] ® Do,=[j] ® Dx

C*(TSXy) c(x)
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2)If0; € KK(Co(R)Y@C*(T®Xy,), C*(TSW)) and 9, € KK (Co(R)@C(W),C(Op))
denote the boundary elements in KK -theory associated respectively with (4.8) and
(4.9), then:

(4.12) 9 ® Do,=0; ® Dy
gC*(TSX,,) b fC(W) w

This proposition has the following obvious corollary:

Corollary 1. The following diagrams commute for all C*-algebras C' and D:

(4.13)
-+ —= KK;(C,D® Co(0p)) ———> KK;(C,D®C(X)) ———> KK,;(C,D® C(W)) ———> KK;11(C,D ® Co(Op)) — -~
. ® D . ® D - ® D+ . Q D
icmob) b icm X icwm W J{comb) v

.+ = KK;(C® C*(T°X,), D) —> KK;(C® C*(T°X),D) —> KK;(C ® C*(T°W),D) —> KK;1(C ® C*(T°X}),D) — - - -

(4.14)
- = KK;i(C,D® C*(T°W)) —> KK;(C,D ® C*(T°X)) —> KK,;(C,D ® C*(T5X})) —> KK;11(C, D ® C*(T°W)) — ---
. ® D— . ® D . ® D . X D—
l cxrswy WV \L C* (TSX) X l C*(TSXy) R i cxrsw)y W

-+ — KK;(C®C(W),D) —— KK;(C®C(X),D) ——— KK;(C ® Cy(0p), D) ——— KK;11(C® C(W),D) — ---

Before going to the proof of this proposition, lets us see how it will enables us to
show our theorem.

The following proposition is obvious once you have noticed that for any minimal
stratum s the inclusion of C*-algebras C*(T5X|ps_1([0’2[)) ccr (TSX|p;1([0,1[)) is
a K K-equivalence, and that the groupoid TSX|p;1([o,1[) =T5X|o, = *m(Ts) is
Morita equivalent to T's.

Proposition 3. There is a K K -equivalence I = C*(TSW) ~ C*(TS) under which
the element Dy corresponds to the Dirac element Dg of the disjoint union of closed
smooth manifolds S = Uses,,,,,s. In particular, Dyr is a Dirac element.

min

At this stage, we have the commutativity of (4.13) and (4.14). We already know
that Dy is a Dirac element, so if we are able to prove that Do, is also a Dirac
element then the five lemma and the lemma 2 will end the proof of theorem 3.

4.0.6. The second step : Do, is a Dirac element. Let us go back to the com-
pact pseudomanifold of depth k coming from the unfolding process : 2X. Recall
from 2.0.3 that : 2X =X, UL; x [-1,1]U Xy where X, = X\ {z € X | 3s €
So,ps(2) < 1} and Ly := Uses,{z € X | ps(2) = 1} € X;. Notes that X ~ X
and Ly ~ L thus under obvious identification, we will set

2X =X, UL x [-1,1]JUu X,

where Xf[ are two disjoint copies of X;,. We consider the exact sequences of C*-
algebras:

(4.15) 0 — CH(T52X | _12() — C*(T52X) — C*(T%2X |- +) — 0

(4.16) 0 — Co(O5 LO;) -5 C(2X) -5 C(L x [-1,1]) — 0
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Let us define three K-homology classes related to these algebras and allowing com-
mutative diagrams analogous to (4.13), (4.14).

Since 2X is a compact stratified pseudomanifold of depth k, we know that Dox is a
Dirac element, and it will be our first K-homology class. The homomorphism ¥sx
used in Dsx induces a homomorphism:

(417)  Wpyora): C(TP2X | py)—1.1) ® O(L x [—1,1]) — C*(T°2X |,5)-1,1)
while the subgroupoid:
(418) gzx]fl,l[ = g§X|L><]71,1[ﬂ(2X)°

of the tangent groupoid G} - gives rise to an element drx]-1,1] € KK(C*(T52X|LX]_171[), C).
The second K-homology class will be:

(4.19)

Dii11) = [Yix-1.1) ®0nx)-1,1 € KK(C*(T°2X |1x)-1,() ® C(L x [-1,1]),C)

The third K-homology class is built by doubling Dp,. Denoting J* = Cj (Ogt))
and P* = C* (TSQX\Xbi), we can write:

Do, =: D§, € K°(C*(T°X,)* @ JF),

and we set:
(4.20)
Do, = Do, ®Df, € KY(P~@J )oK (PTeJ") C KO(C*(T52X|X;uxb+)®00(0b’u0{f))

Proposition 4. (1)The element Dy (_1 1) is a Dirac element.
(2) The following equalities hold :

(4.21) (] © Dox=lg ~©®  Drx-1y
C*(TS2X) C(Lx[-1,1])
(4.22) [f] ® Doo, =[] ® Dax
CH(T92X] = +) Cc(2X)

2) If O € KK(CO(R)®C*(TS2X|X;LIXI+),C*(T52X|Lx],1)1[)) and 0y € KK (Co(R)®
C(Lx[-1,1]),C(0, LO})) denote the boundary elements in K K -theory associated
respectively with (4.15) and (4.16), then:

(4.23) Og Do, =0  ®  Drx-17
C*(T52X|Xb_uxg_) C(Lx[-1,1])

As previously, we get immediately :

Corollary 2. The following two diagrams commute for all C*-algebras C and D:

- — KK;(C,D ® Co(0y UO}) —— KK;(C,D®C(2X)) — -

: ® +D20b ¢ ® Dax
Co (0, uo) c(2x)

= KKi(C® CH(T°2X |y~ x+ ), D) — KK;(C® C*(I52X, D)) — - --
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(4.24)
-+ — KK;(C,D® C(L x [-1,1])) KKip1(C,D®Co(0y UOY)) — -+
| . D
l ST ARt l CO(O?HO;) B
- = KK (C® C*(T92X |14 -11), D) — K Ki1(C® CH(T°2X [~ y+), D) — -
and :

-+ = KK;(C,D ® C*(T52X|14-1,1]) — KK;(C,D ® C*(T52X)) — - -

. ® DL><[—1,1] . ® Dox
C*(TS2X\LX]_111[) C*(TS2X)

W KK;(C®C(L x [-1,1],D) —— KK;(C ® C(2X),D) — - -

= KKi(C,D® C*(T°2X |~ x+)) —= KK;11(C, D ® C*(T52X | )-1.1() = -
. ® Do, . ® Dpxi-1,1)
C*<T52X'x;ux+) CH(TS2X |y 1,1

b

e — KKZ<C®CO(OI: I_IOZF),D)

KK;+1(C®C(L x [-1,1]),D) — -+~

Thus, since Dax and Dy (1,1 are Dirac elements, the five lemma yields that Do,
is a Dirac element, and this implies that ng = Do, is also a Dirac element. The
proof of theorem 3 is thus done.

Finally it remains to proove the propositions 2 and 4 above.

4.0.7. Proof of propositions 2 and 4. The only tricky point is the commutativity
with the boundary maps, that is assertion 2 of proposition 2 and assertion 3 of
proposition 2.

Let us start with the proof of proposition 2.

1) We check only (4.21), since (4.22) is proved similarly. We have:

il ® Dx = [((®@Idx)o¥x]®dx
C*(TSX)

[(Idpsx ® g) o ¥Upproid] @ 0x
l9] ® ([¥l®[i]®ix)
W)

and [i] ® dx = dw as noted before.

2) Recall that W = 90X, = L and insert the exact sequence (4.8) into the fol-
lowing commutative diagram of C*-algebras, where the new morphisms are made
with obvious inclusions of open subgroupoids and restrictions onto closed saturated
subgroupoids:

(426) 0 ——> C*(TSW) —> C*(T5X) — = C*(15X,) —0

C

0 —— C*(TSW) —— C*(T°W) —— C*(T°L x R) —=0
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Let us call 0y the boundary element in K K-theory associated with the bottom
exact sequence. By functoriality, we have:

p*(9y) = [p| ® 0y = Oy

Similarly we may consider:

(4.27) 0 —— Co(0p) —— C(X)

0 — Co(Op) — C(Xy)
which leads to the relation:
q"(9y) = gl ® Oy = 04

Thus, the following diagram commutes:

(4.28)
w (1S x,) Oyt
KO(CHTSX,) @ Co(O0)) ox) Qe KY(C*(TSX,) ® C(L))
Tc*(TSXb)(ag)\L /
. TC(W)(df) . (1®q)
KO(C*(TSW) @ C(W KY(C*(TSX,) ® C(W (p®1)"

T of
| ‘/ X

K'Y (C*(TSL x R) @ C(W YO (TSL x R) ® C(L))

(1®q)*

The proof of the assertion 2) in the proposition 2 is thus reduced to the next lemma.

Lemma 10. There exists oy, € K'(C*(TSL x R) ® C(L)) such that

(4.29) To(0f) ® Dy = (1® ¢)*(ar)
and
(4.30) To+(15x,)(0g7) ® Do, = (p® 1)"(ar)

Moreover, ay, corresponds to the Dirac element Dy, through the Bott periodicity
isomorphism K'(C*(T°L x R) ® C(L)) ~ K°(C*(TSL) @ C(L)).

Proof of the lemma. Firstly, the morphism ¥y induces by restriction the mor-
phisms:

(4.31) U, : C*(T°L)® C(L) — C*(T°L),
and

(4.32) . C*(TSW) @ C(W) — C*(TSW).



K-DUALITY FOR STRATIFIED PSEUDOMANIFOLDS 25

Of course \I"W extends Wy, These morphisms fit into the following commutative
diagram:
(4.33)

f'e1

00— C*(TW) ® C(W) — C*(TW) ® C(W) ——> C*(T°L x R) ® C(W) — 0

l‘l’w i‘%v lq’LC’U@(I)

0 CH(TSW) —————— C*(TW) —————— C*(TSL x R) ——— 0

We note that 7o, (9f') is precisely the boundary element 0yg1 of the top exact
sequence above and it follows by functoriality again that the left hand side of (4.29)
can be rewritten as follows:

Toar(0p) ® Dyp = Open ® [Yip] ® dw
(Vo (1®4q)* (9p @ ow)
= (1®q)" oV (9p ®dw)

Similarly,
(4.34)

0 ——> C*(T5X}) ® Co(Oy) —> C*(T5Xp) @ C(Xp) —2> C*(TXp) @ C(L) —> 0

l‘lfob i\l’xb i‘IILo(p(gl)

0 ——— C*(T50y) ————— C*(T°X}) ————> C*(TSL x R) ——> 0
This gives by functoriality for the left hand side of (4.30):

TC*(TSXb)(ag’) ® Do, = 89’®1 ® [\I}Ob] ® 5Ob
= (p®1) oV (9,®d0,)

We are now going to check that
(4.35) O ® ow = 0p ® do,

by computing explicitely these elements. To understand the left hand side above,
we glue the groupoids G}, and G¢ x R into a new smooth groupoid:

GL = Ghy UG, X R,

Let us explain this glueing. Consider the following deformation groupoid associated
with the locally trivial bundle 7y, : L — S:

Gt =] — 00,0[x" 7} (TS)|Le U[0, +00[xT5L

It can be considered as an extended version (because of the presence of positive val-
ues of the deformation parameter) of a fibered tangent groupoid, or Thom groupoid,
associated with the bundle 7. This groupoid is provided with a smooth structure,
compatible with those of *7% (T'S)|r. and T°L, using the function 7 already used
in the previous glueings. On the other hand, 7 gives us an action ¢ of R onto itself
by the (complete) flow of the vector field 7(h)0y. This gives a smooth isomorphism
of groupoids:

R x4 R ~] — 00,0[x] — 00, 0[U[0, +00[xR = TSR
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where R, is regarded as a conical pseudomanifold with vertex 0. This action makes
sense on the deformation parameter in Gvfm, it is trivial when the deformation
parameter is positive and thus can be arbitrarily restricted in this part, leading to
a new presentation of T5TW. Indeed, there is a smooth isomorphism:

QV;L']*OOJ] X R~ *W*(TS)log LJ TSL X [1, 2} X R~ TSW
where Og = Usges,,;,,Os, ™ is the projection map Og — S coinciding with 75 on
each O; and a reparametrization | — oo, 1] ~]0,2] is implicitly used. In fact we

can describe gtW in the same way by replacing ger by a two deformation variables
fibered tangent groupoid:

G?L = (R x [0,1])\ {(h,0) | h >0} x *m}5(TS)|r- U{(h,0) | h >0} x TSL
We replace 7 : R — [0,1] by a smooth function T : R x [0,1] — [0,1] in such a
way that T'(h,0) = 7(h), T(h,k) > 0if k > 0and h < 1, T(h,k) = 0if h > 1,
and T'(h,k) = 1 as soon as k > € and h < 1 — ¢ for some small fixed positive
number £. We can also ask that T'(h, k) does not depend on k when k > ¢ and that
T(h,e) =71(h—1).
We then replace ¢ by the (complete) flow ® of the vector field T'(h, k)0, this gives
us an action of R onto Qva and an isomorphism:

GY, %0 Rl _oo1)x[0.1] ~ G

which allows us to provide gtW with the smooth structure of @TL xp R. Now, the
restriction at the value 1 of the remaining deformation parameter k in gtW gives,
using the identification W° ~]0, +2[x L° coming from the stratification data:

Ghrlim1 = WO x WP U L® x L° x R =~ (L° x L°) x (] — 00,0] x4 R) =: Gy(W)
The groupoid G;,(W) is analogous to the defined in [23] for manifolds with boundary.

In particular, the arguments in [22] prove that G (V) has vanishing K-theory. This
implies that the boundary element

dpr € KK(Co(R) ® C*(L° x L° x R),C*(W° x W°))

associated with the exact sequence:

(4.36) 0 — C*(W° x W°) — C*(Gyp(W)) L C*(L° x L° x R) — 0
is an isomorphism and it is easy to check that it coincides with the inverse of the
Bott projector b after the obvious identifications:
KK(Co(R) ® C*(L° x L° x R),C*(W° x W°)) ~ KK(Cy(R?),C)
We invoke now the commutative diagram of exact sequences:

(4.37)

0 f

C*(TSW) C*(TSW) C*(TSL x R) ——=0

Tegv T@XV Teé@l
C*(Gh x R) ——=0

leYV leiy lef@)l

OHC*(WOXWO)HC*(Gb(W))Hf”C*(LOXLOXR)HO
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which gives by functoriality, using the identification Co(R) @ C*(L° x L° x R) ~
Co(R?) ® C*(L° x L°):

Op @ leg 17 @[] = ey ey ([e6] ™ ® [e1]) ® Opr
and, after inserting the Morita equivalences C*(W° x W°) ~ C, C*(L° x L°) ~ C:
af/ ® dw = 0r, @bt
C

We proceed in the same way to manage the right hand side 9, ® do, of (4.35): we
consider the tangent groupoid

Gl =Gh UG xR
and the same arguments as above lead to
dp ® 0, = 0L, ® bt
which completes the proof of the lemma. O
Proof of proposition 4. (1)The groupoid isomorphism
T32X w11y~ T°L x T] — 1,1]

yields an isomorphism:

(4.39) CH(T52X |1 -1) ~ CH(TSL) ® C*(T] — 1,1]
Under this isomorphism, we see that:
(4.39) Wix—1,1] ®0rx-11 = (Y] ®6L) @ (Y1l ® d—1,1p)

where 6, € KK(C*(T°L),C) comes from the tangent groupoid of L while §)_; 1 €
KK(C*(T] — 1,1]),C) comes from the tangent groupoid of | — 1,1[. One easily
see that d)_; ;[ corresponds to the inverse of the Bott projector b € Ko(Co(R?))
via the isomorphisms C*(T] — 1,1[) ~ C*(TR) ~ Cy(R?). In particular, using the
K K-equivalence C([—1,1]) ~ C, one gets that:

Dporay = Y] ® 610 € KE(C(T] - L1 ® C([-1,1]),C)

is a Dirac element. Since L is a stratified pseudomanifold of depth k, we know that
Dy, is a Dirac element, so is its product over C with D(_; ;j, which proves using
(4.39) that Dy [—1,1] defined by (4.19) is a Dirac element.

The proof for (2) and (3) is similar to the one of proposition 4. O

4.0.8. Stratified pseudomanifold with boundary. As a byproduct of this proof, we
have proved that Poincaré duality also hold for compact stratified pseudomanifolds
with boundary. Precisely a stratified pseudomanifold with boundary is (X3, L, Sp, Np)
where :

(1) X, is a compact separable metrizable space and L is a compact subspace
of Xb.

(2) Sp = {s;} is a finite partition of X} into locally closed subset of X}, which
are smooth manifolds possibly with boundary. Moreover for each s; we
have

siNL=0s; .

(3) Ny = {Nj,7s, ps}ses,, where N is an open neighborhood of s in X, 75 :
N; — s is a continuous retraction and ps : Ny — [0, 400 is a continuous
map such that s = p;1(0).
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(4) The double :

X=X LLJX;r

obtained by gluing two copies of X; along L together with the partition

S = {s; [0s; = 0} U {s; u si} U {s; |0s; = 0} and the set of control data
Si

N = {Nsaﬁ'mﬁs}ses where

Ns =N, ms =75, ps = ps, if s =8; with 9s; =0
and

N, = N,

NSLiJmL NS@) ﬂ-s‘NSi\L = 7]'3’” pslel\L = psi elsewhere

is a stratified pseudomanifold.

We let Op := X3 \ L. According to the previous work, one can define the tangent
spaces :

T5X, :=T°X|x, and T°0; := T°X|o,

We deduce the following :

Theorem 4. The C*-algebras C*(T°X,) and Cy(Oy) are Poincaré Dual as well as
the C*-algebras C*(T°0y) and C(Xy).

(1]
2]
(3]
(4]
(5]
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