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Abstract

Under the Bakry-Emery’s I's-minoration condition, we establish the loga-
rithmic Sobolev inequality for the Brownian motion with drift in the metric
L? instead of the usual Cameron-Martin metric. The involved constant is
sharp and does not explode for large time. This inequality with respect to
the L2-metric provides us the gaussian concentration inequalities for the large
time behavior of the diffusion.
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1 Introduction

The logarithmic Sobolev inequality (LSI in short), discovered by Gross ([16], 1975)
for Gaussian measures and the Wiener measure, plays a prominent role in the infinite
dimensional analysis as the Sobolev inequalities do in the finite dimensional analysis.
Herbst first, Aida-Masuda-Shigekawa [2] and Aida-Stroock [3] found that LSI implies
the Gaussian concentration inequality for Lipschitzian functions, Bobkov-Gotze [6]
characterized the Gaussian concentration inequality for Lipschitzian functions by
means of the so called Ti-transportation inequality, which is equivalent to the Gaus-
sian integrability of the distance function by the recent work of H. Djellout and al.
[10]. Otto and Villani [20] and Bobkov-Gentil-Ledoux [7] find that LSI implies the
Talagrand Ty-transportation inequality. See Bakry [4], Ledoux [17] and Villani [21]
for systematic treatment and further study.
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For introducing our question for diffusions, let us first recall the LSI of Gross on
the Wiener space.

Let 1 be the Wiener measure on W¢ = C([0,T],R?) and h € H where H is
the Cameron Martin space, i.e, the Hilbert space H of all absolutely continuous
functions h : [0, 7] — R? such that ~(0) = 0 and

T
1A% = / |h(t)dt < oco.
0
The directional derivative along h of a smooth function f at v € W¢ is defined

on W by :
Duf(3) = lim f(7+57;) - )

The linearity and continuity in h of the above expression gives the existence of
an element Df(y) = (Df(7,1))ep ) in H (the Malliavin gradient) such that :

Vh e H,Dyf(7) = (DF(+). by = / Df(r.t) - h(t)dt (1.1)

where Df(7,1) = £Df(3,t).
For the Wiener measure g on W%, Gross ([16], 1975) proved the following (see
also the Ph.D of Gentil [13]):

Theorem 1.1. For all bounded and smooth functions F on W€,
Ent,(F*) < 2CE* (| DF|%) (1.2)
where the constant C = 1 is sharp.

Here the entropy of 0 < f € L'(u) w.r.t. p is defined as

Bt (1) =2 110g (g7 ) ).

When g satisfies (1.2), we shall say that p satisfies the LSI(C) w.r.t. the gradient
in H.

This inequality w.r.t. the Cameron-Martin metric is extended to the Brownian
motion over a Riemannian manifold M by Hsu [15], Aida [1], Capitaine-Hsu-Ledoux
[8] under the boundedness of the Ricci curvature, and to general elliptic diffusions
under the boundedness of the Bakry-Emery curvature. Particularly Aida [1] proved
that the constant in the LSI does not explode for large time 7" under the uniform
positivity of the Ricci curvature. But as explained by the second author in [23],
the LSI w.r.t. the Cameron-Martin metric for diffusion (X;) even with a constant
independent of T' (as in [1]) does not produce the concentration inequality of correct
order in large time T for the functionals

F(X) = % (/OTg(Xs)ds - ]E/OTg(XS)ds) , g: M — R smooth.
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The reason is that the Lipschitzian coefficient of F above w.r.t. the Cameron-
Martin metric is of order v/7 in general, which explodes. To get useful informations
for the ergodic behavior (i.e., the large time behavior) of (X;) or more precisely for
producing the Hoeffding’s type Gaussian concentration inequality for functionals
like F'(X) above for large time, as pointed out by Djellout, Guillin and the second
author in [10], we should establish the LSI w.r.t. the L?-metric instead of the
Cameron-Martin metric, with a constant which does not explode for large time.

The famous I'y-minoration criterion of Bakry and Emery [5] gives the LSI for
the single time law Pr(z,-) = P,(X7 € -) and for the unique invariant measure m of
(X¢). The main purpose of this Note is to extend their LSI to the process-level X 1
w.r.t. the L®metric. This work is also a continuation of [10] where the Talagrand
Th-transportation inequality for diffusions w.r.t. the L?-metric is established via the
Girsanov transformation, under a weaker condition than the Bakry-Emery condition
(see also [24] for Ty-inequality w.r.t. a uniform norm).

This paper is organized as follows. In the next section we first study the Brownian
motion with drift, i.e., solution of the SDE

dX; = dW, + b(Xy)dt, Xo ==z (1.3)
in R?, where the drift b satisfies the Bakry-Emery condition:
(Vb)? < —KId, K €R

where (VD)7 = ((0;b; + 0;b;)/2) is the symmetrized gradient of the vector field b.
Our method is very simple: to prove that the mapping ® from the path W of the
Brownian motion equipped with the Cameron-Martin metric to the path X of the
diffusion equipped of L?([0, 7], R%)-norm is Lipschitzian.

The method above does not work if there is a non-constant volatility coefficient
o(X}) in the SDE (1.3) above. In that case, we consider a general elliptic diffusion
with generator %A + V on a Riemannian manifold. We shall employ the method of
the martingale representation formula, as developed by Fang [12] for Poincaré in-
equality and by Capitaine-Hsu-Ledoux [8] for log-Sobolev inequality. For the Brow-
nian motion over a Riemannian manifold, when the Ricci curvature is bounded, we
shall see in §3 how to derive the LSI quickly from the Fang’s martingale represen-
tation formula. But in the general case where the Bakry-Emery’s curvature is not
bounded, Fang’s version of martingale representation formula seems to be no longer
true and that is the main difficulty. We shall use a localization technique to get a
martingale representation formula for a class of test functions, and then the LSI.
This is the task of §4. Finally in §5 we present several useful consequences of the
LST about the concentration of additive functionals of the diffusions for large time.

In this note we denote the maximum of v and v by v V v and their minimum
by w Av. For z,y € RY, z -y = Z?Zl z;y; and |z| denotes the Euclidian norm of .
When there is no possible confusion, we will use L? for L?([0,T]; R?).



2 Brownian motion with drift on R

2.1 Gradient V in L? and the LSI w.r.t. V

We are given a standard R?%valued Brownian motion W, on R?, a fixed initial point
z in R? and a continuously differentiable mapping b : R — RY. Let us consider the
Re-valued diffusion X;(z) defined by the stochastic differential equation :

dXt = th + b(Xt)dt s X() =X c Rd. (21)
We assume the following condition on the drift b
(Vb)) < —K Id, KeR (2.2)

where Id is the identity matrix in RY, Vb = (9;b;);; is the Jacobian matrix, and
A? denotes the symmetrization (A + A")/2 of the matrix A; and for two symmetric
matrices A, B, A < B means that B — A is non-negative definite.

This condition, when K > 0, is exactly the Bakry-Emery’s ['s-minoration con-
dition for the logarithmic Sobolev inequality of the unique invariant measure m on
R?. Details about this condition, and applications to hypercontractive diffusions
can be found in [4], [5]. We are interested here in the logarithmic Sobolev inequality
on the path space w.r.t. the gradient in L%([0,T],R¢). More precisely, regarding
W = C([0,T],RY) as a dense subspace of L2([0,T],RY), we can introduce:

Definition 2.1. For a function f on W, differentiable with respect to the L*>-norm,
let Vf(7y) be the element in L*([0,T],RY) such that

Dyf(v) =(Vf(7), 9)r2omre » Vg€ H.
We shall write V () = (Ve f(7))teom-

Its relation with the gradient Df in the Cameron-Martin space H (introduced
n (1.1)) is given by
Lemma 2.2. For a function f on W9, differentiable with respect to the L*-norm,

we have for every v € W4, 5f(*y) is in L*([0,T],R?) in the sense of distribution
and

V() = —Df(r.t), dt - ace.

Proof. Such function f is differentiable w.r.t. the norm of H. Let C5°((0,T),R?)
be the space of all R%valued C*-functions with compact support in (0, which is

T),
dense in L2([0,T], R?). For every h € C°((0,T),RY), writing 5f(fy, t) = d—QDf(’y, t)
in the sense of distribution, we have,

/0 Vof() - h(s)ds = (VF(y),hyzz = Duf



Z/Df% (s)ds
= /Df% (s)ds

where the desired result follows. O

We denote by C(W?/L?) the space of all bounded functions f on W4, differen-
tiable w.r.t. the L*([0,T],R%)-norm, such that Vf is also continuous and bounded
from (W2 || - ||z2) to L?([0, T],RY). The aim of this section is to prove

Theorem 2.3. Let P, be the law of the diffusion X.(x) defined by the SDE (2.1).
Assume (2.2). Then for all functions f € CL(W?/L?),

T
Entp_(f*) < 2C(T)E"- / IV, f|2dt (2.3)
0
where
% (1 — \/2e— KT — e—QKT) . if 2e7 KT —e72KT 5 0 K #0
C(T) =T, if K=0 (2.4)
(&7 —2e7 KT 4 1) df 267K — 25T <0, K #£0.

In particular if K >0, C(T) < 1/K? (for all T > 0) is non-explosive.

Note that our estimate of C'(T) is sharp for T' — +oo for the Ornstein-Uhlenbeck
process dX; = dW; — (X;/2)dt by the discussion in [10, Remarks 5.7].

2.2 Analytic preparation

In this paragraph we recall and prove several known facts, for self-containedness.
Let My(R) be the space of all real d x d-matrices. For A € My(R), it is clear that
Vo € RY, (Ax | x) = (A%2 | x). We first give a Gronwall Lemma of matrix type.

Lemma 2.4. If J(t) € My(R) satisfies the equation
J(t) = A(t)J(t) with J(0)=Id,

and if A° < Bld for a real number B in the order of the nonnegative definiteness,
then we have
|J(t)y| < ePllyl, Yy € RY, ¥Vt > 0.

Proof. Indeed we have :

LB P) = B (2Bl + 20 (1), (b))

dt
— 2B (2Bl J(t)z]? + 2(A(t) J(t)z, J(t)z))
e 2P (=2BlJ (t)x]* + 2(A7(t)J (t)x, J (t)x))
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—2e72BY(BId — A°(1)) J(t)z, J(t)x)
0

IA

S0,
| T(t)z] < e']a.

O

We now give a result to control the norm of a bounded self-adjoint operator from
L? to L?.

Lemma 2.5. Let I' be a bounded self-adjoint operator from L*(E,p) to L*(E, p)
where 1 is o-finite. Assume that

Lflln
Iy = sup 2w
orrerinee |11l

Then ||T||2.2(the norm in L?) < ||T||11.

Proof. For any f € L*(L>® C L?, we have by the symmetry of T,

ITflloo = sup — (I'f,9)

geLT M L>,[lgl1<1

= sup <f’ Fg>
geLI N Lo [lg|li<1

< Tl f o

i.e., [[T'|oo.c0 < |IT]]1.1. Hence by the Riesz-Thorin’s interpolation theorem, ||I']|22 <
(IN(EWE O

2.3 Proof of Theorem 2.3
2.3.1 Outline of the proof
The SDE (2.1) has a unique strong solution (the reader is referred to [18], p 194)

X = (W),

where ® : W9 — W<, Indeed ® is continuous on W< and for each v € W%, n = &(v)
is the unique solution of the ordinary differential equation

t
N =T+ v+ / b(ns)ds.
0

We start with the LSI (1.2) of Gross. If fo® € Dy (D) (the domain of D in L?*(W4, i)
as defined in the Malliavin calculus), we have

Entp, f* = Ent,[(f o ®)%] < 2E*||D(f o ®)||%. (2.5)



Now for every h € H, we shall prove that

(v +eh) — 0(y)

A(y)h = }:I_I)I(l) . (2.6)
holds in the sup-norm of W9 (then in that of L?). Thus
dd h
oy + ) = o) + 22O E)_ o) = a3) + (A + o(2)
and consequently
(B +eh)) — f(D
Du(f o)) = tin L PO (B0
_ iy L@O) + AR+ 0(e)) — F(2()
e—0 £
= (Dagnf)(2(7)).
If we can prove that
[AMAllz2 < VO |h]l 1 (2.7)
where C(T) is given in the theorem, we shall get
ID(fe®)(W)u = HhS||llI><1|Dh(fO‘1>)(’V)|

= sup |(Da y)hf)(¢(7))|

heH ||h||H<1

= sup ( ),A

heH , ||h||H<

< sup ||(Vf)( (v ))HLzHA( )|z

heH | ||hl|z<1

< Vel (V@) Nz

A

Thus by (2.5), we obtain

Entp, f> < 2B*||D(f o @)%
< 2C(T)EV|[(V f) 0 )%

T
= 20(T)E*= / Ve f|Pdt
0
the desired inequality.

2.3.2 Proof of Theorem 2.3

To make the above proof rigorous, it remains to verify three points: (2.6), (2.7) and
fo® € DDy(D). The last point is a consequence of (2.6), (2.7), because (2.6), (2.7)

imply
[Du(f o @) < VDIV @)z



for all h € H (this is a well known fact in the Malliavin calculus, cf. Nualart [19]).
(2.6) is an elementary fact in the ODE theory, so omitted. We now prove (2.7).
Since n° = ®(y + ch) verifies

t
ni =+ + eh(t) +/ b(nZ)ds
0

then, g := A(vy)h = d%ne satisfies the linear differential equation :

g(t) = h(t) + / Vb (1) g(s)ds

where 7 = ®(«). This equation has a unique solution and it can be given explicitly
by

t
o(t) = / A A, Vi) ds
0
where A; satisfies :

d
AO =1Id s %At = vb(nt)At

Under the condition (2.2), we obtain using Lemma 2.4 :
|A A ]| < e K9], Vo < s <t
We state now the desired inequality (2.7) as
Lemma 2.6. We have
IAMAIL: = llgllz> < C(T)IRI1E

where C(T) is given in Theorem 2.3.

2

Proof. From the following expression g(t) = f(f A A7 h(s)ds, we can compute
t .
/ A AT R(s)ds| dt

T
ol = |
0 0
T t ] 2
< / < / e—K<t—s>|h<s)|ds) dt
0 0

Now, we have to control the last term. A Cauchy-Schwarz control is easy, but
the constant so obtained explodes. In order to avoid this explosion, let us write

2

/0 ' ( /O t eK<ts>\h(s)\ds) dt
_ /0 ' ( /0 t e_K(t_“)|h(u)|du) ( /0 t e—K<t—v>|h(v)|dv> dt



T
= / (// e K fy(0) e K hy(v) | du dv) dt
0 Ogu,vg%
= // (/ e‘2Kt+K(“+”)dt> |h(w)||h(v)|du do.
0<u,v<T uVu

Since 2(u V v) — (u 4 v) = |u — v|, we have if K # 0,

D(u,v) = /T o 2K K (uto) gy M((fﬂ((uv@) _ 672KT)
’ v 2K
o~ Klu—v| _ ,—K(2T—u—v)
B 2K
and if K =0,

T
[(u,v) := / e 2K EAv) gt — (T — 4 v ).

Vv

Then we obtain :
T /T ' .
ol < [ [ D olhliho)duds. 25)
Define an operator I': L*(0,T) — L*(0,T) by :
T
L) = [Tl
0
It is a self-adjoint operator on L?(0,T). Then the term to control becomes :

(ClR] , [h]) 2.

But it is clear that (since I'(u,v) > 0):

e = [ ][ v

T T
< (Uz}é%]/o F(u,v)du)/o | f(v)|dv.

Thus Lemma 2.5 yields ||T'[|z2 < A(T") where

dv

A(T) = sup/0 [(u,v)du.

ve[0,T)

Finally by an elementary calculus, we get A(T') = C(T') given in Theorem 2.3.



Remarks 2.7. In the proof above, we see that (y,h) — A(y)h = g is continuous
from W x H to L*([0,T],R?). Thus for all f € CL(W?/L?), f o ® is continuously

differentiable on W< w.r.t. the norm of H, and we have shown

ID(f o @)Wl < VDIV F( ()

Now let Q € My(R) and F a continuously differentiable function on W9 w.r.t. the
norm of H, applying the Gross theorem to F'(Q7), we get

T -
Ent(F2(QW.)) < 2\ ez (Q'Q)E / |IDF*(QW.,t)dt

0

where A\ (Q'Q) is the maximal eigenvalue of Q'Q. Thus by the estimate above,
we see that
dXt = b(Xt)dt + Qth, XO =T

satisfies : Vf € CL(W?/L?),

Ent(f(X)) < 20(T) A mas (Q'Q)E / VL FP(X)dt,

In other words our approach here is also well adapted for eventually degenerate noise
QdW;,.

3 Brownian motion on manifold

When one studies the diffusion dX; = o(X;)dW; + b(X;)dt with a non-constant
volatility coefficient o, the application & mapping the path of the BM to the path
of X does not satisfy : ||V, P72 < /C(T)||h||g. So the approach in the previous
section loses its pertinence. Instead, we shall explore another method, based on the
martingale representation formula, as developed in [12] and [8]. We shall study only
the elliptic diffusion on a Riemannian manifold generated by %A + V.

To illustrate clearly the idea, we begin with the BM over a Riemannian manifold
with bounded Ricci curvature. In that case, using the martingale representation
formula, Fang [12] obtained the Poincaré inequality, Hsu [14, 15] and Capitaine-
Hsu-Ledoux [8] obtained the logarithmic Sobolev inequality on the path space, both
w.r.t. the Cameron-Martin metric. The constant of the LSI in those works explodes
for large time ¢. Aida [1] obtained the LSI w.r.t. the Cameron-Martin metric with
a bounded constant for large time 7' once the Ricci curvature is bounded from
below by a positive constant. But as explained in the Introduction the LSI w.r.t.
the Cameron-Martin metric even with a non-explosive constant does not produce
concentration inequality of correct order (in large time T') for functionals such as

P(X) = [T g(X,)ds.

10



3.1 Martingale representation and gradient w.r.t. L?-norm

We follow the exposition of [8]. Let M be a complete and connected manifold
of dimension d equipped with the Levi-Civita connection V. Denote by A the
Laplace-Beltrami operator on M, O(M) the bundle of orthonormal frames, and
I : O(M) — M the canonical projection. Fix a point o € M. FEach frame
u € O(M) is a linear isometry u : R? — Ty, (M). We assume throughout this
section the boundedness of the Ricci curvature

sup || Ric,| < +oo, (3.1)
ueO(M)

and denote also Ric, its scalarization. Let W, (M) be the space of continuous paths
from [0, 7] to M starting at x. Let U be the horizontal Brownian motion. We recall
that U is solution of the Stratonovich SDE :

d
dU, =Y " H;(Uy) o dW; , Uy = ug € O(M) (3.2)
i=1
where W, is a standard Brownian motion on R¢ defined on some probability space
(Q,F,P), and H;,1 <i <n are the canonical horizontal vector fields on O(M).
Details about this construction can be found in [14] and [15]. Then X = II(U) is
the M-valued Brownian motion starting at xy, whose law iy, is the Wiener measure
on W, (M). Hence, for a Brownian path X, and h in the Cameron Martin space,
Uih, is a tangent vector at X;. It determines a vector field Dy, by D, X; = Uh,.
For smooth cylindrical functions f on W, (M), that is f(v) = f(yes---s7,)
with v € W, (M), the Malliavin derivative operator is defined by :

. d
Df(X.t)=>)_ Utjld—i(th, LX)t At
i=1 v

Notice that from the path of the BM X over the Riemannian manifold and Uy = uy,
one can reconstruct (U;) and (W;) a.s. (w.r.t. the law of X). Thus the above
definition is intrinsic (cf. [14]).

Let (D,Dy(D)) be its closure in L*(ups). For h € H, Dy, f(v) and Df(y) € H
are such that :

vhe H, Duf(y) = (Df(7) . by = / Df(7.) - h(s)ds.

Let F: W,,(M) — R be a real function in the domain Dy(D) of D. Under the
boundedness condition (3.1), the Fang’s version of Clark-Ocone-Haussmann formula
for the Brownian motion on a manifold is read as

F(X)=E(F(X)) + /0T<Ht L dW) (3.3)

where

ER 1 T ER
H, = Er <DF(t) — 54 / (A:)‘le'cUSDF(s)dsWt) . (3.4)
t
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In this expression, (B;) is the filtration generated by (W), (A¢)o<t<r is a matrix
valued process defined by :

“t  CARicy, =0 , A= Id. (3.5)

The above formula relies on the Bismut-Driver integration by parts formula : for
any h € H, the adjoint Dj of Dy in L?*(uy) is given by

T
. 1
D}, = =D, +/ (he + ER’iCUthta dW). (3.6)
0

According to Lemma 2.2, we introduce our gradient w.r.t. the L?-metric.

Definition 3.1. For F' € Dy(D) such that DF ¢ L%([0,T],R%) we define the gradi-
ent of F w.r.t. L?>-norm by

V.F(y) = —DF(y,t) dt —a.c.
In other words, VF(v) € L*([0,T],RY) is determined by
(VF(y), h)r2 = DuwF(v), Vh € Cg°(10, T[RY).
We assume now

Vu e O(M) , %Rz’cu > KId, K € R. (3.7)
The constant of our LSI will depend only on this lower bound on the Ricci curvature.
Lemma 3.2. Let A solution of (3.5). We have

Vs>t , [[A;A;Y || < exp(—K (s —t)).
Proof. With a derivation of A;A;! = Id, we obtain

d 1. _
%(As_lAt) = _§RZCU5A5 1At,

which implies the desired result using Lemma 2.4 and (3.7). O

The key observation is:

Lemma 3.3. For F € Dy(D) such that py — a.s, DAF(fy) € L*([0,T],R%) (then

DAF(’y) can and will be chosen to be absolutely continuous) and DAF(fy,T) =0, in
the representation formula (3.3), we have

T
H, = Erm (/ A:A;‘lvststh) :

t
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Proof. Taking the adjoint in the proof of Lemma 3.2 gives

d 1
dS(A*A* h = —§AjA:_1RicUS.

By integration by parts in the expression (3.4) of H;, we have py — a.s.,

1 * 4 *\ — . - r d * A*k— -
_QAt/t (A 'Ricy, DF(s)ds = /t A4 YDF(s)ds

s=T

EN T EN
= {A;“A:_lDF(s)] — / ArA* ' DF(s)ds
t

s=t

BN T
= —DF(t) + / Ar ATV, Fds.
t

Then the desired result follows by (3.4). O

3.2 Poincaré inequality for the L? norm

Now, we follow Fang [12]. For each F' € Dy(D) such that uy — a.s, 5F(7) €
L%([0,T],R%) and 5F(7,T) = 0, we have by Lemma 3.3,

Var,, (F) = E(F(X)-EF(X))’=E"™ /T|Ht|2dt

T T
= E/ EU AjA;lvsF(X)dswt]
0 t

e[ [ 14 |<vsF><X>|ds]2dt

2

T T
< Rew / { / e_K(S_t)|V5F|ds} dt
0 t

where the last inequality is given by Lemma 3.2. We write the last quantity as (by
Fubini)
]E“M/ / -0y, Fy/ =0\, F|dudvdt

—W/ / dudv|V  F| - |V, F\/ e Klu=t=K@=t) gy

Let T'(u,v) i= [} e K@=0-K@=0gt and T f(v) = fo ['(u,v) f(u)du. We have as in

Lemma 2.6

2
dt

IN

T
[Tfl22 < |IT|1,1 = sup}/ I(u,v)dv < C(T)
0

u€l0,T
where C(T) is given in Theorem 2.3. Thus we get,
T T
Var,, (F) < |02 E* / IV FPdt < C(T)E* / IV FIdt,
0 0

i.e., we have shown
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Theorem 3.4. Assume (3.1) and (3.7). For each F € Dy(D) such that uy — a.s,
DF(y) € L*([0,T),R%) and DF(y,T) = 0,

T
Var,,, (F) < C(T)E* / |V F|dt
0
where C(T) is given in Theorem 2.3.

3.3 The logarithmic Sobolev inequality for L?-norm
Theorem 3.5. Assume (3.1) and (3.7). For each F € Do(D) such that uy — a.s,
DF(y) € LX([0,T].R?) and DF(7,T) = 0,

T
Ent,,, (F?) <2C(T)E*™ / |V, F|*dt

0

where C(T') is given in Theorem 2.3.

Proof. We follow the ingenious method of Capitaine-Hsu-Ledoux [8]. Assume at
first

1
S>F>e>0 (3.8)
£

for some ¢ € (0,1). Consider the continuous martingale M, = E [F?(X) | B,], such
that My = E#M F? and My = F?*(X). Let

T
H, = Erv (/ A;“A;‘lvs(FZ)ds]Bt) :
t

Using the martingale representation in Lemma 3.3 and applying the It formula, we
get after taking expectation

1 [T d(M), 1 [T |H,?
E (Mrlog Mr) — E (Mo log Mo) :E§/0 <Ms> =E§/0 |Ms| ds.

Since V,(F?) = 2FV F, ds® uy; — a.e., by the Cauchy-Schwarz inequality, we have

2

) v [E ([ A; ATV (F?2)(X)ds | B,
EmW“”ZZ%EA‘ ( E[F2(X) | B] L

T 2
Q]E/ E
0

| B
T T 2
< 2]E“M/ (/ ||A;‘Ajl||-|VSF|ds> dt.
0 t

We can conclude by the proof of the Poincaré inequality.

T
/ AT ATV F(X)ds dt
t

IN
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We now remove the restriction (3.8). For general F, let

2
F.p:= f.r(F), where f. := Larctan verey

It is easy to see that F. € Dy(D) and

DF. 1 (t) = f. (F)DF(t), ViF.p = f. (F)V,F.

Then F. j satisfies again the assumption of the theorem and especially (3.8), so the
LSI is true for F. ;. Moreover by the expression above we also have

T T
EFM / |V F. p|*dt < E#v / |V, F|*dt.
0 0

By letting L — oo first F2; 1 e+F?, and e — 0+ next, we have Entp (F2 (X)) —
Entp (F*(X)), so the desired LSI for F follows. O

Notice that the smooth cylindrical functions f (74, , v, ) does not satisfy the
assumptions of Theorems 3.4 and 3.5 (this is quite natural as for ¢ fixed, -, has
no meaning in L?). However F(v) := fOT f(t,v)dt with bounded and smooth f :
[0,7] x M — R satisfies the conditions in Theorem 3.4 and Theorem 3.5, because
it is easy to prove that F' € Dy(D) and

N T
DF(t7X) = / U;lvxf(S,Xs)dS, vtF<X> = Utilvxf(tXt)
t

where V, f(t,z) is the gradient on the space variable z € M.

Before moving to our true object, let us make some comments on the condition
(3.1) of the boundedness of the Ricci curvature, whereas the final results in this
section seem not to depend on it “in appearance”.

Remarks 3.6. If the Ricci curvature is only lower bounded but not bounded, we have
several technical questions related with the stochastic calculus used in this section:

(a) The Bismut-Driver integration by parts formula (3.6) has a question with the
unbounded term Ricy,hy.

(b) Without the integration by parts formula (3.6), we have neither the Fang’s
martingale representation formula (which also contains an unbounded term),
nor the closability of D in L*(uy) (more exactly we do not know).

The last point is particularly annoying, since even Dy(D) is no longer well defined.

Now let us see how to bypass those delicate difficulties for general diffusions

generated by %A + V', whose Bakry-Emery’s curvature is only assumed to be lower
bounded.

15



4 Brownian motion with drift over a Riemannian
manifold

In this section we extend the preceding logarithmic Sobolev inequality to the law
of a diffusion process (X;) with generator L = %A + V over a complete connected
Riemannian manifold M with lower bounded Bakry-Emery curvature, i.e.,

1 —
ghic,— (VV)" 2 KId, K €R. (4.1)

Here V' is a smooth vector field and (VV')7 is the symmetrized gradient. Recall that
Wang [22] has obtained the Talagrand “T,”-transportation inequality.

We assume that the BM is non-explosive. In that situation, the diffusion with
generator L = A +V is non-explosive (under (4.1)) and the law x*" of the diffusion
is absolutely continuous w.r.t. the law of the BM 5.

4.1 A space of test-functions D

We introduce now a space D of test-functions which is rich enough for applications
in the concentration phenomena of the diffusion for large time. It allows us to
circumvent the technical problems related to the fact mentioned in Remarks 3.6
that Dy(D) is ill-posed.

Definition 4.1. Let

D_{F@) _ @(/OTﬁ(s,%)ds, /fmsvs ) }

where m € N*, @ € C°(R™,R) and f; € C°([0,T] x M).
We define the gradient V w.r.t. L*-norm by

T
v, / F(s,75)ds = U= f (1)
0

and the fact that it obeys the rule of composition:

T
th) (/0 f1(8778)d8 ) / fm S /75 ) Za(b _1szi(t77t)'

Here V. f(t,x) is the gradient w.r.t. the space variable x € M.

Notice that the stochastic parallel transport U, = U;(7y) is par — a.s.-well defined,
then 1V — a.s. well defined.
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4.2 Martingale representation for test-functions in D

For u € O(M), the bundle of orthonormal frames, let V(u) = v~V (Il(u)) € R,
and let VV (u) = v~ 'VV (II(u)) € R?®@R?. They are the scalarization of the tensors
V and VV respectively.

Recall that our diffusion (X;) with Xy = x¢ can be constructed as follows:

X = I(U;) where (Uy) is the O(M)-valued diffusion, solution of

AU, =Y Hy(U,) o dWf + V (U,)dt (4.2)
i=1
where V is the horizontal lift of V, defined on (, (B,),P) and (B;) is the filtration
of the R%valued Brownian motion (W;). Notice that solution U; of (4.2) coincides
in law with U;(X) where this last U, is used in the definition of V,F.

Lemma 4.2. (due to [§]) Assume that Ric, and VV are both bounded. Then for
any smooth cylindrical functional F = F(v,, -+ ,%,) on Wy (M),

F(X)=EF(X) +/T<Ht,th), (4.3)

where

~ T ~
H, = E*v (DF(t) —/ A:(A;)—lM;DF(s)dswt)
t

1 N
M, = 5 Ricy, = VV(U)) (4.4)
dA,
Ay =1, =t = AM,.
0 ) dt tiVLit

In the actual bounded case, it is easy to see that F' € D satisfies again (4.3). By
integration by parts, we obtain as in Lemma 3.3,

Lemma 4.3. Assume that Ric, and VV are both bounded. Then for any F € D,

PO =R + [ (e ([ A wreois) .

where (Ay) is given in Lemma 4.2.
Now we remove the boundedness condition.
Theorem 4.4. Assume (4.1). Then the conclusion of Lemma 4.3 remains true.

As corollaries of the above martingale representation, we obtain by repeating the
arguments in §3:

Theorem 4.5. For any F € D,

T
Var, (F) < C(T)E" / |V, F|*dt, (4.5)
0

T
Ent,v(F*) <20(T)E* / |V, F|*dt, (4.6)
0
where C(T) 1is given in Theorem 2.3.
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4.3 Proof of Theorem 4.4: technique of localization

If M is compact, this result is contained in Lemma 4.3. Assume below that M is
non-compact.

Step 1: localization. Let ['= ® (fOT fi(s,vs)ds , ..., fOT fm(s,fys)ds> €D

and fix some compact K C M such that the supports of f;, i = 1,---  m are all
contained in [0,7] x K. Take next a sequence of compact subsets (K,),>1 of M
such that

K C K7{( interior of K3), K, C K} 4, UK” =M.

For each n > 1, choose

(1) a complete connected Riemannian manifold M,, D K, such that the Riemannian
metric of M, restricted on K, coincides with the original one of M and the
Ricci curvature of M, is globally bounded;

(2) a smooth vector field V,, on M,, such that V,(z) = V(z) for z € K, and V,,, VV,
are globally bounded;

(3) (1/2)Ric — VV,, > (K — 1)Id over M, for all n.

On the same probability space (€2, F,P) equipped with the Ré-valued Brownian
motion Wy, let (U}') be the solution of

d
dUy =Y " HMNU) o dW] + V,, (U}t
=1

and X7 = II(U}"), where Hj',i =1,--- ,d are the canonical horizontal vector fields
on O(M,), V,, is the horizontal lift of V.
Consider the stopping time

T, =1inf{t > 0; X; ¢ K, }

that satisfies P(7,, T +00) = 1 by the non-explosion of our diffusion under condition
(4.1). Then by the uniqueness of the SDE, we have with probability one,

Utn:Ut, th:Xt, VOStSTn

Regarding f; as function on [0, 7] x M, with the convention that f(¢,z) = 0 for
x ¢ K and F(v) as a functional on W, (M,,), we can apply Lemma 4.2 to get

T T
P - BF O = [ ([ A0y ARy Rae)s) avy @)
0 ¢
where V" F is the gradient w.r.t. L?-norm on W, (M,,), and

1 -

A"

AP =1, p” = A" M.
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Step 2: convergence in (4.7).
At first, for the left-hand side , let us make a last localization on the functional

P
Fo(X) ;—@(/T s, X)ds /T nfm(s,Xs)ds>.
0 0

It is clear that P(7, T +00) = 1 implies F,,(X) — F(X) a.s., remarking that

[Fu(X) = F(X)| <D 10:@]so| filloo(T = T A7) — 0.

=1

Since we have F,(X) = F,(X"), we obtain that F(X") — F(X) a.s. and conse-
quently in LP(P) for all p € [1,4+00). Thus the left-hand side of (4.7) converges to
F(X)—EF(X) as desired.

For the right-hand side of (4.7), denoting E(-|B;) by Eg,, we have :

/OT<IEBt </tT(A§n))*[(Agn))*]_lvg")F(X")ds> AW
= /0 T<Est ( /t T(At>*[(As)*]_1VSF(X) 1T<m) , dW;)

v [ m (/ (AP IAD)Y ] F (X Lrsr, ) i)
= (Dnt (D (4.8)

Letting n — 400, we have obviously in L?(P),

T T
(D= (1= [ @ ([ ATATE S ) )
0 t
the desired r.h.s. Indeed, we have by the same proof as Lemma 3.2,
1A (A < e 60, s > ¢

and for the functionals in D
IV EW)] <D 100wV filloo =: C.
i=1

so that

2

E[(I), — (1) = E / / (A) (AN VL F(X)ds Lrsy, | dt

T T 2
< / / Ce(K)s1) g
0

t

< O3RN P(r, <T) -0

dt P(r, <T)
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We proceed in the same way for (I7),, since by our assumption (3) in Step 1
and the proof of Lemma 3.2,

LA (AT < e EDED s > ¢

and also .
VW E(y)| < Z 10:® | IV filloo =: C
=1
we have
T T 2
E(I1)2 <E / / (ALY [(AD)] T F(X)ds 1o, | di
0 t

< C?732URHVTR(, < T) — 0.

Consequently letting n go to infinity in (4.7) for F/(X™), we get the desired martin-
gale representation for F'(X). O

5 Some applications

Throughout this section let X be the diffusion generated by %A + V as given in §4
and the Bakry-Emery minoration condition (4.1) be satisfied with K > 0.

5.1 Hoeffding’s type concentration implied by LSI

Let g € CH[0,T] x M) and consider the functional related to the central limit
theorem:

Fr(0) = = [ (alt ) ~ Bt X0) .

If g € C§°(]0,T] x M), then by the log-Sobolev inequality in Theorem 4.5 with
C(T) < 1/K? and by the Herbst method developed in Ledoux [17], we have

N[ Vagll2

),VAER.

Approximating g € CL([0,1] x M) by g, € C5°([0,1] x M), we see that the above
inequality holds again for g € C}([0,1] x M). Thus by Chebychev inequality and an
optimization over A\, we obtain in the standard way the following Hoeffding’s type
concentration inequality:

7“2 KQ

P (Fr(X) >r)VP(Fr(X) < —r) <exp (_W

) , Vr > 0. (5.1)
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5.2 Talagrand’s T),-transportation inequality and Tsirel’son’s
inequality

When treating the invariance principle (or functional central limit theorem) or func-
tional moderate deviations ([9]), we have to study the functionals of type

1 Tt
Frs(X) = — X)) — Eg(u, X,))d 5.2
T75( ) ﬁ 0<S<Stl<1183+5<1/ < (u ) g<u )) N ( )

where g € C}([0,T] x M). The concentration inequality of Frs could be deduced
from

Corollary 5.1. Let g € C’l([ T] X M — R™) and Y; = g(t, X;). Then'Y satisfies
the log-Sobolev inequality on L*([0,T], R™):

Ent(FA(Y)) < ”V;’(QQH /|VF|() (5.3)

for all functions F € CL(L?*([0,T],R™)), where ¥V is the gradient on L*([0,T],R™).
In particular,

(a) the law Py of Y satisfies on L*([0,T],R™) the Talagrand Ty-transportation

V.9l
inequality with constant ”K—‘ZH"O, i.€.,
H Vel dQ
W2 (Q) Y) K2 d]P;Y

for all probability measures Q on L*([0,T],R™) such that Q < Py, where

) N 1/2
Wy(Q, Py) := (inf / / AR dh)) ,
T (L2([0,7],R™))?2

is the Wasserstein L?-distance between Q and Py, here the infimum is taken
over all couplings © of (Q,Py), i.e., over all the probability measures on
(L2([0,T],R™))? such that their marginal laws are respectively Q and Py-.

(b) (Tsirel’son’s inequality) For any non-empty subset A C L*([0,T], R™),

G(Y) = sup(Y — EY, k>L2([O7T]7Rm)
keA

satisfies

K? 1
Eexp | m—=—5sup (Y —EY, k)2 oy — — K112 N
P (||VmgHgo keg [< ) L2([0,T],Rm) 2” HLQ([O,T],R )})

K2
< EG(Y) ).
—eXp(Hvngz ( ))
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(¢) In particular for Frs(X) given in (5.2), we have

0N Vagll3,

EeMTs(X) < AEFrs(X
e < exp Ts(X) + S K2

),VAGR;

T2K2

P (Frs(X) —EFps(X < %IV gl
(Frs(X) ra( >>T>—eXp< 20( Vg2,

>,Vr>0.

Proof. At first for F(h) = f((h,e1), -, (h,en)) where e; € C*([0,T],R™) and
[ € CHR™), then F(Y) = F(X) where

Py =1 ([ ettt [ gt o)

belongs to our space D of test-functions if g € C§°([0, 7] x M). Noting that
VtF(X) = (Vi F)(--- )Ut_lvxg(t,Xt)

the log-Sobolev inequality (5.3) follows from Theorem 4.5. Approximating ¢ by
gn € C°([0,T] x M), we obtain (5.3) for all such smooth cylindrical functions F'.

Next for F' € C}(L*([0, T],R™)), let (€;)ien € C([0,T],R™) be an orthonormal
basis of L?([0,T],R™) and F},(h) := F(P,h) where P, is the orthogonal projection
to the subspace spanned by (e;)o<i<n. By the continuous differentiability of F,
VF,(h) — VF(h) in L*([0,T],R™) for each h. Hence we obtain (5.3) for such F' by
the dominated convergence.

Both parts (a) and (b) are consequences of the log-Sobolev inequality (5.3), as
shown by Bobkov-Gentil-Ledoux [7] (certainly they established them only on R™,
but their arguments work for the actual Hilbert space setting).

Finally in the case of part (c), m = 1, letting

e Vagll%
A= {ﬁl[Ts’Tt]; O§3§t§8+6§1}, C:%

we get part (¢) from the Tsirel’son inequality in part (b). O
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