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Abstract

In this paper one specifies the ergodic behavior of the 2D-stochastic Navier-
Stokes equation by giving a Large Deviation Principle for the occupation
measure for large time. It describes the exact rate of exponential conver-
gence. The considered random force is non-degenerate and compatible with
the strong Feller property.
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1 Introduction and Results

Let us introduce the two-dimensional incompressible Navier-Stokes equation (NSE in
short), which describes the evolution of an incompressible fluid. It is most frequently
written in terms of the velocity field u at each point ¢ in the domain. Let D be a
bounded domain of R? with smooth boundary D, we consider the equation

du(t, §)

T (u(t,€). V)ult, &) - Au(t,€) + VP(LE) = g(©) +n(t,O) . (L)

for t > 0,£ € D, and subject to the incompressibility condition
divu(t,§) =0, t>0 , £€D,
the boundary condition

ut,&) =0, t>0, £€dD

*Laboratoire de Mathématiques, CNRS-UMR 6620, Université Blaise Pascal, 63177 Aubiere,
France, mathieu.gourcy@math.univ-bpclermont.fr




and the initial condition u(&,0) = x(§) for £ € D. In (1.1), the function g is a
deterministic external forcing and 7 a random forcing taking form (1.5) detailed
later. For simplicity, we have written the equation in dimensionless form, and with
the viscosity equal to 1. It is also possible to work with periodic boundary conditions.
In the usual way, by applying to (1.1) the projection to the linear space of
divergence free vector fields (often called Leray projector), the pressure P disappears
from the equations. Let V be the space of C* 2-dimensional vector fields u(€) on
D with compact support strictly contained in D, and satisfying div u(§) = 0. We
denote by H (respectively V) its closure in the L? topology (respectively in the H*
topology). According to the classical theory of Navier-Stokes equations, we have

H = {uel[l’(D)?st. divu=0, v,(u)=0}
V = {ue[H)D)?st. divu=0}

where 7, (u) is a trace that coincides with u - v for smooth u, v being the outer
normal to dD (see for example the book of Temam [26, Chap.1]).

Moreover | - | and (-, -) stand for the norm and inner product in H. Identifying
H with its dual H’ and identifying H' with a subspace of V' (the dual space of V)
we have V. C H C V', and we also denote by (-,-) the duality between V' and V".
Let us define the linear operator A in H by the formula

Au= —Py,Au , Vue D(A) = (H*(D))’nV

and the bilinear operator B : V x V. — V' by B(u,v) = Pg,(u - V)v where Py,
is the L? projection operator onto the space H of divergence-free vector field. The

space V' coincides with D (A%> and is endowed with the norm |z|y = |A2z|. The

unbounded linear operator A is closed, positive and selfadjoint in H, with compact
inverse A~!. Following classical spectral theory, we denote by 0 < \; < Ay < ... the
eigenvalues of A and by e, es,.. a corresponding complete orthonormal system of
eigenvectors. Finally we can define the fractional powers A% and their domains, the
spaces D (A%) equipped with the norm |u|, := |A%u|, that correspond to Sobolev
spaces [H2*(D)]? with the suitable conditions. We remark in particular that D (A®)
is dense in D (AB) for a > 8 > 0, and that for any o > 0,

1
2] < —5]A%]. (1.2)
A1
The incompressibility condition implies for any u, v, z in V'

(B(u,v),v) =0 , (B(u,v),z) =—(B(u,z2),v). (1.3)

By applying to each term of the NSE the projection operator Pg;,, we formally
rewrite the system (1.1) in the abstract form :

dX () + AX(t)dt + B (X(t), X(t)) dt = fdt + Puon(t,€)dt ; X(0) =  (1.4)

where X (t) is identified with w(¢,-) and f = Py,g (the irrotational components of
f and 7 are absorbed in the term VP(t,£), see [26]).
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In mathematical literature, it is common to assume the random force Py, n(t, &)dt
to be random fields that are smooth in z, while as a function of time ¢ they are white
noises (see [7] for example). Since we are interested in the long time behavior of
equation (1.4), both the forcing terms are assumed to be stationary in order to have
an autonomous system (i.e f € H do not depend on the time variable ¢, whereas
the white noise is by definition a stationary process).

Let us describe the form of the noise. We assume that

where W (t) is a standard cylindrical Wiener process in H (see [7]) defined on a fixed
probability space (2, F,P) and G : H — H is a bounded linear operator satisfying

1 1 1 1
D(AQa) Clm(G)CD<A§+5> , for Somez<oz<§ , EE (O,Qa—ﬂ. (1.6)

Here, Im(G) is the range of the operator G. Roughly speaking, the first embedding
in (1.6) means that the noise is not too degenerate, and the second implies that
tr(G*G) < oo (i.e, the energy injected by the random force is finite) and also gives
us more spatial regularity for the solution to (1.4).

The stochastic NSE has been intensively studied since the work of Bensous-
san and Temam [2]. Here we adopt the approach of generalized solutions given
by Flandoli [13] (see for instance Flandoli and Gatarek [14] for solutions in law
called martingale solutions). On a fixed probability space he built an associated
Markovian semigroup of transition with an invariant measure. Under a condition of
non-degenerance of type (1.6) for the noise, the uniqueness of the invariant measure
was first showed by Flandoli and Maslowski [15] and in a more classical way by
Ferrario [12]. Goldys and Maslowski [17] established recently the exponentially fast
convergence of transition measures to the invariant measure. More references on the
degenerated noise case will be presented in Remarks 1.6.

Under (1.6), it is known (see next section for more details and references) that
the solution X (¢) of (1.4) is a Markov process with a unique invariant measure
supported by D (A%). By the uniqueness (see [7]), p is ergodic in the sense that

T
71520%/0 U (X(t,x))dt = /\I/d,u P-a.s.
for all initial conditions x and all continuous and bounded functions W.

In the sequel, P, is the law on C'(R™, H) of the Markov process with x € H as
initial state, and for any initial measure v on H, let P,(-) := [, P.(-)v(dz). Our
aim is to establish the large deviation principle (LDP in short) for the occupation
measure L; of the solution X to (1.4) given by

1 t
Li4) = /0 Sxio(A)ds, VA € B(H)

where 0, is the Dirac measure at a, and B(H) the Borelian o-field in H. Notice
that L, is a random measure on H but in fact supported on D (A%), because of the
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regularity of X, given by Theorem 2.2 below. The LDP for empirical measure is
one of the strongest ergodic result for the long time behavior of Markov processes.
This is a traditional subject in probability since the pioneering work of Donsker and
Varadhan [10], however in our infinite dimensional setting their assumptions are not
satisfied (see [8, 9] for an introduction to Large Deviation theory).

Let us begin with some necessary definitions. For £ = H or E = D (A%), let
M, (FE) be the space of probability measures (resp. M,(E) the space of signed o-
additive measures of bounded variation) on E equipped with the Borel o-field B.
On the space M,(E) (or M;(E) its subspace), we consider o (M,(E), bB(E)), the so
called T-topology of convergence against measurable and bounded functions which
is much stronger than the usual weak convergence topology o (My(E), Cy(E)). The
duality relation between v € M,(E) and ¥ € bB(E) will be denoted by

V(D) = /E Tdy.

It is time to state our main result.

Theorem 1.1. Let f € H and ; < o < 3 a fized number such that (1.6) holds

(throughout this paper). Let 0 < Ay < ﬁ, where ||Q|| is the norm of Q :== GG* as
an operator in H and

Mg = {v e (1) / /He“"”y(dx) <1z}, (1.7)

The family P,(Ly € -) as T — oo satisfies the large deviation principle (LDP)
with respect to the topology T, with speed T and the rate function J, uniformly for
any initial measure v in My, where L > 1 is any fized number. Here the rate
function J : My (H) — [0, 400] is the level-2 entropy of Donsker-Varadhan defined
by (3.2) below. More precisely we have:

i) J is a good rate function on My (H) equipped with the topology T of the conver-
gence against bounded and borelian functions, i.e., [J < a| is T-compact for
every a € RT.

ii) for all open set G in My (H) with respect to the topology T,

1
liminf —log inf P,(Lr€@G)> —igfj

T—oo T I/GMAOVL
iii) for all closed set F' in My (H) with respect to the topology T,

1
limsup —log sup P,(Ly € F) < —i%fJ .

T—o00 Z/EM)\O,L

Furthermore, we have for p the invariant measure, and Vv € M;(H),

J(v) <400 = v<pu, v(V)=1 and / |Azz2dy < +o0. (1.8)
v



The LDP w.r.t. the topology 7 is much stronger than that w.r.t. the usual
weak convergence topology as in Donsker-Varadhan [10]. Indeed, this theorem and
the estimate (4.3) below have interesting consequences for which the topology 7
is crucial. For instance, LDP can be deduced for many non-continuous physical
observables of the system such as |z]y := |A2z], the Sobolev norm (which is not
continuous on H).

Corollary 1.2. Let (B, || -||g) a separable Banach space, and f : D (A%> — B
a measurable function bounded on the balls {z s.t |Azz| < R} for any R > 0, and
satisfying

1/ ()l

lim WPl _ g 1.9
Abaoe |AZT]2 (19)

Then P, (Lr(f) € -) satisfies the LDP on B with speed T and the rate function Iy
given by

Ip(y) = inf{J(v); J(v) <+oo, v(f) =y}, VyeB
uniformly over initial distributions v in My, (for any L > 1).
As a particular case of Corollary 1.2, we can state the

Proposition 1.3. As T — oo, the family

1 [T
P, = Xudt € -
(7 )
satisfies a LDP on D (A%) with speed T and the rate function I defined by

I(z) = inf{J(y); J(v) < +o0, v(z) = z}, Vze D (A%>

uniformly over initial distributions v in My, (for any L > 1).

Remarks 1.4. We give now two examples of noises in our class (1.6). Let us first
represent the cylindrical Wiener process W (t) as a series with respect to the system
(ex)r which diagonalizes A on its domain, and define Gej, = oyeg, so that

where (Ok)ren is a family of independent real valued standard Brownian motions.
The condition (1.6) is

k:TaSU’“Sk%ﬁ

for two positive constants ¢ and C', and k large enough since A\, ~ k as kK — o0.
Hence, the cylindrical Wiener process with values in D (A%®), that is when o;\?* = 1,
is allowed.

A more general example of noise for which our assumption holds for % <a< %
fixed is G := A=PL where L is any linear bounded and invertible operator on H and
% < (< 2a.



Remarks 1.5. The class (1.7) of initial distributions for the uniform LDP is suffi-
ciently rich. For example, choosing L large enough, it includes all the Dirac proba-
bility measures d, with x in any ball of H.

Remarks 1.6. During the last years, a lot of progresses have been done in the
treatment of very degenerated noises (acting only on a finite number of modes as in
Kolmogorov’s turbulence theory). In this case Bismut-Elworthy-Li formula become
irrelevant, and the Strong Feller property does not hold. However a careful analysis
of the dynamic allow to obtain uniqueness of invariant measure. We refer to the
works of Weinan E, Mattingly and Sinai (see [11, 23]) where only a finite number
N of low modes is forced where N depends on the viscosity. More recently, Hairer,
Mattingly and Pardoux (see [20]) have removed this last dependence of N on the vis-
cosity and have established the uniqueness when only four lowest modes are forced.
Degenerated kick noises have also been considered by Kuksin and Shirikyan among
others (see [22]). For all thoses cases, we believe that the LDP w.r.t the topology
7 is false. The LDP w.r.t the weak convergence topology in that degenerated noise
case is an interesting open problem. Finally the 3D case is much more delicate. But
it seems possible, by selecting solutions to build a Makovian semigroup with strong
Feller and irreducibility properties (see Da-Prato, Debussche [6] and Odasso [24]).
It is hoped that our method will make it possible to treat this 3D-case with a non
degenerate noise.

Remarks 1.7. In another direction, a Wentzell-Freidlin type large deviation princi-
ple was proved by Chang [4] for the paths of the solution when the magnitude of the
additive noise tends to zero. This result is extended to the multiplicative noise case
by Sritharan and Sundar [25] (see also the recent works of Collina, Livi, Mazzino [5]
and Amirdjanova, Xiong [1]).

This paper is organized as follows. In section 2, we recall results on existence and
uniqueness of solution, and invariant probability measure for the equation (1.4). In
section 3, we present some general facts about Large Deviations for strongly Feller
and topologically irreducible Markov processes. Then, in section 4, we prove a
useful exponential estimate for the solution, and we do some comments on the rate
function which governs the LDP. We establish first this LDP on D(A®) in section 5,
and we extend it on H in section 6. Finally, Proposition 1.3 and Corollary 1.2 are
investigated in section 7.

2 Existence and uniqueness results for the solu-
tion and the invariant measure

Following the literature ([12, 13, 15, 17] among many others), we say that a pro-
gressively measurable process X (t) is a generalized solution of equation (1.4) if

X € C([0,T), H) N L? ([O,T], D(A%)> P— as.



and the equation is satisfied P-a.s. in the weak sense

(X (1), ) + / (X(s), Ay)ds — / (B(X(s), ), X (s))ds
= (z,y) +t(f,y) + (GW(t),y)

for all t € [0,7], y € D(A) and the initial condition x € H. This definition is
justified by the properties (1.3) of the non linearity B, and the Sobolev continuous
embedding D(A3) C [L*(D))? since

(B(X(s),y), X(s)) < ClAZy| |X(8)Zapyp < ClAZy| |ATX ()],

Hence all the terms make sense.

Flandoli [13] proved for the first existence of a solution under the weaker as-
sumption Im(G) C D(Ai€) : the classical definition of solution was not adapted
here because of the low regularity of the noise. However, under our condition (1.6),
the noise is more regular and his result can be read as

Theorem 2.1. [13] Assume that (1.6) holds for 3 < a < 1.
Forallz € H, fe D (A_%), there exists a unique generalized solution X* of
the equation (1.4) such that P-a.e.

X € O([0,T), H) N L? ([O,T],D(A%)) . (2.1)

and X® — 7 € L? ([O,T], D(A%)) where Z is the solution to the auziliary Ornstein-
Uhlenbeck equation

dZ(t) + AZ(t) = GdW (t).

The family of solutions X* for x € H forms a Markov family which admits an
mvariant measure (.

The following step consists in analyzing whether p is unique. For this purpose
topological irreducibility and strong Feller property were investigated. We recall
first the definitions.

Denote by E a generic space. Given the solution X*, a F-valued continuous
process starting from z € E, the transition functions P(t,z,I') := P(X7*(¢) € I)
are well defined for any ¢t < T,x € E and I' any measurable subset of E. The
topological irreducibility in E means that P(t,z,0) > 0 for some ¢t > 0,2 € E and
any non-empty open subset O of E, and P, is strongly Feller if P, : bB(E) — Cy(E).

In the case of the stochastic Navier-Stokes equation, Flandoli and Maslowski [15]
proved the topological irreducibility in H and the Strong Feller property in D(Ai).
They obtained thus the uniqueness. But, for the investigation of a large deviation
principle, we have a powerful criterion if the semigroup is topologically irreducible
and strongly Feller on the same space. So, our beginning is the following theorem
for solutions starting from a regular initial condition due to Ferrario [12].
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Theorem 2.2. [12] Assume that (1.6) holds for 1 < o < 3.

(i) Ifx € D(A%), feD (Aa*%), the unique solution X® of equation (1.4) given
by Theorem 2.1 satisfies in fact P-a.e.

X7 e C(0.11, D) N L (0.71.D(A)) n L7 (0,7), D (A1)

and also X* — 7 € L? ([O,T], D (AO‘+%>> P-a.e.

(i1) The process (X*) is Markovian, and its transition probability P, f(z) := Ef(X})
is topologically irreducible and strongly Feller in D (A%). In particular, the
muariant measure (L 1S unique.

(i1i) Moreover, for every ty > 0, and every x € H, the corresponding solution

satisfies P-a.e. X* € C ([to,T], D (A%)).

In fact the original assumption of Ferrario was
D (A%) C Im(G) C D (A%+%+E’) (2.2)

for @ € [3,3) and some &’ > 0. However, the second embedding in (2.2) is clearly

implied by the second embedding in (1.6). But our condition implies also that the
energy injected in the system is finite. More precisely, we recall the

Lemma 2.3. If the linear and continuous operator G : H — H satisfies for some
e>0 )
Im(G) C D(Az7) (2.3)

then the symmetric nonnegative operator Q) := GG* is of trace class.

The above finite trace property is crucial in the application of It6’s formula for
establishing our exponential estimates, and implies the usual regularity (2.1) for the
solution.

3 General results about large deviations

In this section, we recall general results on the Large Deviation Principle for strong
Feller and topologically irreducible Markov processes. We follow [27] and [28].

3.1 Notations and entropy of Donsker-Varadhan

Here we consider a general E-valued continuous Markov process,

(Q’ (E)tZO 7f7 (Xt>t20 ’ (]P)x)meE)

whose semigroup of Markov transition kernels is denoted by (F;(, dy)),s,, where :
Q= C(R", E) is the space of continuous functions from R* to E equipped with the
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compact convergence topology; the natural filtration is F; = 0(X,,0 < s < t) for

any t > 0 and F = 0(X,,0 < s). Asusual, the law of the Markov process with initial

state z in E is P,, and for any initial measure v on E, let P, (-) = [, P,(-)v(dz).
The empirical measure of level-3 (or process level) is given by

1 t
Rt = - / (SQSXdS
t 0

where (0,X); = Xgyy for all t,s > 0 are the shifts on Q. Thus, R; is a random
element of M; (), the space of all probability measure on (.

The level-3 entropy functional of Donsker-Varadhan H : M;(2) — [0, +o0] is
defined by i
Ethl (Qw(foo,ﬂ];]Pw(O)) if Q € MIS(Q)

) (3.1)
400 otherwise

H(Q) :={

where: M7 (€2) is the space of those elements in M;(£2) which are moreover stationary;
Q is the unique stationary extension of Q € M$(Q2) to Q := C(R, E); the filtration
is extended on Q with 7y = o(X(u);s < u < t), Vs, t € R; finally Qx (oo is the
regular conditional distribution of Q knowing JF, * and hg(v, 11) is the usual relative
entropy or Kullback information of v with respect to u restricted on the o-field G,
given by

J g log (373|g) dp, if v < pon G

+00 otherwise.

e = |

Now, the level-2 entropy functional J : M;(E) — [0, oo] which governs the LDP
in our main result is
J(B) = nf{H(Q) | @ € M7(Q) and Qo = 0}, V5 € My(E), (3.2)
where Q(-) = Q(X(0) € +) is the marginal law at ¢t = 0.

Proposition 3.1. For our model, J(v) < +o0 = v < pu. Furthermore, a
necessary and sufficient condition for J(v) =0 is v = p.

Proof. Here we take E := D (A%), where X, is strongly Feller and topologically
irreducible by Theorem 2.2. Consider v such that J(v) < co. By definition, there
exists some @) € M7 () such that @y = v, and H(Q) < oo (see the expression (3.1)
giving the Level-3 entropy).

For such @ and all t > 0, we have by stationarity (see [27, App. B|)

H(Q) = IlEthl (QX(foo,O];]P)XO)
= ;EQh}} (Qx (=00 Pxo) -

By Jensen inequality we obtain

1
t

9 = 1
EQh}—t (QX(—OO:O]; ]PXO) 2 ;h}—t (Qa Pu) .
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Then, noting that entropy of marginal measures is not larger than global entropy,

1

;h’O'(Xt) (Q, Pu)
1

> ;hB(E) (v;vP,)

H(Q)

v

and taking infinimum over such @), we get

J(v) > %hB(E) (v;vP,). (3.3)

So the Kullback information of v with respect to v P, is finite, which implies by
definition that v < vP;. Since P, is topologically irreducible and strongly Feller, all
the measures P;(z,dy),t > 0,z € E are equivalent to u (see [7, p. 42]), and we have

vP, = /EPt(x, Jr(de) < p.

Thus v K VP, < .

If the probability measure v is such that J(v) = 0 then hgg) (v;vP;) = 0 using
(3.3). By the well known property of the Kullback information, we obtain v = v P,
for every ¢t > 0. Finally, the uniqueness of the invariant measure for P; in Theorem
2.2 implies v = p and the proof is finished. ]

3.2 The hyper-exponential recurrence criterion

The following criterion of the so-called hyper-exponential recurrence was established
by Wu [28, Theorem 2.1] in the study of a SDE modelling a stochastically forced
Hamiltonian system and is true for general polish space E.

Theorem 3.2. [28] Let A C M;(E) and assume that

P, is strong Feller and topologically irreducible on E. (3.4)

If Y\ > 0 there exists some compact K CC E, such that

sup EVeM* < oo (3.5)
veA
and
z A
sup E*e"x - < 00 (3.6)
zeK

where T = inf{t > 0 s.t X; € K} and 7'[((1) = inf{t > 1 s.t X; € K}, then the

family P,(L; € -) satisfies the LDP on M(E) w.r.t to the T-topology with the rate

function J defined by (3.2), and uniformly for initial measures v in the subset A.
More precisely, the three properties hold:

(al) J : Mi(E) — [0,400] is inf-compact w.r.t the T-topology

10



(a2)(the lower bound) for any T-open G in M, (E),

lim inf T log 1nf P,(Lr € G) > i%f J (3.7)

T—o00

(a3)(the upper bound) for any T-closed F' in M,(E),

1
limsup = logsup P, (L € F) < — i%f J. (3.8)

T—o0 veA

This theorem is in fact a slight extension of the result in [28] to a uniform LDP
over a non-empty family of initial measures. Let us recall briefly the main steps of
the proof and the corresponding references (see however [19] for a complete proof).
At first, a pointwise level-3 lower bound can be deduced from the properties (3.4)
via the notion of p-essential irreducibility (see [27]). This pointwise lower bound
yields the uniform lower bound (3.7) if the uniform upper bound (3.8) is satisfied
(as in [18]).

So, essential part of the proof is the uniform upper bound (3.8) for the strong
topology 7. Indeed, the upper bound for the weak topology may be proved by the
exponential tightness implied by (3.5) and (3.6) (see section 4.1), but the strong
Feller property is crucial for the 7 topology. By an extension of the Gartner-Ellis
theorem (see [27]), it is sufficient to prove that V (f,,) € By (E) decreasing to zero
pointwisely on E, we have

lim lim sup log sup E” / fu(Xs)ds = 0.
=00 T—oo veA

This last assertion follows from the Markovian and the strong Feller property, also
from (3.5) and (3.6) and can be proved as in [28]. Actually this last point is a
problem for establishing the LDP for degenerated noise with a unique invariant
measure.

4 Exponential estimates for the solution and some
comments on the rate function J

In this section we establish the following crucial exponential estimates for the solu-
tion.

Proposition 4.1. For any fized 0 < Ay < 2|’|\é” and any x € H, the process X
satisfies

¢ 1 - A )
E* exp (/\0|X(t)]2 +/ Ao\A?X(s)Pds) < e(A(’(T (Q)ﬂrzmuxo)t) Holef?
0

In particular, the following estimates hold

E” exp (Ao| X (t)[°ds) < exp ()\ot (tr(Q) + )\1+\|’QH)\0)> holzl? (4.1)
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and

T ox ' 1 2 < 1P )) Xolz|?
E” exp <)\0/0 |Az X (s)] ds) < exp <)\0t (tr(Q)+ = 2101 e . (4.2)

Moreover, for any fized L > 1, we have

t , 1712
sup EYexp ()\g/ |AéX(s)|2ds) < e(/\Ot(t (QHM_Q”Q”AO))L (4.3)
0

VGM/\O,L
where M, 1, is the set of initial measures defined by (1.7).

Before proving this property at the end of this section, we first give some con-
sequences of these estimates, and some comments about the entropy .J of Donsker-
Varadhan.

4.1 First consequences of the exponential estimates

The first one is the

Corollary 4.2. Under the estimate (4.2), the family of law P,(L; € -) is uniformly
exponentially tight over My, .. More precisely, for any € > 0, there is some compact
subset K = K. in My(H) in the weak convergence topology such that

1 1
limsup —log sup P,(L; ¢ K) < -

t—oo VEM,L

Consequently for any closed set F' in M,(H) equipped with the weak convergence
topology o (M1(H), Cy(H)), we have

1
limsup —log sup P,(L; € F) < —irFlfJ (4.4)

t—o0 yEMAO,L

where the entropy of Donsker-Varadhan J : v € M,(H) — J(v) € [0, +00] satisfies

2
A/A%xQdy§Ju+A (tr +L) 4.5
for any 0 < Ao < 2|T\él\'

Proof. The proof of the exponential tightness from (4.2) is given in [18, Prop. 5.1].
According to the general theory, it yields the upper bound (4.4) by using a general
weak upper bound on compact subsets (see [8]).

For the proof of (4.5), let us recall the definition of a Cramer functional

1
A°(V) := sup lim sup i logE®exp (tLi(V)), VYV € bB(H) (4.6)

rxeH t—oo
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and the definition of its Legendre transformation:

(AY*(v) = sup / Vdy — A°(V), Vv e M(H)). (4.7)
vebvB(H) J
It is known that (A°)* = J (see for instance [27, prop. B.13]). Let us consider the
function V,,(z) := A|A2z|2 A n which is bounded and measurable on H (Here a A b
A1

is the minimum of two real numbers a and b). For 0 < Ay < e by the definitions

(4.6), (4.7), and the exponential estimate (4.2), we obtain
v(Va) < (A" (v) +A%(Va)

< JW)+ X <t7’(Q) + Al+|l|Q||>\o> '

Hence, we obtain (4.5) by Fatou’s lemma.

[]

In fact, this kind of estimates provides us an alternative way for proving the ex-
istence of an invariant measure based on the large deviations theory. More precisely,
we have the

Corollary 4.3. Assume that a Feller-Markov process X on H satisfies the expo-
nential estimate (4.2), then X admits at least one invariant measure.

Proof. 1t is sufficient to prove that for any a > 0, the subset [J < a] is tight.
In that case, by Prokorov’s criterion, its closure is compact in M;(H) w.r.t the
weak topology. Hence, the ls.c function J : M;(H) — [0,+00] admits compact
level subsets, w.r.t the weak topology o (M;(H), Cy(H)). Moreover, considering the
closed subset F' = M;(H) in the good upper bound (4.4), we obtain the existence
of v € My(H) satistying J(v) = 0, so v is an invariant measure (as in the proof of
Proposition 3.1).

Now, for any a > 0, let us show that the tightness of [J < a] is a simple
consequence of (4.5). Let ¢ > 0 fixed, and consider the finite number

2
a+ Ao (“’(Q) + _Al—lzﬂcanro)
)\05 .
By the compact embedding D(Az) C H, the subset

M, =

K. = { v € D(A?) s.t. |[Arz]? < M, }

is compact in H, and by using (4.5) we obtain for all § in [J < q],

Azz|? ;
s < [ dse < [ 14k asa)

Lot (@) + 5=

Ma,e )\O
€

and so [J < a] is tight. O

IN

IN
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In the following paragraph we focus on the entropy J which governs the LDP.

4.2 Some comments on the entropy J defined by (3.2)

In fact J(v) admits a closed form only in the case when the unique invariant measure
4 is known, and the Markov process X; is symmetric w.r.t p. For our model,
Theorem 1.1 describes the exact rate of exponential convergence, but the expression
of this exact rate given by J is more qualitative than quantitative. How to obtain
estimates on J(v) is an important and very interesting question. Usually, we can
proceed by using functional inequalities such as logarithmic Sobolev or spectral gap
inequalities as in Deuschel-Stroock [9]. Unfortunately, for the 2D Stochastic Navier-
Stokes equations, those inequalities are actually unknown (see however the very
recent works of Goldys-Maslowski [17] and Hairer-Mattingly [21] for the existence
of a spectral gap in a space of weighted bounded or weighted Lipschitz functions,
which is different from the Poincaré inequality). In this section, we consider the
case I/ := H.
At first, under the Feller assumption, we know that (see Lemma B.7 in [27])

J(l/):sup{—/%dy; | gueDe(ﬁ)}, v € My (H) (4.8)

where D, (L) is the extended domain of the generator £ of P, in Cy(H). We recall
that u € D.(£) and v := Lu if u € Cy(E) and there exists v € Cy(H) such that
Pu—u= fot P,vds, for all t > 0. For the 2D-stochastic Navier-Stokes equation, we
recall also that L is given by

1
L) = §r(CC D N(a) + (~Ar— Ble,a)+ [V7f@)  (49)
at least for f cylindrical, i.e f(x) = g ((x,e1), (z,€3),...,{x,e,)). In this expression,
we denote by V¥ the gradient in H, and D?f := (861. Oe; | )Z =t Since f is cylindrical,
the gradient VI f(x) is in H* := D(Ag), for any k£ > 0 and the left-hand side in
(4.9) is well defined by (B(z,z), V¥ f(z)) = —(B(z, V f(x)), x) and the inequality

ARV f(@))? )
MIAVIf () |?

(B(z, V" f(x)), 2)] < Cla*|AVT f(2)] (1 +log

established for instance in [16, p 100].

In this paragraph, we introduce some class of measures p* € M, (H) for which it
is possible to give a more explicit form than (3.2) or (4.8) for J(u"). Here, we assume
that G = G* = Q2. Let (X?) be the solution of the 2D stochastic Navier-Stokes
equation (1.4) with initial position z, defined on (€2, F, (F;),P) and let us consider
the Girsanov perturbation defined by : for any 7' > 0, and any x € H,

d h T 1 T
C%’ 7 = exp (/ \/GG*VHh(X;f)dWS—§/ ‘\/GG*VHh(Xj)
0 0

2

ds)
(4.10)
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In the above expression, we take h € C*(H) satisfying (GG*VTh, VH#h) < C <
so that

e 2
E exp (5/ ‘\/GG*VHh(Xf) ds) <oo, VI'>0, Vo € H. (4.11)
0
A simple sufficient condition on h is h(z) = g ({x,e1), (z,e3), ..., {(x,e,)) where the

function g € C*'(R"™) has a bounded gradient.
In the case when (4.11) is true, L} := fot VGG*VHRh(XT)dW, is a continuous

martingale under P, and also M} := exp(L{ — (L")), the exponential local mar-

tingale given in (4.10), becomes a true martingale by Novikov’s criterion.

Hence, (Q"),en given in (4.10) defines a new Markov family with the transition
semigroup Q" f(z) = E% f(X7). By Girsanov’s formula, the generator of Q" takes
the form L,u = Lu + 2I'(h, u) where

['(h,u) = 1/2 (GG*VHh, V)

is the carré du champ of £, and under Q" the process (X7) satisfies in a weak sense
(i.e. in law) the following perturbation of the 2D-stochastic Navier-Stokes equation

dX,+AX,dt + B (X, X;) dt = fdt +VGG*VHh (X)) dt +GdW, , Xo==z (4.12)

where W, is a cylindrical Wiener process under Q.
For the existence and the uniqueness of an invariant measure p* € M,(H) for
Q" let us first give the

Lemma 4.4. Let 0 < § < m and h € CY(H) such that
(GG*VHh(z), VI h(2)) < C < oo, (4.13)

then there is some constant K(6) > 0 such that
¢
E% exp (5/ |A§X§|2ds) < O 2l (4.14)
0
Proof. By using (4.10) and Cauchy-Schwartz inequality, we obtain

t t 1
E% exp (5/ ]AéXdes) EF exp (5/ |AéXf|2ds) exp (Lf - §<Lx>t)
0 0

t
= Efexp (5/ |A2 X7 |2ds + %(Lmﬁ) exp (LY — (L")y)
0

t 3
< (Epexp (25 / |A5X§|2ds+(L””)t>)
0

since the exponential local martingale exp (2L} — 2(L");) is a supermartingale. Hence,
noting that (L), < Ct by (4.13), and using estimate (4.2) with \g = 24, we obtain

t 2
EQ ex (5/ A3 X*® 2ds) < ex (575 (tr + L)) 6%66|$|2

i.e the estimate (4.14). O
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For x,y € H, the following control is well known (see [26])
t
| X7 — XV < |x —y|exp (C’/ \A%Xf\zds)
0

which implies the convergence in probability X{ — X7 and f(X}) — f(X[) for any
function f € Cy(H), as y — z. In particular, the Feller property for P, follows by
Lebesgue Theorem. We prove now that Q7 is also a Feller semigroup.

We must show that for any sequence z,, — z in H, and for any f € C,(H), the
convergence Q" f(x,) — QFf(z) holds. By using the density given in (4.10), it is
equivalent to prove that EF f(X" )M/ — EFf(XF)MF. The quadratic variation
process of the P-martingale Ly — Ly satisfies

(L™ = L") = /t(GG*(VHh(Xf") = VINXT)), VIR(X) = VI R(XT))ds
el

by polarization under our assumption (4.13). Hence, the convergence X; — X[
in probability implies the convergence in L? for the martingale L{" — L?, and in
particular the convergence in probability for the exponential martingale M, — M}.
Since EF M = E¥M7® = 1, and M, M¥ > 0 we obtain the convergence in L' for
M — M} by a well known lemma. Finally, since f(X;") — f(X[) in probability
and is bounded, we obtain EF f(X7") M — EF f(X#)M? as desired.

Hence the exponential estimate (4.14) implies the existence of an invariant mea-
sure for the Feller semigroup Q" by Corollary 4.3. Moreover, by (4.10), we know
that Q(z,-) ~ Pi(x,-) ~ Pi(y,-) ~ Q(y,-). So, the semigroup Q" is regular and
its invariant measure p" is unique (see Doob’s theorem in [7]).

In that case, we have the following simple expression for J(u"), where p”* can be
seen as the unique invariant measure for the solution to the equation (4.12).

Proposition 4.5. For h € C*(H) such that (GG*Vh(x), VEh(z)) < C < 0o, we
have

1
J(p") = = /H (GG*VHh, VHR)du" = / L(h, h)du"

2 H

Proof. For the 7>", let us consider a nice approximating sequence of cylindrical
functions h,, for h such that h,(z) — h(z), VHh,(z) — V7h(z) and |V7h,(z)] <
M. Since LeMn = e (Lh, + T'(hy, hy,)), we have using (4.8)

Lehn
T > — / dp"

ehn

= — / Lphndu” + / 2T (h, hy) — Ty, by )dp

_ / [21(h, hy) — T, )] did”

because u" is the invariant measure for the semigroup QP generated by £;. Now,
letting n — oo, we obtain J(u") > [T'(h, h)du" by dominated convergence.
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For the ”<” | we denote by th the law of the unique stationary Markov process

with " as initial distribution and the transition semigroup Q. By our assumption
on h, we have

Q" o, [
E%n (L), = oE%n / I(h, h)(X.)ds
0
= 2t/F(h, h)du"
< (Ot< oo

where the second equality follows from the stationarity of @Zh' Hence, L} — (L"),
being a th—local martingale by Girsanov, is in fact a true th—martingale, and the
definition (3.1) of the level-3 entropy gives

HQ)) = E% logM,
1
- e (- L)
1 Qr
= —E“"(L*).
SE (L
So, again with the stationarity of Qﬁh, we obtain

2

1 1
HQ) = §E@ﬁh /0 ‘\/GG*VHh(Xf) ds

- %/ ‘@th(x)rduh
H

Finally, by the definition (3.2) of the level-2 entropy, we have

J(u") < H(Q) = %/H ‘\/@v%(m)fduh = /F(h, h)du".

4.3 Proof of Proposition 4.1

We finish this section by giving the proof of the exponential estimates. Let us
introduce the finite dimensional approximations system associated with equation
(1.1). Let II,, the orthogonal projections on the finite dimensional space spanned by
the first n eigenvectors (eq,...,e,), and set, for n > 1,

and @, = G,G;. We will consider the finite dimensional equations
dX,(t) + AX,(t)dt + B, (X,n(t)) = fudt + GodW (t) ; X,(0) =z, := ,z. (4.15)

Note that equation (4.15) is a finite-dimensional stochastic equation. Hence, there
exists a solution, and X, (¢) is smooth in space. Moreover, the following convergence
was proved by Capinski and Gatarek [3] (see also Goldys and Maslowski [17]).
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Theorem 4.6. [17] For any 6 > 0, solution X,, of (4.15) converge in distribution
to the solution X of (1.4) on the space C([0,T], H=%), where H=° is the dual space
of H°.

The first aim of this paragraph is to prove some estimates on X, the finite
dimensional approximations. Recall that ( , ) denote the scalar product in H. Let
us apply It6’s formula to the finite dimensional diffusion X,,. Since by (1.3),

<Bn (Xn(t)) vXn(t» =0
we obtain:

AX(OF = 2Xa(0).dX,(0) + tr(Qu)dt
= [ 21X + 20X (), fu) + Er(Qn)] dE + 2K (1), GudW (1)),

Hence, for U, (t) := | X,.(t)| + fot |A2 X, (s)|ds, it yields
dU,(t) = [—|A%X (O + 2(Xa(t), fu) +f7’(Qn)} dt + 2( X (t), GndW(1)).

Same manner, denoting by d[U,, Uy,|; the quadratic variation process of U,,, we can
also compute with the Ito6 formula

/\2
de?oUn®  —  roUnl(t) |:)\OdUn< ) + zod[UnaU ]}

= 0O (ARG (O + 2AX(0), fo) + tr(Qn) + 2ol X (0]
220X O (X (), G dIV (1)), (4.16)

The following inequalities are clear

tr(Qn) <tr(Q) , |zl <zl o [ful SIS (4.17)
Moreover, it is easy to see that
GLX(O < QI [Xa(), (4.18)
and, by Young’s inequality, that
2 |fn|2
2(X, (1), fn) <elXn(®)|]" + o Ve > 0. (4.19)
For € > 0 fixed later, let us estimate the drift of the process

—AO(TT(QH'f‘Q)t N
Va(t) :=e =) eroUn(®)

By It6 Formula and using (4.16), (4.17), (4.18) and (4.19) we have,

_ . £ 2\ _ . /12
W) = e AO(T @+ )tde)\oUn(t) W (TT(Q) n ﬁ) . AO(T @+ )terUn(t)dt
9
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_ - i
/\0<T @+~ )terUn(t) (—|A%Xn(t)|2+€|Xn(t)|2—|—2>\0||Q|| |Xn(t)|2> dt

Tr ﬁ
sarge (@) 08 (1), 6w ).
Remarking that, by (1.2), for a constant \; depending on the domain D,

s AR (1)

X, (t ,
X < =

we obtain

_ . £ 12 )
ww) < O <—1A2Xn<t>\2 (L%D“
1

~Xo (TT(Q)+ L

+2X\oe >te*0'Xn(f)‘2 (X (t), GdW (t)).

Hence, for 0 < A\g < ﬁ, the drift of V,(¢) is non positive. More precisely, for all
A1

0 < o < 34y, the positive number € := A — 2||@Q|| Ao satisfies the above condition,

and it is our choice in (4.19). Thus, we have

dV,(t) < 2X\gexp (—)\0 (TT(Q)+@) t) MR OF (X (), GLdW (1)),

Since V,(t) > 0, we obtain by Fatou’s lemma E*V,,(t) < E*V,,(0), and this proves in
particular the following crucial exponential estimate.

Lemma 4.7. For 0 < Ay < ﬁ and any x in H, we have

t
E” exp <)\0/ |A2 X, (s)|2ds + AO\Xn(t)P)

0
3 |f|2 )) Xolz|?
< exp ()\ot (tr(@) + N 2[00 e : (4.20)

Let us now finish the proof of Proposition 4.1 by using Theorem 4.6. Since the
function

ik

ot tr R P t 1
F(X) - 6( A t(t (Q)+>\1—2HQH)\0)) exp ()\0/ ‘A§X(S)‘2d8 + )\O‘X(t)|2>
0

is lower semi continuous on C([0,7], H~%) as an increasing limit of the continuous
functions

_ . O t
Fm(X) . €< /\ot(t (Q)+>\172HQH>\0)) exp ()\0/ |A§HmX(8)‘2dS—i— )\O‘HmX(t)F) 7
0
we obtain, using Theorem 4.6 for n — oo in (4.20),

E:CF(X) < lim inszF(Xn) < €>\o|m\2

n—oo

and the desired estimates (4.1) and (4.2) follow.
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5 The Large Deviation Principle on M;(D (A%))

The proof of our Theorem 1.1 consists in two steps. As a first step, we prove

this section the LD principle for initial measures in E := M;(D (A%)). We finish

the proof of Theorem 1.1 in the following section by extending the LDP for initial

conditions, open and closed subsets in M;(H), and by establishing the claim (1.8).
The aim of this section is to prove the

Lemma 5.1. Let f € H and § < o < § a fized number such that (1.6) holds. Let

0< X< ﬁ, where ||Q|| is the norm of Q as an operator in H and

O(z) = Ml ML= {l/ € M, (D (A%)) / /@(a:)u(d:v) < L}, (5.1)

then the family P,(Ly € -) as T — +o0 satisfies the LDP on My (D (A%)) w.r.t the
topology T, with speed T and the rate function J, uniformly for any initial measure
in M3, ; where L > 1 is any fived number, and J is the level-2 entropy of Donsker-
Varadhan. More precisely, the statements (i), (ii) and (iii) of Theorem 1.1 hold with
M, (H) replaced by My(D (A%)).

Proof. By Theorem 3.2, since X; is strongly Feller and topologically irreducible in
D (A%) (Theorem 2.2), it is sufficient to establish the estimates (3.5) and (3.6) for
our model.

For K, we take

K= {:c € D(A}) s.t |[Aba| < M} (5.2)

where the real M will be fixed later. Since the embedding D (A%> C D(A%) is

compact for a < %, it is clear that K is a compact subset in D (A?).
The definition of the occupation measure implies that

P, (712” > n) <P, (LR(K) < 1) ~P, <Ln(KC) >1- 1) .

n n

With our choice for K, we have L,(K¢) < 5 L,(|AZz[?). Hence, for any fixed Ao

such that 0 < A\g < ﬁ, we obtain by Chebychev’s inequality

1 1
P, (ﬁ? > n> < P, (Ln(\Asz) >M?(1-=
n

< exp (—n)\oMQ (1 - l)) E” exp ()\0/ |A§X(8)|2d8> :
n 0

For any initial measure v € M;(D (A%)) , integrating (4.2) w.r.t v(dz), and
plugging it in the above estimate yields

P, <TI((1) > n) < v (e’\°|"2> e‘”AOC, Vn > 2
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where 2 |f|2
Ci=——-tr(Q) - ——————.
AR W T5T P

Let A > 0 be fixed. By the integration by parts formula, we have

+oo
B — 14 / AP, (T§§>>t) dt

0
< 2y Z AP <T§(1) N n)

n>2

e <l +Av (e)‘OHQ) Ze‘"(’\oc_k)> )

n>2

IA

Now, by (5.3), we can choose M such that A\C' — A > 1 in the definition (5.2) of K.
Then, taking the supremum over {v = §,,x € K}, we get

) Ao M2
sup E2e’MK < A (1 + e M Ze_"(’\oc_’\)) < 00

zeK n>1

since for x € K, |z|> < @ < ]\/\4—12 So the bound (3.5) holds true. We obtain (3.6)

. . 1
in the same way: since 7 < T[((), we have

VAT, v Ard)
sup E'eVx < sup E’eVx

veMs, 1 veM3, .
< e (1 + AL Z e”(’\OCA)>
n>2
< o0

which finishes the proof of the Lemma.

6 Proof of the Theorem 1.1

In this section we finish the proof of Theorem 1.1. It remains to extend Lemma 5.1
for initial conditions, open and closed subsets in M;(H ), and to establish the claim
(1.8). In fact, the first claim “J(v) < 400 = v < p” in (1.8) was established in
Proposition 3.1 and the second claim that for v such that J(r) < oo, we have also
v(|A2z|?) < oo follows from (4.5).

For the extension of the LDP to M;(H), a first remark is the

Lemma 6.1. Let L > 1, 0 < )\ < ﬁ be fized numbers and v € My, 1, i.e v €

M,(H) and [, My (de) < L. Then the probability measure v := P, (X (1) € dy)
satisfies

(a) 7 (D (A%)) =1
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(b)fH 6)\0‘"%'2’;((155) < YL, where C' = tr(Q) + >\1—|2];|‘Z?H>\0

In particular v € M* and P,(Lr o by € -) =Ps(Ly € -).

Ao eAOCL7

Proof. Notice that o(dy) = [, P, (X(1) € dy) v(dz), and P, (X(1) € D (A%)) =1
by Theorem 2.2, (iii) the statement (a) is clear. For (b), by using the estimate (4.1)
in Proposition 4.1, we get

/He’\0|y25(dy) = // Ml Py (2, dy)v(da) = /E%AOX(I)Pu(dm‘)

< / Ao (tT(Q)JFW) Aojz|? (dl’)
H

2
6’\()( (@5 ‘2\|‘Q‘\|A0>L

6.1 Extension of the lower bound

Let G be an open subset in (M;(H), ). For any fixed fy € M;(H), we can take a
7 neighborhood of 3y in M;(H) of form

N(Bo,0) :=={B € Mi(H),|B(fi) — Bo(fi)| < 0,Vi=1..d}

contained in G, where 6 > 0,1 < d € N and f; € bB(H). For establishing the lower
bound (ii) in Theorem 1.1, it is sufficient to establish that for every Gy € G such
that J(0y) < oo,

hmmfllog inf P,(Lr € N(Bp,0)) > —J(5o)-

T—oo T vEM,L
Notice that for v € M, 1,
P, (Lr € N(Bo,6)) = P, (Lr o b1 € N(5o,0/2); |Lro6i(fi) — Lr(fi)] <6/2, Vi=1.d)

and

2||filloo

|Ly 0 01(fi) — Lr(fi)] < T

so, we obtain for T > %maxlgigd | fillso

P, (Lt € N(f,9)) P, (Ly o6y € N((6y,d/2))

>

> Py (Lr € N(b,6/2)).
We conclude by using the uniform lower bound on M7 obtained in the pre-
ceding section.

o,eAOCL’
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6.2 Extension of the upper bound

Let F' closed in (M;(H), ) such that infr J = a > 0 (else the upper bound is clear).
We define

Fs = {ﬁ € Mi(H) : djy,.. (B, F) < 5}

where d.|,., (8, F) := infycp |3 — M|var, and the total variation norm of X is

“)‘Hvar = sSup (61)

febB(H), || flleo<1

/ F(2)A\(dz)|.

Since ||Ly — Ly 0 01| par < %, we obtain for ¢ > 2/§,

P, (L, F) < P,(L,06 € Fy)
= P, (L, € F)
P, (L, € Fs 0 M;(D(A%)))

by the regularity properties of the solution under 7, defined by Lemma 6.1.

Let us fix 0 < b < a. Since [J < b] is contained in the open F¢ (the complement
of F), for each v; € [J < b], we can take a neighborhood N(v;, ;) of v; included in
Fe. Moreover N(v;,6;) can be chosen of form

N(V,»,(Z-) = {ﬁ - Ml(H)7 |Vi(fi,j) — 6(f2,])| < 51', VJ =1.. dz}

for a finite number d; of bounded and measurable f; ; with || f; ;|| < 1for1 < j <di.
In particular F' C N(v;, ;) .

Now, by Lemma 5.1, for any b < a, [J < b] is compact in (M; (D(A%)),7) and
so in (M;y(H), ) since My (D(A%)) is just a borelian subset of M;(H). So, we can
extract a finite number p of v; € [J < b] such that

[J<b] € UZPN(1,6;/2) € UZN(1;,6;) C Fe.
We now prove that if 6 < min;—; ,4;/2, then

Indeed, if v € Fs we can find 8 € F such that ||v — §|yer < 0. Forany i =1...p,
since F' C N(v;,6;)¢, there is some j such that

1B(fig) — vilfig)| = i

With (6.1) and the fact that || f; j||cc < 1, we obtain

w(fig) — vi(fij)l gﬁ(fig) —vi(fij)l = 1B(fiz) — v(fij)l
/2

VIV IV
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for 6 < min;—y_,0;/2. So if v € Fs, then v € N(v4,6;/2)°, for any i« = 1...p and
(6.2) is satisfied.
We obtain for C' > 0 as in Lemma 6.1 and by the upper bound in Lemma 5.1

1
limsup —log sup P, (L; € F)

T—o00 VEM)\O,L

1
lim sup 7 log sup P; (L; € Fy)

T—oo VEMio,exp()\OC)L

1
lim sup — log sup Py (Ly € Nizc1. pN(vi,6:/2)°)

IN

T—o00 f’eM:O,exp(AOC)L
< — ~inf J(v)

v € M_TN(v3,6:/2)¢
< —b

since the closed subset N:=*N(v;,6;/2)¢ is contained in [J < b]°. Noting that 0 <
b < a is arbitrary, we obtain the upper bound (iii) in Theorem 1.1, which finishes
the proof of Theorem 1.1. [

7 Extension to unbounded functionals

Let us now precise how the strong 7 topology in Theorem 1.1, and the exponential
estimate (4.3) imply Proposition 1.3 and more generally Corollary 1.2. In the sequel
we suppose that our assumption (1.6) is satisfied for some %1 <a< %, and that
A
0< A < L

2@l

is a fixed real number.

Proof of Corollary 1.2. For a measurable function f : D <A%> — B, bounded on
balls, let us consider f, : H — B,

fo(x) = {f(x) ifreD <A%> L |Azz| <n (7.1)

0 otherwise

which is far from being continuous, but is measurable and bounded on H. Since
v — v(f,) is continuous from M;(H) to B by [9, Lemma 3.3.8], Lz (f,,) satisfies the
LDP on B by Theorem 1.1 and a standard contraction principle.

Now, by the approximation lemma in large deviations (see [9, Lemma 2.1.4]), it
remains to prove for any L > 0,

limsup  sup i 18(fn) = B(f)lle =0 (7.2)

n—oo 3 : J(B)<

and for any § > 0

1
lim limsupflog sup P, (|IL7(f — fo)l|ls > 0) = —oc. (7.3)

n—=x T—oco VGMAO’L
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Thanks to our condition (1.9) on f, we can construct a sequence (¢(n)), decreas-
ing to 0 such that, once |Azz| > n, we have

1£(z)s < e(n)|Azz|*.

Denoting by 1r the characteristic function of the set I', we have for any 3 satis-
fying J(5) < L,

18C) = B8ls = |8 (11 atun) |,

< ﬂ(g(n>|A%$‘21{|A%x|Zn}
< D5 (latel?)
0
e(n) pr))
< bW (L + Xo (tT(Q) + M — 2|0l

by using (4.5). Thus (7.2) follows. Let us also evaluate

o (lLels = lla>0) = B (|7 [ 1060 - s

B
1 1
< — 2 2 1
< P, (T/ e(n)|Az X (s)] 1{|A§X(8)|Zn}ds > 5)

0
T
1 Mo T'6
< 2 2 I
< P, (/(; )\0‘A2X(8)‘ 1{|A%X(s)|2n}d8 > E(TL) )

T o
< exp (—)\0—5) E” exp <)\0/ |A2X(s)|2ds)
e(n) 0

so that (7.3) is consequence of (4.3). O
Proof of Proposition 1.3. 1t is a particular case of Corollary 1.2, since the choice
f(x)=xzonB:=D (A%) is allowed. O
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