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Abstract

Let M be a 3-manifold with torus boundary which is a rational homology circle. We study
deformations of reducible representations of 71 (M) into SLs(C) associated to a simple root
of the Alexander polynomial. We also describe the local structure of the representation and
character varieties.

1 Introduction

Let M be a connected, compact, orientable, irreducible, 3-manifold such that OM is a torus. We
assume that the first Betti number (1(M) is one, i.e. M is a rational homology circle. A good
class of examples arises from knots in 2. For a given tame knot in S% the complement M (k) of
an open tubular neighborhood of k in S3 satisfies all conditions. Since the rank of Hi(M,Z) is
one we have a canonical surjection ¢: w1 (M) — A where A := Hy(M,Z)/tors(Hy(M,Z)) is an
infinite cyclic group. Moreover, the Alexander polynomial A,/ (t) € Q[t,t~!] is well defined (see
Section 2.1).

A representation p: I' — SLo(C) of a group I' is called irreducible if the only subspaces of
C? which are invariant under p(I') are {0} and C2?. According to a result of Thurston (see [Thu,
Chapter 5] and [CS83, Proposition 3.2.1]) it is possible to deform an irreducible representation
p: m (M) — SLa(C) non-trivially if p(Im(71(OM) — m(M))) ¢ {£E} where E denotes the unit
matrix.

There is no general theorem which allows the deformation of reducible representations
p: (M) — SL(C). In [FK91] the authors proved that every abelian representation of a classical
knot group which corresponds to a simple root of the Alexander polynomial on the complex unit
circle is a limit point of an arc of irreducible representations p;: 71 (M) — SU(2). This result
is generalized in [Her97] and [HK98] by replacing the condition of the simple root by a condition
on the signature operator. An other generalization of the result of Frohman and Klassen recently
established in [BA98b] (see also [BA98a]).

The first aim of this paper is to prove a deformation result for certain reducible, non abelian
representations (Theorem 1.1). In a second step we shall use this result to study the local structure
of the SLg(C)-representation variety (Theorem 1.2 and Corollary 1.3).

Every representation p: m(M) — SL2(C) which factors through ¢: m (M) — A is determi-
nated by the image of a generator ¢ of A = (¢t|—). For a given A € C* := C~{0} we denote by p) the
abelian representation which is given by ¢ — diag(A!, A\™!) € SLy(C). Note that the representation
px depends on the choice of a generator of A but its character x,, : 71 (M) — C, x,, (7) = trpa(7),
is well defined. There exists a reducible, non abelian representation ¢y: 71 (M) — SLg(C) such



that X, = Xp, if and only if Aps(A\?) = 0. This is a well known result of Burde and de Rham if
M is a complement of a knot in S®, (see [Bur67, dR67] and Section 4.1).

We denote by R(M) := R(M,SLy(C)) = Hom(m(M),SL2(C)) the SL2(C)-representation
variety of the fundamental group (M) of M (see Section 2.2). The set of all representations
p € R(M) which factor through ¢: 71 (M) — A is denoted by S(M). Note that S(M) C R(M)

is an irreducible algebraic component (see Section 2.2). We shall prove of the following theorem:

1.1 Theorem Let A € C* be given such that py € R(M) is not 0-central and let py: m (M) —
SL2(C) be a reducible, non abelian representation such that x,, = Xp, -

If \? is a simple root of the Alexander polynomial A (t), then the representation @) is the
limit of irreducible representations. More precisely, ) is a smooth point of the representation
variety R(M); it is contained in a unique irreducible four—-dimensional component Ry(M) of the
SLo(C)-representation variety R(M).

Here a representation p: (M) — SLy(C) is called 9-central iff the image of p restricted to
Im(7 (OM) — m1(M)) is contained in the center {£E} of SLa(C). Note that py, A € C*\{£1}, is
never 0-central if ¢(Im(m1(OM) — 71 (M))) = A or when A is not a root of unity (see Lemma 2.3).
Hence py is not O-central if Hy(M,Z) has no torsion (i.e. M is the exterior of a knot in an
integer homology sphere) or if M is the exterior of a zero homotop knot in a manifold with finite
fundamental group.

The main ingredients of the proof of Theorem 1.1 are the existence of a set of natural obstruc-
tions which control the deformations of a given representation (see Section 3) and the calculation
of the dimension of the space of cocycles Z1(M,sl5*) (Section 4.1).

The variety of characters X(I') of a finitely generated group I' is the quotient in the algebraic
category of the action of SLy(C) by conjugation on the variety of representations R(M) (see [MS84,
I1.4.]). We denote the projection by 7: R(I') — X (I'). Following Culler and Shalen (see [CS83]),
X(I") is a complex affine variety, but it is not necessarily irreducible. For a representation p € R(I"),
its projection onto X (I'), denoted by x,, is called the character of p. The character x, may be
interpreted as a map:

xp: I' = C, Xp: 7 = tr(p()).

Note that two irreducible representations p and p’ are conjugate if and only if x, = x,. Let
R""(I') € R(T") be the subset of irreducible representations and denote X""(I') := w(R""(I")).
The subsets R“7(I') C R(T') and X“"(I') C X(T") are Zariski-open (see [CS83, 1.3.2]). The subset
R™(T) of reducible representation is Zariski-closed and X"4(T") := 7(R"(T)).

We denote by Y (M) the projection of S(M) to the character variety X (M). It is clear that
Y (M) is an irreducible component of X"™¥(M). We also use the notation y) := Xp, = X, and
X,(M) = 7( R (M)

1.2 Theorem Let p) be a representation as in Theorem 1.1. The curves X (M) and Y (M) are
the unique irreducible components of X (M) that contain . In addition x) is a smooth point of
both curves and

TES (XA (M) N TR (S(M) = {0}

‘We obtain:



1.3 Corollary Let py be a representation as in Theorem 1.1. The varieties Ry(M) and S(M)
are the unique irreducible components of R(M) that contain py . In addition py is a smooth point
of both varieties and

TR (RA(M) N T (S(M)) = T, (O(py))

where O(p)) is the orbit of p) .

Note that the orbit O(py) of py is a non-singular proper component of the intersection of S(M)
and Ry(M) ie. dim(S(M) N Rx(M)) = dim O(py) = 2. It follows from the proof of Theorem 1.2
and Corollary 1.3 that the kernel of the differential mapping of m at p) is the tangent space
TF,ZA“(RA(M)) (see Remark 5.16) i.e.

Ker(dy,m: T2 (R(M)) — T2 (X(M))) = T2 (RA(M)).

A character x € X (M) is said to be real if it is real valued (i.e. if x(v) € R for every v € I').
Since X (M) is defined over Q it makes sense to consider the variety X (M)®, which is the set
of real points of X (M). Points in X (M)® are precisely the real characters, because the function
algebra is generated by evaluation functions.

An irreducible representation p: I' — SLy(C) is conjugate to a real representation (i.e. into
SLa(R) or SU(2)) if and only if its character x,: I' — C is a real-valued function (see [HK97,
Lemma 1]). It is clear that the character y, is real-valued iff A is real or on the complex unit
circle.

When |\ = 1, the next corollary is the theorem of Frohman and Klassen.

1.4 Corollary Let A € C* be given as in Theorem 1.1. If x is real, then x is a smooth point
of the curve of real characters in X)(M). (i.e. a neighborhood of xy in X\(M) N X(M)® is a
smooth arc).

In addition this smooth arc can be parametrized as {x; | t € (—¢,€)} such that xo = xx, x¢ Is
irreducible for t # 0, and

(i) if X € R, then x; is the character of a representation into SLa(R);

(ii) if |[A\| =1 then x; is the character of a representation into SU(2) for t > 0 and SU(1,1) for
t<0.

The group SU(1,1) is conjugate to SLa(R). In the statement of the corollary we write both
SLo(R) and SU(1,1) because, when A € R then py € SLy(R), and when |[A\| = 1 then p) €
SU(1,1) NSU(2).

After finishing this paper, we learned from E. P. Klassen that there is an overlap with the 1991
thesis of D. Shors [Sho91]. He obtained similar results in the case of the exterior of a knot in S3,
but unfortunately none of these results has been published.

If A2 is not a simple root of the Alexander polynomial the situation is more complicated even
if we assume that A? is no root of the second Alexander polynomial. In Section 6 we shall present
the following examples which arise from knots in S2.

Let k C S3 be the knot 839. We have that Ag(t) = (£ —t+1)? and we denote & := exp(ir/6).
The character x,, is not a smooth point of the variety of irreducible representations. More precisely,

there are at least two irreducible components of X" (M (k)) passing through x,, .



Let k C S% be the 2-bridge knot b(49,17). We have Ay (t) = (2t? — 3t +2)? and we denote by
¢ a complex number on the unit circle such that Ay(¢?) = 0. In this case every reducible but non
abelian representation ¢ such that x,, = X, is a smooth point of the representation variety but
the transversality statements of Theorem 1.2 and Corollary 1.3 are not satisfied. The statement of
Corollary 1.4 is also not valid : there is a real arc x; such that yo = x) and x: is the character of
a representation into SU(2) for all ¢ in a neighborhood of 0.

The paper is organized as follows: In Section 2 the basic notation and facts are presented. In
Section 3 we recall some results about deformation of representations. The proof of Theorem 1.1
is presented in section Section 4. Section 5 includes the proofs of Theorem 1.2 and Corollaries 1.3
and 1.4. The last section is devoted to the examples above.
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2 Notation and facts

Let T' := (S1,...,Su|R1,...,Ry) be a finitely presented group ie. I' = F, /R where F, :=
F(S1,...,S5,) is the free group of rank n and R = (R, ..., R,,) is the normal subgroup of F), gen-
erated by the relations R; = R;(S1,...,S,). We denote the canonical projection by ¢: F, —T'.

2.1 Lemma Let A = (t|—) be an infinite cyclic group and let T' = (Sy,...,Sy|R1,..., Rm) be a
finitely presented group. For every surjective homomorphism ¢: I' — A there is a presentation

(S1,...,SLIRy, ..., R, of ' such that ¢(S]) =t.
Proof. The lemma follows from the Euclidean algorithm (see example 2.2). O

2.2 Example Let I' be given by ' = (S, S2|5? = S3) and let ¢: ' — A be given by ¢(S;) = t3,
$(S2) = t2. We define S} := 5155, S) := S5(S18;)~" and we obtain T' = (S}, 55|5}55S| =
555155) -

2.3 Lemma Let A € C* \ {£1} be given. Then the representation py is O-central iff and only
if there is a integer n > 1 such that ¢(Im (w1 (OM) — m1(M))) C nZ and \? is a root of unity of
order n.

Proof. If ¢(Im(m1(OM) — m1(M))) = A or if X is not a root of unity then py is never d-central.
On the other hand if ¢(Im (7w (0M) — 71 (M))) C nZ and if A2 is a root of unity of order n
then py(v) = £E for all v € Im(m1(OM) — m(M)). O

2.1 The Alexander polynomial of M and Fox calculus

The standard reference for this section is [Mil68] all proofs and details can be found there. Let M be
as in the introduction and denote its fundamental group 71 (M) by I'. We denote by M the infinite
cyclic covering determined by the the epimorphism ¢: I' — A = Z. The vector space H 1(]\7 ,Q) is
a torsion QA-module and a generator of its order ideal is called the Alexander polynomial of M ;
denoted by Ajps (note that Aps depends only on the fundamental group I').



In order to proceed we choose a generator ¢t of A. The group algebra QA can be identified with
the ring of Laurent polynomials Q[¢,¢#~!]. Since the choice of a generator of A is not canonical
there are in fact two polynomials f(t) and f(¢t~!) which correspond to the same element of the
group algebra QA. .

We obtain a presentation matrix A(t) for Hy(M,Q) over Q[t,t~!] from a presentation of I' as
follows. Note first that the deficiency of T' := 71 (M) is one. Moreover, every presentation of T,
obtained from a cell decomposition of M, has deficiency one ([Jac80, Chapter V]), i.e. we have a
presentation

= <51, RN Sn|R1, R ,Rn_1>.

By Lemma 2.1 we assume that ¢(S;) = ¢. The matrix A(t) is obtained from the Jacobian
J(t) = (J;(t), Jji(t) = ¢v(0R;/0S;) € Q[t,t7!], by omitting one of its columns (see [BZS5,
Chapter 9.C]). It follows from the fundamental formula of the Fox calculus that R; — 1 =
S (OR;/0S5;)(S; — 1) and hence
> i) = ) ov(0R;/0S) =0, in Q[ 7). (1)
i=1 i=1

i.e. the columns of J(¢) are linear dependent (see [BZ85, 9.12]).

The Alexander polynomial Ay, (t) € Q[t,t7!] is the determinant of the (n—1) x (n — 1) matrix
A(t),

Ap(t) = det A(t).

By the Blanchfield duality theorem (see [Bla57]) the Alexander polynomial is unique up to multi-
plication with elements of the form {at"|a € Q, n € Z}. Note that Ay (1) # 0.

In the sequel we use the following notations: the partial derivations 0/9S;: QF, — QF,, are
denoted by 9;. For a given non zero complex number A\ € C* and an element f(t) € Q[t,t™!] we
denote by f(A) € C the valuation of f(t) at t = A. For every n € QF, we denote by 7j(t) its

image in Q[t,t71] i.e. N(t) := d(n).

2.4 Example J(A?) denotes the (n — 1) X n matrix over C with entries J;;(A\?) = 9;R;(A\?). In
QF, we have 0;(mmn2) = (m)m2(1) + moy(n2).

In the sequel we shall use the following lemma which connects the Fox derivations with the usual

derivative. We denote by 4: C[t,t~!] — C[t,¢t~!] the usual differential operator i.e. % =nt"~1.

The Fox derivations of higher order are denoted by Jy; := 85(2 a5, -

2.5 Lemma Let F, := F,(S1,...,S,) be a free group of rank n and consider the epimorphism
¢: F, — (t|—) = Z given by ¢(S;) =t. For every element R € Ker ¢ we have:

d t@lR —|— Z@lkR =0

Proof. Note that the subgroup Ker ¢ is normally generated by {es,...,e,} where e; := 515, L
The set S := {ye;y~! | v € F,,} generates therefore Ker ¢ as a subgroup.
For given [, 1 <1 <n we define D;,G;: Ker¢ — C[t,t!] as follows:
d

Di(R) = —t(QR(t) and  Gy(R):= ) duR(t) + AR().



We show that D;, G;: Ker ¢ — (C[t,t7!],+) are homomorphisms which coincide on S. This proves
the lemma.

Let V,W € Ker ¢. We use the formula 9;(VW) = 9,V + VoW and we obtain:

DI(VW) = —t%(az(VW)(t))

- 1 Lavivaww)

dt (2)
= —t%(W(t)) + —t%(W(t)) because V(t) =1 & V € Ker ¢
= Dy(V) + Di(W)
and
GI(VIW) = aw(VW)(t) + (VW) ()

k=1

= i 81(8kv + VakW) (t) + oV + ValW(t) (3)
k=1

— zn:W(t) + oV (t) + iW(t)W(l) + zn: VoW (t) + VoW (t)
k=1 k=1 k=1

=G(V)+G(W)

The last equation follows now because V(t) =1 and Y p_, W (1) = 0 if V € Ker¢. Note that
OkW (1) is the exponent sum of Sy in W.
We have ¢; := dje;(t) € {—1,0,1}. A short calculation (details are left to the reader) gives:

Di(veiy ") = Gilveiy™!) = —t"nye;  if g(y) = ™.

We have therefore D;(R) = Gj(R) for all R € Ker ¢. O

2.2 Representation spaces

Let G be a Lie group and g its Lie algebra. In general we call a representation p: I' — G abelian
(resp. central) iff its image is contained in an abelian subgroup (resp. in the center) of G. Note
that G = SU(2) the notations reducible and abelian coincide. The space of all representations of
a finitely presented group I' = (Si,...,S,|R1,...,Rn) to G, denoted by R(I',G) and equipped
with the compact open topology, can be identified with the following space:

R(I',G) :=={(91,..-,9n) € G" | Rj(g1,....9n) =E, j=1,...,m}

where FE is the unity in G. Hence we have a smooth map R: G" — G™ and R(I',G) can be
identified with R™'(E, ..., E). The element (g1,...,g,) is identified with the representation p if
and only if p(S;) = gi.

Let p: ' — G be a representation. The Lie algebra g can be viewed as a I'-module, denoted
by g7, via Adop, ie. yo X = Ad,(X) for all vy € I' and X € g. We denote by C" :=
C™"(T,g) := {u: T™ — g} the space of n—cochains and the coboundary operator is denoted by



§: C" — C™"1 . Let B*(T,g”) (resp. Z*(I',g”), resp. H*(T,g”)) be the coboundaries (resp.
cocycles, resp. cohomology group) of I with coefficients in g*.

Let f: T — T be a homomorphism. We obtain a representation f*p:=po f, f*p: I' — G,
and the Lie algebra g can be viewed as a I"—module. The cochain map f*: C™(T',g) — C™(I",g)
induces a homomorphism f*: H"(T,g?) — H"(I’,g/"?).

The cohomology class of a cocycle u is denoted by [u]. By composing the cup product with
the Lie bracket we obtain the cup-bracket CP ® C1? —, orta given by

(W) (Y15 s Yprg) = (V155 Yp)s (V17 W) © V (Vs -+ 5 Vptg)]

(see [Bro82] for the details).

It was observed by Weil (see [Wei64, LM85]) that the space of cocycles Z(T, g?) can be identi-
fied with the kernel of the derivative DgR where g = (g1, ..., gn) corresponds to the representation
p i.e. p(S;) = g;. This observation is based on the fact that every element W € F,, gives an evalu-
ation ey : G™ — G and that we have the following commutative diagram

-1 —1
Ty(Gry i), g

Dg(ew)l J{‘I)
W(g)™*
Tew(g)(G)

where ®(X1,...,X,) = > 1" ;W o X; (the action of F,, on g is given by S; o X = Adg,(X)).
Hence we have:

9

ZNT,¢°) = {(X1,...,Xn) €7 | Y _OiRjoX; =0, forj=1,...,m}. (4)
=1

The space R(I',G) inherits an algebraic structure if G is an algebraic group. We are mainly
interested in the case G = SLg := SLy(C) and we shall write R(I") := R(I",SL2). We choose the
basis {e1,ez2,es} for the Lie algebra sly of SLo where

N ) O

It is easy to see that the map R: SL% — SLJ" is polynomial in the ambient coordinates (SLy C C%).
Theset R™Y(E,..., E) C C* is therefore an affine algebraic set and the induced algebraic structure
on R(I") does not depend from the presentation. The space R(I") carries two topologies, the Zariski
and the complex or classical topology (see [Sha77, Ch. II, § 2.3]). If we refer to the Zariski topology
we shall use in the sequel the addition Zariski, e.g. Zariski—open.

It follows that the Zariski tangent space of R(I") at p, denoted by szar (R(T")), can be identified
with a subspace of the cocycles Z}(T',sl)) (see [Wei64, LM85, Por97]). For every p € R(G) we
have dim, R(I") < szar(R(F)) where dim, R(I") denotes the local dimension of R(G) at p (see
[Sha77, Ch. II, § 1.4]). Here and in the sequel we shall call a representation p € R(I") regular if
dim, R(T') = dim Z!(T', s15). This notation is justified by the following lemma:

2.6 Lemma Let p € R(I") be given. If p is regular then p is a smooth point of the representation
variety R(T') and p is contained in a unique component of dimension dim Z(T, s5).



Proof. For every p € R(I') we have dim, R(I') < szar(R(F)) < dimKer DgR = dim Z(T, s[5").
The representation p is therefore a simple point of R(I") (see [Sha77, Ch. II, § 1.4]). The conclusion

follows from Theorem 6 of [Sha77, Ch. II, § 2.2]. O

Let now I' = 7(M) be the fundamental group of a three dimensional manifold as in the
introduction. We choose a generator ¢ of A and a presentation I' = (Si,...,S,|R1,..., Rp_1)
such that ¢(S;) = t. For a given A € C* let py: I' — SLg be given by py: S; — (6\/\91).

It follows from Proposition 3.4 of [LM85] that the trivial representation p; is a smooth point of
R(M) := R(m(M)) and that the unique irreducible component S(M) C R(M) which contains p;
is the union of all representations which factor through ¢: I' — A. This is the special case of the
of the following result which will be need in the sequel:

2.7 Theorem (Klassen [Kla91]) Let A € C* be given. If Ay/(\?) # 0 then there is a neighbor-
hood of py in R(T") consisting entirely of points of the component S(M). Moreover, py € R(T") is
a smooth point and S(M) is the unique component through p .

Proof. 1t is clear that py € S(M) and that dim S(M) = 3. By Lemma 2.6 we have to show that
dim Z1(T, s15*) = 3.
The action of T' on sly is given by Ad, (s, = diag(A?,1,A72) with respect to the basis {e;}.
Hence we have
ZNT,s15*) = ZYT,Cy2) @ Z1(T,C) © Z' (T, Cy-»)

where C,, a € C*, denotes the I'-module C (the action is given by S; o z = az). We have the
identification
Z1 (T, Cy2) = Ker J(\?)

where we think of the valuation of the Jacobian J(A?): C" — C"~! as a linear mapping.

It follows from the Blanchfield duality theorem that rk J(A?) = rk J(A2). Since the Alexander
polynomial is a principal minor of J(A*2) and since Aj;(A*?) # 0 we obtain rk J(A*?) = n — 1.
From which the lemma follows. Note that C = C; is the trivial I'-module and that rk J(1) =n—1
since Apr(1) # 0. O

3 Review on the deformations of representations

In order to construct deformations of a given representation we use the classical approach, i.e.
we first solve the corresponding formal problem and apply then a deep theorem of Artin (see
Proposition 3.6). The formal deformations of a representation p: I' — SLg := SLy(C) are in
general determined by infinite series of obstructions (see [BA98b, Gol84]). This obstructions where
first studied by Kodaira and Spencer in a different context. The point of view presented here is
motivated by Douady (see [Dou61]).

Let T' be a finitely presented group and let p: I' — SLo be a representation. A for-
mal deformation of p is a representation p: I' — SLo(CJ[t]]) such that pg o pos = p where
po: SLa(C[[t]]) — SLg is the evaluation homomorphism at ¢ = 0. Here we denote by C[[t]] the
ring of formal power series.

Every formal deformation po, of p can be written in the form

poo(7) = exp(d_ t'ui(7))p(7)
=1

8



where u;: I' — sly are elements of C1(I',sl5) and an easy calculation gives that u; € Z1(T,sl5)
is a cocycle (see also Lemma 3.3). We call a cocycle uy € Z1(T,sl5) integrable if there is a formal
deformation of p with leading term w; .

For every k € Z, k > 0, we define the ring A;, := C[[t]]/(t*™!) and A, := C[[t]]. We are
interested in the following Lie group Gy := SLg2(Ax) and in its Lie algebra gi := sla(Ag) (see
[Ser92]). Note that Go = SLa, go = sl2 and g, = {Zfzo t'X; | X; € sly}. For every k > [ we have
a projection 7y ;: Gy — Gj. The projection 741y is denoted by 7, and 7 is denoted by py,.

Let p€ R(T') and u;: ' — sly, i =1,...,k, be given. We define a map py := ﬁlip;ul """ u . o,
Goo by

() = exp(tur (v) + - - - + tPug (7)) p(y). (6)
For all i > 0 we obtain a map p;: I' — G; given by p; := pz(.p;ul""’uk) = P; O P

In the sequel we shall denote by ¢ the coboundary operator of C*(I',sl5). We shall prove the
following proposition:

3.1 Proposition Let p € R(I') and u; € CYT,sl5), 1 < i < k be given. If p,(vp;ul"“’uk) is a

homomorphism then there is an obstruction class (11 := C,Sflu’“) € H?(T,sl5) with the following
properties:

(i) There is a cochain ugy1: I' — sly such that p,(ﬁlil’""uk“) is a homomorphism if and only if

gk_t,_l — 0
(ii) The obstruction (i1 is natural i.e. if f: " — T' is a homomorphism then

f*p](g ULy UL = p](gp;m,-u,uk) o f — pl(gf*P;f*Ulz--wf*uk)

ul,.‘.,uk)) — C(f*uly’f*uk)

is also a homomorphism and f*((,g+1 ) .

As a consequence we obtain:

3.2 Corollary Let p € R(G) be given. An infinite sequence u; € C1(T,sl5), i € N, defines a
representation ps.: I' — SLo(C|[[t]]),

poo(7) = exp(d_ t'u;())p(7),
=1

if and only if u1 € Z*(T,sl) is a cocycle and C,gill’""“’“) =0 forall k>1.

Proof. If ps is a homomorphism then py := pp 0 pso is @ homomorphism for all k. Since pg =

plgp;ul,...,uk) and pyy1 = p](ffih...,uml)we have C}gvjrll,,uk) = 0 by Proposition 3.1.
If uy is a cocycle and if (,Sj:lu’“) =0 for all £ > 1 then by Proposition 3.1 py := p/l(fm1 """ uk)
is a homomorphism for all £ > 1 and hence py is a homomorphism. O
For given u;: ' — sly, i =1,...,k, we define Uj_; := U,gqfluk) I' = g as follows:
Up1(y) = wi(y) + 2tua(y) + - .- + k" ug(v) (7)
For all ¢ > 0 we obtain a map U;: ' — g; given by U; := Uz.(ul"“’”’“) ‘=1p; 0 Up_1.

We fix from now on a representation p € R(G).



3.3 Lemma Let u;: I' = sly, i = 1,...,k + 1 be given and define pg11 (resp. Uk) as in equa-
tion (6) (resp. equation (7)). Assume that py := py © pr1: I' — Gy is a homomorphism. Then
Pkl = Pka1 0 Pgr1: I — Giyq is a homomorphism if and only if Uy, := py o Uy € ZI(F,gZ’“) is a
cocycle.

Proof. The map pgy1 is a homomorphism if and only if
i1 (1) Prr1(72) = Pry1(7172) mod 52,

If we apply the usual differential operator % to this equation we obtain:

Ui (1) P (71) 1 (72) + A1 (1) Uk (2) Pt (72) = Un(1172) pr+1(1172) mod ¢FFL.

Since pg is a homomorphism this is equivalent to the following equation in gy:

Uk(m) + pe(1)Uk(72)pe(71) ™! = Uk(1172)

hence Uy € Z!(T', g*) is a cocycle.
If U, € Z\(T, g7*) is a cocycle then we use the same calculation and we obtain

Pr+1(71)PE+1(72) — Prr1(7172) = C mod tF12

where C' € Ma(C) is a matrix. We obtain C' = 0 by evaluating the equation at ¢ = 0. O
Let p := p(p’ul’ i )' I' = G, be a homomorphism. In order to find a cochain ug4q: I' — sly
such that pgyq = p,(fjjl’ Suk) g g homomorphism we consider the following exact sequence of
I'-modules
Th—1
0—>5[p—>gzk ggk11—>0

where ap(X) = t*X and pp_; = mp_1 0p. This sequence gives rise to the following exact sequence
in cohomology (see Proposition 6.1 of [Bro82, Ch. III]):

O e ) ®)
(pvul) S )

3.4 Definition Let u;, i =1,...,k, be given. If p; := p; : I' - G is a homomorphism
then by Lemma 3.3 U,Eul’ Suk) e Zl(F g, ") where py_1 = m_1 0 pp. We define

Ck‘—i—l Ckill’ SUE) /Bk 1([(]]&“17 U )]) c HZ(F,ﬁ[S).
Note that we have the following explicit construction for (;y1. Denote by d; the coboundary
operator of C*(T', gt*) and let Up_1 := U(ul’ HUE) b given as in equation (7). Then we get

(o)« (Cor1) = [0 (pr © Up—1)]-

3.5 Example Let p: I' — SLa be a representation and let u; € Z(T,sl5) be given. We have a
homomorphism p;: I' — G given by

p1(7) = (B + tur(7))p(7)-
We consider u; as a map u;: ' — g! and an easy calculation gives &1(u1) = t(u; Uui). We
have therefore (5 = C(ul) = [wy Uw]. If 0 = (o € H*(T,sl5) we can choose us € C1(T,sl5) such

that 26(uz) + vy Uuy = 0. The map U(ul’m) € Z(T,gi") is a cocycle and p( w2, o, Gy oa
homomorphism.

10



(D5u1 5. uk)

Proof of Proposition 3.1. Let py := pj! : I' - G be a homomorphism. By Lemma 3.3 we
have U,Sill’""u’“) S ZI(F,gZ’“_’ll) where pp_1 = Tp_1 0 pg.
Form the exactness of the sequence (8) it follows that ﬁk_l([U,ngl’"""’“)]) = 0 if and only if

[U,giillu’“)] € Im(mj_1)«. This is equivalent to the existence of a cocycle U, € Z'(T", g°*) such that

U,gqill’"”u") = 7_1 0 Uy . It follows that U = U,gul”"’“k“) for a map ugyq: I' — sly and p,(;j:i“"u’““)
is a homomorphism by Lemma 3.3.

The naturality assertion follows from the definition of the connection homomorphism (see Propo-
sition 6.1 of [Bro82, Ch. II]). O

We denote by C{t} C CJ[t]] the ring of convergent power series. Starting from a formal defor-
mation of p we obtain a convergent deformation as follows:

3.6 Proposition Let p: I' — SLy(C[[t]]) be a formal deformation of p € R(I'). Then for
every N € N there exists a convergent deformation po,: I' — SLo(C{t}) such that ps(y) =
poo(y) mod tV for all y €T.

Proof. Let T' = (Sy,...,S, | R1,...,Ry) be a finite presentation. We have R(I') C SL§ and we
fix (A1,...,A,) € SLY such that p(S;) = A4;. It is easy to see that we can identify the space R(T")
with the following subset of C*":

{Y1,...,Y,) e My(C) | (E+Y;) € SLo, Rj((E+Y1)Aq,...,(E+Y,)A,) = E}.
Hence there is a system of polynomial equations F(y) = 0 such that
R(L) 2 V(F):={y e C™" | F(y) = 0}. 9)

Note that the solution F(0) = 0 corresponds to the representation p. A formal deformation of p
corresponds to a formal solution y(t) € C[[t]], y(0) = 0, of the system F(y(t)) = 0. By a theorem
of Artin (see [Art68]) there is for a given N € N a convergent solution y(t) € C{t} such that
y(t) = y(t) mod tV. O

The following lemma will be used in the sequel:

3.7 Lemma Let p € R(I') be regular and let u; € C1(I',s15) be given such that plosutuk) - Ty
Gy is a homomorphism. Then there exists for every v € Z'(T',sl5) a cochain uyy1 € C1(T,sl5)
such that p(ul"“’“k’“k+1+”): I' = Giy1 is a homomorphism.

Proof. Recall that p € R(T') is regular if and only if dim, R(I') = dim Z}(I',sl5). We have
the identification R(I') = V := V(F) C CM™ where the solution F(0) = 0 corresponds to the
representation p (see equation (9)). The representation p(“1»+%): I' — G} corresponds to a
polynomial vector yx(t) € (C[t])™ of degree k such that F(yx(t)) = 0 mod t**1. The element
v € ZYT,slh) gives us a vector v € To(V). It follows from Lemma 2.6 that 0 € V is a smooth
point.

It is now easy to see (using the formal implicit function theorem, see [Mum95]) that we can
extend yy(t) i.e. there is a w € CM such that yj,1(t) := yx(t) + t*(v + w) satisfies

F(yrs+1(t)) = 0 mod tF+2,
This gives us the existence of the representation p(P3tttktkt1+v). ' G411 claimed in the

lemma. O
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4 The deformation of reducible metabelian representations

Let T' = 71 (M) be the fundamental group of a three dimensional manifold as in the introduction.
We choose a generator ¢ of A and a presentation I' = (S1,...,5,|R1,..., Ry—1) such that ¢(S;) =
t.

Let ¢y: I' = SLa be a reducible, non abelian representation such that x,, = x,,. Note that
)y is metabelian. The proof of Theorem 1.1 relies on the calculation of the dimension of the
space of cocycles Z1(M ,5[8*) which will be presented in Section 4.1. It is there where we use the
condition that A? is the simple root of the Alexander polynomial. If the dimension of H!(M,sl$*)
is one we are able to use the the inclusion R(M) — R(OM) in order to prove that every element
of Z*(M,sl5*) is integrable. Theorem 1.1 follows then from Lemma 2.6.

Let p: m (M) — SLg be a representation such that p(Im(71(0M) — m1(M))) C SLa contains a
non parabolic element. First note that the inclusion OM — M induces an injection ¢: 71 (OM) —
m1(M). If ¢ is not an injection then M is homeomorphic to a solid torus and every representation
p: m (M) — SLa would be abelian. We denote by I'g := ¢(m1(0M)) C I" the image of ¢.

4.1 Lemma Let p: ' — SLs be a non abelian representation such that p(Iy) contains a non
parabolic element. If dim Z*(T,sl5) = 4 then we have an injection *: H(T,sl5) — H(Ty,sl5)
and an isomorphism (*: H?(T,sl5) — H?(Ty,sl5).

Proof. Since p is non abelian we have dim BY(T,sl) = 3 from which dim H(T,sl5) = 1 follows
(see [Por97, Prop. 3.12]). We consider the exact sequence in cohomology for the pair (M,0M):

HY (M, 0M;s18) 5 HY(M; s18) 2 HY(OM; s18) 2 H2(M, OM; 518) o)

BB (M;s) B H2(OM: s1) — 0.

It follows from Poincaré duality that rk(i3) = 3 dim H'(0M;sl5). Since p(I'y) contains a non

parabolic element we have dim H'(dM;slh) = 2 (see [Por97, Prop. 3.18]). This together with

dim HY(T',sl5) = 1 gives that i} is an injection (see [Hod86, HK97)).
It follows again from Poincaré duality that A is a surjection and hence ¢ is an isomorphism.

The manifold M and the boundary torus M are Eilenberg—Mac Lane spaces and hence the lemma
follows. |

Let now ¢y € R(M) be a reducible non abelian representation such that x,, = x,,. We can

assume, up to conjugation, that y,(7y) is an upper triangular matrix for all v € I'. There are
i a;

Ai € C*and a; € C, i =1,...,n, such that ¢5(S;) = () y-1). From xy, () = A+ A~! it follows

by an easy calculation that \; € {\, A1} Since X, (9iS;) = X,, (SiS;) we obtain that all \; are
equal. By exchanging A and A\~!' we can assume that

(S) . A A_lai . A1 0 ) A2 a;
SDA t) — 0 )\71 - 0 )\,1 O 1 .
The a; are not all equal (¢, is non abelian), i.e. the vectors a and e are linear independent where

al 1
a:=|: and e:=

an 1
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For a given A € C* and for given a € C", we denote by p%: F,, — SLa the representation given
A1 i
0 At )

4.2 Lemma Let W =W (S1,...,S,) € F,, be given. Then we have

by p3: Sim (

ey — (W) WO T, G0
som = (" =i QIO

Proof. For given V,W € F,, we have: 0;(VW) = 9;V+V ;W in CF,. It follows from this equation

that L . )
5w e (T WO L, 0 (¥)a,)
0 W)
defines a homomorphism. The lemma, follows since p(.5;) = p3(S;). O

The homomorphism p3: F,, — SLy factors through I' if and only if Y7 ; 9;R;(A\*)a; = 0 for all
j=1,...,n— 1. This system of equations can be written in the form J(A\?)a = 0 where J(t) is
the Jacobian of the presentation of I" (see Section 2.1).

4.3 Corollary (Burde [Bur67], de Rham [dR67]) There is a reducible, non abelian represen-
tation px: I' — SLg such that x,, = Xy, if and only if Ap(A?) =0.

Proof. Let ¢y € R(I") be a reducible, non abelian representation we have (up to conjugation and
the exchange of A and A\™!) that o) = p3 for a vector a € C" which is not a multiple of e. It
follows that J(A?)a = J(A?)e = 0 and hence rk J(\?) < n — 2 which implies Ap;(A2) = 0.

If Apr(A%) =0 then we have a vector a € C" such that J(A\?)a =0 and a is not a multiple of
e. The representation p%: F,, — SLg factors through I". O

In order to prove Theorem 1.1 we will show that dim Z}(T',s[5*) = 4 if A? is a simple root of
Ap(t) and that every cocycle is integrable.

Let us assume for the moment the following proposition which will be proved in the next
subsection.

4.4 Proposition Let A\ € C* be given such that \* is a simple root of the Alexander polyno-
mial Ap(t). For every reducible, non abelian representation ¢y such that x,, = x,, we have
dim Z1(T, s1$*) = 4.

Proof of Theorem 1.1. We shall prove first that every element of Z(T',s[$*) is integrable.
(psut,e..,uk)

We fix the notation p := ). Let wuy,...,ux: I' — sly be given such that p; is a
homomorphism. We shall show first that C,inl""’u’“) = 0. The representation
L*P;(fp;ul’m’uk) _ pg*mb*m,---,t*w)

can be extended to a representation t*pi11: I'g — Gg11 by Lemma 3.7. Note that *p(I'y) contains
a non parabolic element because p) is not 0-central. Hence (*p is a non singular point of the
representation variety R(I'g) (see [Por97, 3.3.2]). It follows from Lemma 3.7 and Proposition 3.1

that Céﬁ“""’ﬁuk) = 0. The injectivity of /* and the naturality of the obstruction give C,iill’""u’“) =0.
We obtain a cochain ug41: I' — g such that pgﬁl’""uk“) is a homomorphism by Proposition 3.1.
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This process gives us an infinite sequence (ug)g>1, ux: I' — g, such that C,Sflu’“) = 0 for
all k£ > 1. This shows that we can solve all obstructions and hence by Corollary 3.2 every cocycle
u; € Z(T,slh) is integrable. Hence we have dim, R(G) = dim Z!(I',sl5) by Proposition 3.6 i.e.
p = ) is a regular representation. The theorem follows now from Lemma 2.6. O

4.1 Proof of Proposition 4.4

We assume from now on that A? is a simple root of Ajs(t). As before we choose a vector a € C"
with J(A?)a = 0 which is not a multiple of e

The following result of Frohman and Klassen will be needed in the sequel:

4.5 Lemma (Frohman and Klassen [FK91]) Let A € C* and a be given as above. Then the
linear inhomogeneous system of equations

JAHx = J'(\?)a
has no solution.
Proof. Assume that x is a solution of the system J(A\?)x = J’(A\?)a. Then
JA)(x — x1€) = J'(\*)(a — aje)

and a — aje # 0. Note that J(t)e = 0 by equation (1) and hence J'(t)e = 0.

Let A(t) be the matrix obtained from the Jacobian J(¢) by omitting the first column and let
X (resp. a) be obtained from x (resp. a) by omitting the first entry. Hence we have solution of
the system A(A?)x = A’(\?)a where a # 0 satisfies A(A\?)a = 0. Such a solution can not exist by
case 2 of Lemma 8.1 of [FK91]. O

We already saw that every reducible, non abelian representation ¢y € R(I') such that x,, = X,
is conjugate to a representation p%.,. Proposition 4.4 follows from the following:

4.6 Lemma Let a € C" be given such that p§: I' — SLo is non abelian. Then we have:

dim Z!(T, sl5%) = 4.

We have p3(S;) = (3‘)‘;?2) =: A;. The free group F, = F,(S1,...,5,) acts on sly via
Adop} ie. SjoX = AiXA;l for all X € sly. By choosing the basis (5) of sly the linear map
Ady, € Aut(sly) is given by

A —2a; —A"Z%a?
0 1 )\_QCLZ'
0 0 A2

14



This defines clearly a homomorphism v¢: F,, — Aut(sly) = SL3(C) which extends the group algebra
: CF,, — End(sly) = SL3(C). An easy calculation (see [Bir76, 3.2] and Lemma 4.2) gives

nA%) =230 0m(M)a; =
vm=| 0 (1) *
0 0 (A2

and hence

OR. OiRj(A ) =237 OuR; (A )al Cij
= o 8.7,(1) &
! 0 0 8¢Rj()\_2)

o

where O R; := GQR]- /05,0S; denotes the second derivation and the ¢;j, d;; are complex numbers.

By writing X; = (gl’ ) the equation (4) is equivalent to the following system of 3n—3 equations.

ZaR )\2 —22811 aly,'—kzn:cjizizo

i,l=1 i=1
S OR; (D yi+ Y djizi=0 (11)
=1 =1

n
Z &R](AQ) 2 = 0
i=1
where j=1,...,n—1.
Note that 9;R;(\?) = Jj;(A\?) are the entries of the Jacobian matrix. Hence the system (11)
can be written as

J(\?) K C X 0
0 J1) D y|=1o (12)
0 0 J(\7?) z 0
where K = (Kj;) is given by Kj; == —2> 1L, 0;R;j(A*)a; and C,D are (n — 1) x n complex

matrices.
The rank of the coefficient-matrix A := A()\?,a) in (12) satisfies:

3n—5<rkA<3n-—4.

The upper bound follows from Poincaré duality (see Lemma 4.1) and the lower bound from
tkJ(A*2) =n—2 and tk J(1) =n — 1.
Note that a solution (;'Z() of (12) gives a cocycle v: I' — sly, v(S;) = (¥ %,.). The space of

i —Yi
coboundaries is three dimensional and is spanned by the following three elements v;: I' — sls:

ws)= (g o) ws=(g &) wen=(, % ). (13)

Proof of Lemma 4.6. In order to prove the lemma we will show that rk A = 2n — 2 where

A= AV, a) = <J(32) Jﬁ)> .
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Since the coboundaries v; and vy from (13) are given by solutions of the system fl(§) = (8) we

have rkflg 2n — 2.
If rk A < 2n — 2 then there must be a solution x € C™ of the inhomogeneous system

J(\)x = —Ke

since the non trivial solutions of J(1)y = 0 are spanned by the vector e.
By a Lemma 4.5 we know that the system

JAHx = J'(\?)a
has no solution. In order to connect these two equations we need to look at Ke:

i1 OB (AN ay
—Ke =2 :
> =1 O BRn—1(A\?)ai

By applying Lemma 2.5 to the relations R; we obtain:

n

n L 7 n d
SO OB (W) + R (X)) ar = A %(akRj(t))t:Azak.
k=1 [=1 k=1

Note that J(A?)a = 0 which is equivalent to > ;_; O R;(A\*)ar =0 for all j =1,...,n—1. Using
all this we obtain:

> k=1 O R (N)ay, N0 & (OeRi()), o

> ki1 Okt Rn—1(\?)ay, A3 F (ORai (1)), 2tk

= —2X2J'(\})a.

We can hence apply the result of Frohman and Klassen and we obtain rk A = 2n — 2 from which
dim ZX(T, s15*) = 4 follows. O

5 The structure of the representation space

This section is divided into five subsections. In the first one we study the set of representations
with character x,. In the second one we prove Theorem 1.2 about the local geometry of X (M) at
the character x,. Then we prove Corollary 1.3 about the local geometry of R(M) at the abelian
representation py. In the fourth subsection we prove Corollary 1.4 and in the last subsection we
prove some technical lemmas.

5.1 The set of representations with character y,

We want to study the set of representations that have character ), i.e. the set 771(x»), where
m: R(M) — X(M) denotes the natural projection. Besides the abelian representation py, in
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Section 4 we showed two metabelian representations belonging to 7~!(,), that we describe next.
Choose vectors a,b € C" with J(A?)a = J(A™2)b = 0, which are not multiples of e, where

1 aq b1
e=\|:], a:= : and b :=

We use p} and p'):\’_1 to denote the representations defined as:

A A_lai Pt Ab;
aso=(p Ar) ma gas=(Y ).

If O denotes the orbit by conjugation then have the inclusion

O(pa) UO(p3) U O(p5-1) € 7 (xa).

5.1 Proposition We have the equality 7! (x») = O(px) UO(p3)UO(p%_,). In addition, O(p}) =

O(px) UO(p%) and O(p>_,) = O(px) UO(pY_.) are both irreducible non-singular varieties.

Proof. The equality 7~ (x\) = O(pr) UO(p3) U O(p';’,l) follows from the fact that every represen-
tation in m~!(x,) is abelian or metabelian by Proposition 1.5.5. in [CS83] and from Corollary 4.3.
To show that O(py) U O(p}) is a nonsingular variety we construct the explicit equations. The
ambient space is C*" and we choose the embedding R(M) C C** induced by the following gener-
ating system of w1 (M):
{81,887, 8387, ..., S8t

In other words,the coordinates of a representation p € R(M) are the entries of p(S1), p(S2S7),
p(SgSl_l), s, p(SnSfl). We assume that a; = 0, after replacing a by a — aje, so that

a A 0 a — 1 a;
p)\(Sl) = <0 )\—1) and p)\(S’le 1) = <0 1) :

We consider the affine subspace E C C** of elements of the following form:

(S = (3 )\01>+(/\—>\‘1) <"’“"1 _“52> and

r3 —I1

_ 1 0 — .
NG (0 1> +a; (_g; Z?) ,  with @y, 29,23, y1,%2,y3 € C.

The affine space E has dimension 6 and we work with the coordinates (x1,x2,x3,y1,Yy2,Yy3) €
C®. We remark that py € E has coordinates (0,0,0,0,0,0) and that py € E has coordinates
(0,0,0,0,1,0). The choice of the affine space E is explained by the following fact: if p is a
representation conjugate to p3, then p € E. In addition, if + (‘CI 3) € PSLy()2(C) is the conjugation
matrix, then p has coordinates

(1,22, 23, Y1,Y2,Yy3) = (be, ab, ed, ac, a2,02). (14)
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By looking at the identities satisfied by coordinates of the form (14), we consider the variety W C E
defined by

T1Y1 = T2Y3 T3Y2 — Y11 = Y1
T1Y2 = Tay1 Y1T3 — Y3T1 = Y3 (15)
y% = Y2Y3 T2T3 — CU% =1

We claim that W = O(px) U O(p}). The inclusion O(p}) C W is clear by construction, because a
point in O(p}) has coordinates of the form (14) and therefore satisfies equations (15). The inclusion

O(pr) CSW N {y1 =y2 = y3 =0},

also follows easily. We next show the other inclusion W C O(py) U O(p}). If a point p € W
satisfies y3(p) # O then, by setting ¢ = \/y3, b = z1/c, d = x3/c and a = y1/c, we deduce that p
is conjugate to p% with conjugation matrix + (¢%). In a similar way, if p € W satisfies y2(p) # 0
then also p € O(p}). In the last case, if p € W satisfies y2(p) = y3(p) = 0 then y1(p) = 0, which
implies that p(S;) = p(S1). In addition, equation z2(p)xs3(p) — z1(p)? = x1(p) implies that p(S7)
belongs to SL2(C) and that tr p(S1) = tr px(S1). Therefore p € O(p,).

To prove that W is non-singular, we first remark that dimO(py) = 2 and dimO(p3) = 3
which implies that dimW = 3. In order to prove that every point in O(p}) (resp. O(py)) is
smooth, it suffices to check it for a single point p} (resp. py) by homogeneity. This can be done
by using the explicit equations (15), (since the coordinates of py and p3 are particularly simple,
this computation is straightforward). O
5.2 Lemma The germ of O(p}) and the germ of O(p'f\’,l) are contained in the same irreducible
component of the germ of R(M) at py.

Proof. We fix ¢ > 0 and we choose U. C R(M) a neighborhood of py as follows:
U. = {p € ROM) | |p(S)oa(S;) —1d || <&, for i =1,...,m},

where || || denotes the Euclidean norm in May2(C) = C*. We also choose a and b such that
lall <&/2 and ||b]| < &/2. In particular p§ € U,/s.

By Theorem 1.1, p% is a smooth point of R(M), with local dimension 4. In addition, by using
the description of the tangent space, we can find a path [0,0] — R(M), with § > 0, that maps
t € [0,9] to a representation pj that satisfies:

Van [ AFO01) Xla;+0()
pulSi) = <)\bit+ Ot?) A 1+0(t) > ‘

We take § > 0 sufficiently small so that p; € U, Vt € [0,0]. In particular pj§ and p3 belong to the
same component of Us.
Next we construct a path of representations conjugated to pj. For t € [0, 1] we define pj to be

the representation conjugated to p§ by =+ <\§ ?) . Thus:

NG

vior_ [ AHO0)  t( 4+ 0)
pt( 2) - /\bz% 4 %62) A+ O<5) .
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Since |ja|| < €/2 and ||b]| < £/2, we may choose § sufficiently small so that this path belongs to
U.. As the action by conjugation is algebraic and invertible, it follows that pj§ stays in the same
component of U than p}. Moreover pf satisfies:

, ALO0G)  00)
P5(9i) = <)\bi +0©) Al 0(5)> '

We consider a sequence d(n) — 0 converging to zero, and we have that pg(n) — pgy, where pf is

defined by
A 0

Thus pj is conjugate to pi’_l by +(9¢). Since (’)(pg\’,l) and O(p}) are both smooth, the lemma
follows easily. O

5.2 The local geometry of X (M) at the abelian character y,

In this subsection we prove Theorem 1.2, that asserts that X,(M) and Y (M) are the unique
irreducible components of the variety of characters containing ), that both are curves smooth at
x and that the intersection of tangent spaces is zero.

Proof of Theorem 1.2. The proof is organized as follows. First we prove that the analytic germ
of R(M) at the abelian representation py has only two irreducible components (Proposition 5.3).
Using this proposition and Lemma 5.4, we show that the analytic germ of X (M) at the character
X has also two irreducible components (Corollary 5.5). Next we show that y, is a smooth point of
Y (M) and of X,(M) (Propositions 5.6 and 5.9). Finally, in Proposition 5.11 we show the property
about the intersection of Zariski tangent spaces.

5.3 Proposition The analytic germ of R(M) at py has only two irreducible components, which
are precisely the germ of Ry(M) and the germ of S(M). In addition, py is a smooth point of
S(M).

Proof. Let U C R(M) be a neighborhood of p). The analytic variety U has at least two irreducible
components Uy and U;, where Uy = S(M)NU(M) and U; is the component that contains the
germ of 771 (x»), which exists by Proposition 5.1 and Lemma 5.2. The variety U is irreducible
and smooth, because the map

S(M) — SLy(C)
p — p(S1)
is an isomorphism.

Let U; be any irreducible component of U, we claim that either U; = Uy or U; = U;. First at
all, if all the representations of U; are abelian, we shall see that U; = Uy by using the structure
of the set of abelian representations. One can easily check that the set of abelian representations
is a collection of pairwise disjoint irreducible varieties (each one isomorphic to SLa(C)). The
set of those varieties is in bijection with Hom(tors(Hy(M,Z)),S'), where the component S(M)
corresponds to the trivial map. In particular, since the varieties of abelian representations do not
intersect each other, U; = Up.

Now we assume that U; contains non-abelian representations. We claim that U; contains
a non-abelian representation with character x,. We consider the restriction of the projection
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mly; + Uj — X(M) and we want to study the fibers of 7|y;. If O(p) denotes the orbit by
conjugation of p, then O(p) NUj is contained in a fiber of 7|y, . Since O(p) NU; is an open subset
of O(p), it follows that

dim((rlu,) ™ (x,)) > dim(O(p) N T;) = dim(O(p)).

Therefore the generic dimension of the fibers of 7|y, is at least 3 because being non-abelian is an
open property in the space of representations, and if p is non-abelian then dim(O(p)) = 3. In
particular, 3 is the lower bound for the dimension of all the fibers of 7|y, , and since dim(O(py)) =
2, U; must contain a non-abelian representation with character x,. By Proposition 5.1 and
Lemma 5.2, Uj =U;. O

In order to use Proposition 5.3 to study the germ of X (M) at x, we need the following lemma:

5.4 Lemma The projection m: R(M) — X (M) is open at the abelian representation py i.e. if U
is a classical neighborhood of py then 7(U) is a classical neighborhood of .

This lemma is rather technical and its proof is postponed to the end of the section. We state
the following corollary of this lemma and Proposition 5.3.

5.5 Corollary The analytic germ of X (M) at x has only two irreducible components, which are
the respective analytic germs of X)\(M) = w(Rx(M)) and of Y (M) = n(S(M)). O

5.6 Proposition The character x is a smooth point of Y (M).

Proof. We recall that the function algebra C[X (M)] is finitely generated by the evaluation functions
where v € T'.

Given our system of generators Si,...,S,, such that ¢(S;) = 1 € Z, every x € Y (M) satisfies
Is;,(x) = Is;(x). In addition, Vy € I" and Vx € Y(M), I,(x) = Is;(x), where 7 = ¢(v) € Z. The
function Igr is a polynomial on g, , and it follows from this that C[ls,] = C[Y'(M)] is the ring of
polynomials in one variable. Hence Y (M) is a curve isomorphic to the complex line C. a

The following is the key lemma for concluding the proof of Theorem 1.2.

5.7 Lemma There exist a disk A C C centered at 0, an analytic map f: A — X (M) and a
rational function g € C(X(M)) such that go f = Ida.

This lemma is based in the following one, whose proof is postponed to the end of the section.
Up to conjugation, a metabelian representation is either p§ or p'f\’_l. In the following lemma we
assume that ¢\ = p¥, but a similar statement holds true for pg\’,l .

5.8 Lemma Let ) = p§ be a non-abelian representation as in Theorem 1.1. Let by, ba,c1,c0 €
C[R(M)] be the algebraic functions defined by

_ (a(p) bilp) _ (a2(p) b2(p)
o= (o) atn) wa wsa=(a) Z)  veeran
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We can choose the generators Si,...,Sy, so that the map
F = (bl,bg, 61,02)1 R(M) — (C4
is locally invertible at ) .

Proof of Lemma 5.7. 'We construct the map f: A — R(M) by using Lemma 5.8. After conjugation
we may assume that

ox(S1) = (3 ;L) and  px(S) = <3 AL).

Since F'(py) = (0,1,0,0), we define f(z) == F710,1,0,2), for every z in a small disk A ¢ C
around the origin. In particular, if f(z) = p,, then

0= ("7 ) e e= ("0 4p)

with a1dy =1 and asdy — z = 1. In order to construct g, we observe that if f(z) = p,, then
(4 = tr®(p=(51))) 2 = tr(p=([S1, Sa))) — 2, (16)
where [S7, 53] = 51525;15;1 denotes the commutator. Thus we define
_ Iis, 55 — 2
4 — Igl '

where I,(x,) = x,(7) = tr(p(7)). It is clear from equation (16) that go f = Ida where f :=mo f.
O

The following two results conclude the proof of Theorem 1.2:

5.9 Proposition The character x is a smooth point of Xy(M).

Proof. We already know by Corollary 5.5 that the analytic germ of X, (M) at x is irreducible. If
this analytic germ was singular, then the composition go f would be a map of degree r > 1, where
f and g are the maps of Lemma 5.7. Therefore this germ is non-singular, because go f = Ida. O

5.10 Remark It follows from this proof that g defines a local parameter of X, (M) at x.
5.11 Corollary TZ(X,(M)) N TZ* (Y (M)) = {0}.

Proof. The corollary follows from the following properties of the rational function g € C(X(M))
of Lemma 5.7:

(i) g(Y(M)) = {0}, because g = (I[s,,5,] — 2)/(4—[%1) and every character x of an abelian
representation satisfies I[g, g,1(x) = 2;

(il) dy,g(T2(X\(M))) = C, because go f =1da.

This finishes the proof of the corollary and also of Theorem 1.2. O
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5.3 The local geometry of R,(M) at the abelian representation p,

In this section we prove Corollary 1.3 and then we use it to construct a slice. In order to prove it,
we need the following;:

5.12 Lemma If p) denotes the abelian representation as in Corollary 1.3, then dim szfr(R(M ) =
5 and there is a vector v € szfr(R(M)) such that d,, mw(v) generates T2 (Y (M)).

Proof. As in the proof of Theorem 2.7, to compute Z*(T',sl5) = TE;”(R(M)) we use the decom-
position:
ZNT,s1*) = ZHT,Cy2) @ Z1(T,C) @ Z' (T, Cy-»)

where C,, o € C*, denotes the I'-module C (the action is given by S;0z = az). Asin Theorem 2.7,
ZYT,Cy2) = Ker J(A\?) and dim(Ker J(A\?)) = 2, because A\? is a simple root of the Alexander
polynomial. In addition

Z1T,C) =2 Hom(T',Z) ®z C = Ker J(1) 2 C,

which completes the computation of the dimension.

Finally, for any non-vanishing v € Z'(I', C), we prove that d,, 7(v) generates T%j‘r(Y(M)) Up
to multiplication by a constant, the cocycle v satisfies v(.S;) = ((1) _01). As a vector, v is tangent
to a path of representations pgs at s = 0, where

ps(7) = exp(sv()) paly)  Vy €.

Since Ig, (m(ps)) = tr(ps(Si)) = A+1+s(A—1)+0(s%), it follows that dy, Is,(dp,m(v)) = A—F # 0.
Thus d,, m(v) is a basis for T%fr(Y(M)) =C. O

Proof of Corollary 1.3. By Proposition 5.3 we know that the analytic germ of R(M) at py has
precisely two irreducible components, which are the germ of Ry(M) and the germ of S(M). In
addition, Proposition 5.3 says that py is a smooth point of S(M).

Let v € TpZAar(R(M)) be a vector such that d, m(v) generates T%fr(Y(M)) Since
TEr(XA(M)) N T (Y (M)) = {0}, we have that v ¢ T22"(Ry(M)). Thus

dim(T7 (Rx(M))) < dim(T7* (R(M))) — 1 =4

and, since by Theorem 1.1 dim(Ry(M)) = 4, it follows that p) is a smooth point of Ry(M).
In addition, since v € TpZAar(S(M)) and v & szfr(R,\(M)), we have:

dim(T2 (RA(M)) N T2 (S(M))) < dim(T2(S(M))) — 1 = 2.

As the orbit O(p,) is a two-dimensional subvariety of the intersection Ry(M) N S(M), it follows
that O(py) is a proper component of Ry(M) N S(M) and that

Ty (RA(M)) N T (S(M)) = T, (O(pa))-

This concludes the proof of the corollary O
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Next we construct a local parametrization of a neighborhood of pyin Ry(M). Let S; and S be
a system of generators as in Lemma 5.8. We consider again the algebraic functions b1, bs,c1,co €
C[Rx(M)] defined by

o(S1) = <a1(p) bi(p)

_ (az2(p) b2(p)
o) ) = ) wenan

ca(p)  d2(p)

5.13 Lemma The map F|g, ) = (b1, b2, ¢1,¢2) : Ra(M) — C* is locally invertible at py .

We postpone the proof of this lemma to the last subsection and we use it to construct a slice.
Following [BA98b], we define:

5.14 Definition The slice Sy is the following analytic germ at p):
Sy ={p € R\(M) | p(S1) is diagonal and p is in a neighborhood of py}.

Of course p)(S1) is diagonal and the definition makes sense.

By using lemma 5.13, F(S)) is a neighborhood of the origin in the two dimensional subspace of
C* defined by by = ¢; = 0. In particular Sy is smooth, two dimensional and locally parametrized
by (62,02) N S,\ — Cz.

5.15 Lemma Two representations p,p’ € Sy are conjugate if and only if
(ba(p), c2(p)) = (e'ba(p'), e tea(p)) for some t € C.

Proof. When two representations p, p’ € Sy are conjugate, the conjugation matrix is of the form
<€téz 6_(2/2 ) , because p(S7) and p'(S7) are both diagonal and close to py(S1) = (8‘ \21) . Therefore
the lemma follows from the fact that (ba,c2) are local parameters. O

5.16 Remark (i) It follows from this lemma that the quotient of S\ by conjugation is not
Hausdorff.

(ii) Let g be the rational function on R(M) defined in Lemma 5.7. A straightforward computation
shows that:
gom|s, =baco

(iii) It follows from the previous point and from Remark 5.10 that the restriction |s, of the
projection map 7 : R(M) — X (M) is open and surjective in a neighborhood of x) € X,\(M).
This is, 7(Sy) is a neighborhood of x) in X)(M).

(iv) However the restriction 7|s, is singular at py, i.e. dpAW(TpZAar(SA)) = 0. In fact, we have that
Aoy m(T25 (R\(M))) = 0.

(v) Since dpATI'(TpZ)\ar(S(M))) # 0 (see Lemma 5.12) we obtain that

Ker(dp,m: T2 (R(M)) — T2 (X(M))) = T2 (RA(M)).
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5.4 Real characters

In this subsection we prove Corollary 1.4 about the deformations of real characters. Along all the
subsection we will assume that x) satisfies the hypothesis of Corollary 1.4.

We recall that a character x is said to be real if x(v) € R for every v € I'. We also recall that
the character y) is real-valued iff X\ is real or lies in the complex unit circle.

5.17 Lemma Assume that x) is real. Let S\, b and co as in previous subsection. For every
p € Sx, Xp is real if and only if g(x,) = ba(p) c2(p) € R.

Proof. When ¥, is real, then g(x,) € R, because g = (Ijs, 5,] —2)/(4 — I3 ).

Assuming that [A\| = 1, we want to prove that if g(x,) € R then yx, is real. To prove it, we
construct an involution ¢ : R(M) — R(M) that preserves S, and fixes p). We take ¢ to be the
composition of complex conjugation of coefficients with conjugation with the matrix (_01 (1)) . The
involution ¢ fixes py) and, by taking an invariant neighborhood of py, ¢ preserves Sy.

Let x, be a character such that g(x,) = ba(p) c2(p) € R. If g(x,) =0 then x, = x, is real. If
9(x,) # 0 then there is a a € R* such that cp(p) = aba(p) and we obtain

(b2(e(p)), c2(e(p))) = (—c2(p), —ba(p)) = (—aba(p), —é c2(p))-

Therefore p and ¢(p) are conjugate by Lemma 5.15 and x, = Xu(p) = Xp-
When X € R the same argument applies, by taking the involution ¢ : R(M) — R(M) which is
just complex conjugation of the coeflicients. O

5.18 Lemma Let p € Sy.
(i) If X € R and ba(p), ca(p) € R, then p € Hom(T",SLy(R)).

(ii) If |\ =1 and ba(p) = ca(p), then p € Hom(I', SU(1,1)).
(iii) If |A\| =1 and ba(p) = —ca(p), then p € Hom(T',SU(2)).

Proof. We prove only (i), the proof of the other points being similar and easier. We distinguish
several cases. If ba(p) = ca(p) = 0, then p = p) and there is nothing to prove. If c3(p) = 0 but
ba(p) # 0, then p is metabelian and conjugate to ¢ . In this case, by Corollary 4.3, the coefficients
of p are real. When by(p) = 0 but ca(p) # 0 the same argument applies.

Finally, we consider the case where ba(p)ca(p) # 0. In this case we observe first that
p(S1),p(S2) € SLa(R) because x,(51), xp(52), Xp(S152) € R and A # 1. Given an element
v € I', since the character x, evaluated at v, vS1, vS2 and 75152 is real, it follows easily that
p(7) has real coefficients, by using ba(p) ca(p) # 0 and A # +1. O

Proof of Corollary 1.4. The fact that the set of real points of X (M) is a smooth real curve in a
neighborhood of x, follows Remarks 5.16(iii) and 5.10.

To prove the second half of the corollary when A € R, we consider two paths ps and pl,, with
s € (0,¢), which are paths of representations in the slice such that



By Lemma 5.18, ps and p, are paths of representations into SLa(R). Since g(x,.) = s* and
9(xp) = —s2, it suffices to take y,2 = x,, and y_g = Xp, so that x; parametrizes X)(M) N
X (MR,

When |A| = 1, the same construction applies, the only difference is that Lemma 5.18 says that
p is a path of representations into SU(1,1) and p’ is a path of representations into SLy(R). o

5.19 Remark The path of characters y;, with ¢ € (—&2,¢2), constructed in this proof does not
lift to a smooth path of representations because the projection 7 : Ry(M) — X, (M) is singular at

PA-

5.5 Proof of Lemmas 5.4, 5.8 and 5.13

Proof of Lemma 5.4. We want to prove that the projection 7 : R(M) — X (M) is open at the
abelian representation p) .

As affine subset of C¥, R(M) is equipped with a distance that we denote by d. Since 7 is
invariant on orbits, Lemma 5.4 will follow for the following limit:

7(p)=7(px)

that we prove next.
Let Si,...,S, be a system of generators of I' = m1(M). Given a representation p € R(M)
with 7(p) = x, close to m(px) = xa, we have x,(S51) # +2 and we can conjugate p so that

p(S1) = (g 133;)'

Since x,(S1) = = + 1/z and xA(S1) = A+ 1/A, we have that 2 — A*! as x, — x\. After

conjugating p, we may assume that = — A.
For any v € m (M), pa(y) = (’\(; 2. ), where r = ¢(v) € Z. Therefore, if p(y) = (Zgz)) ZEZ;),

then the equations

a+d= Xp(’Y)
za+d/z = x,(751) (17)

imply that a — A" and d — A™". In particular, if we set p(S;) = (f;l Z’i), then a; — A and
d; — AL
After permuting the elements Ss, ..., S, , we may assume that

’62’ > maX{|b2|7’ ) ’bn‘7 |02|7 RN} ’cn’}

(the following argument works by permuting b; and ¢; if necessary). We distinguish two cases:
Case 1. There is an entry ¢;, with j € {2,...,n}, such that
|2

ci|l 2 —.

leil = 16n
In this case, since p(S2S;) = (%92]b2¢ *) formula (17) above implies that ajas + bac; converges
to A2. Since both as and a; converge to A, it follows that by converges to 0. In particular, all
coefficients b; and ¢; converge to zero. Therefore p(S;) — pa(S;), which means that p — py.
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Case 2. max{|ca|,...,|cn|} < %. In this case, we conjugate p by (1(/)28 , to obtain a

representation p;. By construction, this representation p; is contained in the orbit of p. If

a b
pl(Si): <c’Z d3>

1
then a) = a;, b, = b;/4, ¢, = 4¢; and d] = d;. Thus

bo| + -+ [b
w+4(‘02‘+'“+‘0n|)

byl + -+ bo| b
<’2|+ + | |+|2|

4 4
(Ib2] + -+ 4 [bn| + [ea] 4 - - + en) (18)

05] + -+ b+ by + - + e, | =

<

N

And we distinguish again two cases for p;. In this way, either we obtain a representation in the
orbit of p such that Case 1 applies, or we obtain a sequence of representations (pg)ren such that,
for each k, py is in Case 2 and py.1 is obtained by conjugating pr by <1(/)2 g) . By inequality (18),
pr. converges to py and therefore d(py, O(p)) = 0. O

Proof of Lemma 5.8. The proof will follow directly from the description of a basis for Z1(I', sl5*) =
T2 (R(M)).

Let Si,...,S, denote the usual system of generators of I' = 71 (M) and let J(¢) denote the
corresponding Alexander matrix. We recall that ker(J(A?)) is a two dimensional subspace of C"
with basis {e,a}, and ker(J(A72)) is a two dimensional subspace of C" with basis {e, b}, where:

1 ay b1
e=|:], a:=]|": and b:=| :
1 an b,

We will assume that a1 = b = 0.

We claim that we can also assume that as = by = 1. To prove this claim, we remark that if this
is not possible to achieve by permuting Ss,...,S,, then we can always assume that as = b3 =1
and az = by = 0. If this was the case, then it would be sufficient to replace the generator S5 by
51_15253 to have a9 = by = 1.

According to the normalization a; = 0 and as = 1, the metabelian representation satisfies:

o= (5 ,0) ma eisn=() ).

By the computations of Section 3 and the normalization by = 0 and by = 1, there is a basis
{v1,v2,v3,v4} for ZYT,sl5*) = Tgfr(R(M)) such that {vy,ve2,v3} is a basis for the coboundary
space and v, is a cocycle that satisfies:

m(sl)_(; :) and v4(52)—<>{ :)
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In addition, an elementary computation (see Equation (13)) shows that the basis for the coboundary
space may be chosen satisfying:

v1(S51) = (8 é) , vi(S2) = <8 é) ;
v2(51) = (8 8) , v2(52) = <8 (1)> ;

vg(sl):(? 8) vg(sg)zc :)

The lemma follows straightforward from this description of this basis for the tangent space
ZM(T,s15*) = T2 (R(M)). O

Proof of Lemma 5.13. By Corollary 1.3 we know that Ry(M) is smooth at p) and it suffices to
show that there is a basis {v1,ve,v3,v4} for szfr(RA(M)) such that

n(s0= (g o)+ ms2= (7 o)
v2(51) = <(1) 8) , 12(S2) = <(1) 8) ;
v3(S1) = (8 8) , v3(S2) = <8 (1)> ;

Since szfr(R)\(M )) =2 C* and vy, v9,v3,v4 are linearly independent, we only need to prove that
vy, V9, V3, V4 belong to szkar(R)\(M)). The cocycles v1 and 5 belong to szj‘r(RA(M)) because they
are coboundaries, and therefore they are tangent to some conjugation orbit. In addition v3 and vy
are tangent to spaces of metabelian representations provided by Corollary 4.3. O

6 Examples

Let k C S? be a tame knot. The exterior of k, i.e. the complement of a open tubular neighborhood
of k, is denoted by M (k). We shall write I'(k) for the knot group i.e. T'(k) = m (M (k)).

The representation spaces for knot groups have been studied by different authors and some
historic remarks can be found in Section 5 of [HLMA95].

6.1 The complement of the knot b(49,17)

Let k be the 2-bridge knot b(49,17) (see [BZ85, Kaw96, Sie75, Sch56]). This is an alternating knot
with 12 crossings in a minimal projection. The fundamental group of a 2-bridge knot is generated
by two elements which are conjugated. More precisely, I'(k) = (51,52 | Ls,S1 = SaLg,) where
le = le (Sl, 52) S FQ(Sl,SQ). We have gb(Sl) = QZ)(SQ) =t and le € Ker(qﬁ) (See [BZ85]). The
character variety X (k) is hence algebraic subset of C? (see [HLMA95, Ril84] for the details). The
Alexander polynomial Ay 17)(t) = (2t2 — 3t 4 2)2 has a double zero on the complex unit circle
and we denote by ¢ a complex number such that Ag(¢%) = 0.
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For ¢ and a = ((1)) we obtain a reducible non abelian representations p?: I' — SLy and
computer supported calculations give

0 0 1—4C 4C—1 7/8 49/8 —6¢
ACa)=10 0 1 1 0 20-1
00 0 0 0 0

where A((,a) is the coefficient-matrix in Equation 12. It is clear that rk(A(¢,a)) = 2 and
rk(A(¢,a)) = 1 where A(¢,a) is defined as in proof of Lemma 4.6. We obtain therefore
dim Zl(F(k:),ﬁ[gC) = 4 and hence p} € R(M(k)) is a smooth point, contained in a unique com-
ponent of the representation variety of dimension four. The transversality statement is not valid.
The component X:(M) and Y (M) do not have a transversal intersection at x.

In figure 1 we can see how the real branch of X(M) and Y (M) intersect each other. The
characters of the abelian representations are parametrized by the line 7 = 1 (see [Bur90] for the
details).

“— Xp¢

PSfrag replacements
X (b(49,17)) NR?

“— Xp¢

Figure 1: The real branch of the representation variety.

6.2 The complement of the knot 8
Let k C S3 be the knot 830. The group I'(k) is has the following presentation: (S, Ss,S3 | Ry, Ra)

where

Ry = S;719;1515515,1555,1595515s,

Ry = $185195,1535155 15,715,115, 5s. (19)
The Alexander module of k is cyclic and the Alexander polynomial is given by Ay(t) = (t2—t+1)2.
It follows that rk J(¢2) = 1 and hence dim Z'(T'(k),sl5°) = 5 where € := exp(in/6).

The following lemma shows that the representation p¢ can not be contained in a five dimensional
component of the representation variety.

6.1 Lemma Let A\ € C* be given and assume that dim Z1(T,sl5*) = 2n+ 1. For every irreducible
component V of the representation variety R(I') such that py € V' we have dimV < 2n.
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Proof. Since dim Z(T',s[5*) > dim TpZAar(V) > dimV we have dimV <2n+1. If dimV =2n+1
then p) is a simple point of R(I') and V' is the unique component through p) (see Lemma 2.6).
This is a contradiction since py € S(M) and dim S(M) = 3. O

In order to find components of the representation variety which contains pe we consider the
following surjection:

¢: T'(k) — (k') given by ¢: S1+— S, So+— 5,83 +— T

where T'(k') = (S,T | STS = TST) is the group of the trefoil ¥ C S®. This surjection induces a
proper embedding ¢*: X (k') — X (k).

The representation space of the trefoil knot is well known: since £ is a simple root of Ay (t) =
t2 —t+1 it follows from Theorem 1.2 that Xpe 18 a proper component of the intersection X é NY (k).
It is clear that ¢*(Y (k) = Y (k) and we denote X¢ := ¢*(X{). It is now clear that x¢ € X¢ and
it follows from Lemma 6.1 that X is a one dimensional component of X (k).

Note that the component X, has a real branch which corresponds to path of irreducible repre-
sentations ps: I'(k) — SU(2). It follows that there must be a second real branch of the character
variety X (k) which contains xg¢. For if not it would follow from Section 4 of [Heu98a] and from
the Theorem 1.2 of [HK98] that the absolute value of the signature |o(k)| =2 (see also [Heu98b]).
This gives a contradiction since k is a slice knot and o(k) = 0.

This shows that the character x¢ is not a smooth point of X7 (k). More precisely, the analytic
germ of X7 (k) at x¢ is not irreducible. Since X is a component with irreducible analytic germ
at x¢ it follows that there are at least two irreducible components of X" (k) passing through x.

References

[Art68] M. Artin. On the solutions of analytic equations. Invent. Math., 5:277-291, 1968.

[BA98a]  Leila Ben Abdelghani. Arcs de représentations du groupe d’un nceud dans un groupe de Lie. C.
R. Acad. Sci. Paris Sér. I Math., 327(11):933-937, 1998.

[BA98b]  Leila Ben Abdelghani. Espace des représentations du groupe d’un nceud dans un groupe de Lie.
These, Université de Bourgogne, 1998.

[Bir76] J. S. Birman. Braids, links and mapping class groups, volume 82 of Annals of Mathematics
Studies. Princeton University Press, 1976.

[Bla57] Richard C. Blanchfield. Intersection theory of manifolds with operators with applications to knot
theory. Ann. of Math. (2), 65:340-356, 1957.

[Bro82] K. S. Brown. Cohomology of Groups. Springer, 1982.
[Bur67] G. Burde. Darstellungen von Knotengruppen. Math. Ann., 173:24-33, 1967.

[Bur90] G. Burde. SU(2)-representation spaces for two—bridge knot groups. Math. Ann., 288:103-119,
1990.

[BZ85] G. Burde and H. Zieschang. Knots. Walter de Gruyter, 1985.

[CS83] M. Culler and P. B. Shalen. Varieties of group representations and splittings of 3—manifolds.
Ann. of Math., 117:109-146, 1983.

[Dou61]  Adrien Douady. Obstruction primaire & la déformation. In Séminaire Henri Cartan, 1960/61,
Ezp. 4. Secrétariat mathématique, Paris, 1960/1961.

29



[dR67]
[FK91]

[Gol84]
[Her97]
[Heu98al
[Heu98b]
[HK97]
[HK9g)]
[HLMA95]
[Hod86]
[Jac80]

[Kaw96]
[Kla91]

[LMS5]

[Mil68]

[MS84]
[Mum95]
[Por97]
[Ril84]

[Sch56]
[Ser92]

[Sha77]

G. de Rham. Introduction aux polynémes d'un nceud. Enseign. Math. (2), 13:187-194, 1967.

C. D. Frohman and E. P. Klassen. Deforming representations of knot groups in SU(2). Comment.
Math. Helvetici, 66:340-361, 1991.

W. Goldman. The symplectic nature of the fundamental groups of surfaces. Adv. Math., 54:200—
225, 1984.

C. M. Herald. Existence of irreducible representations for homology knot complements with
nonconstant equivariant signature. Math. Ann., 309:21-35, 1997.

M. Heusener. An orientation for the SU(2)-representation space of knot groups. Prépublication
n° 131 du Laboratoire de Mathématiques Emile Picard, 1998.

M. Heusener. Représentations de groupes de nceuds dans SU(2). Dipléme d’habilitation, Uni-
versité Paul Sabatier, 1998.

M. Heusener and E. P. Klassen. Deformations of dihedral representations. Proc. Amer. Math.
Soc., 125:3039-3047, 1997.

M. Heusener and J. Kroll. Deforming abelian SU(2)-representations of knot groups. Comment.
Math. Helv., 73:480-498, 1998.

H. H. Hilton, M. T. Lozano, and J. M. Montesinos-Amilibia. On the arithmetic 2-bridge knots
and link orbifolds and a new knot invariant. J. Knot Theory Ramifications, 4:81-114, 1995.

C. D. Hodgson. Degeneration and Regeneration of Geometric Structures on Three—Manifolds.
PhD thesis, Princeton University, 1986.

William Jaco. Lectures on three-manifold topology. American Mathematical Society, Providence,
R.I., 1980.

A. Kawauchi. A Survey of Knot Theory. Birkh&user, 1996.

E. P. Klassen. Representations of knot groups in SU(2). Transactions of the AMS, 326(2):795—
828, August 1991.

A. Lubotzky and A. R. Magid. Varieties of representations of finitely generated groups. Mem.
Amer. Math. Soc., 58(336):xi+117, 1985.

John W. Milnor. Infinite cyclic coverings. In Conference on the Topology of Manifolds (Michigan
State Univ., E. Lansing, Mich., 1967), pages 115-133. Prindle, Weber & Schmidt, Boston, Mass.,
1968.

John W. Morgan and Peter B. Shalen. Valuations, trees, and degenerations of hyperbolic struc-
tures. I. Ann. of Math. (2), 120(3):401-476, 1984.

David Mumford. Algebraic geometry. I. Springer-Verlag, Berlin, 1995. Complex projective
varieties, Reprint of the 1976 edition.

Joan Porti. Torsion de Reidemeister pour les variétés hyperboliques. Mem. Amer. Math. Soc.,
128(612):x+139, 1997.

R. Riley. Nonabelian representations of 2-bridge knot groups. Quart. J. Math. Oxford Ser. (2),
35(138):191-208, 1984.

H. Schubert. Knoten mit zwei Briicken. Math. Z., 65:133-170, 1956.

Jean-Pierre Serre. Lie algebras and Lie groups. Springer-Verlag, Berlin, second edition, 1992.
1964 lectures given at Harvard University.

I. R. Shafarevich. Basic Algebraic Geometry. Springer Verlag, 1977.

30



[Sho91] D. J. Shors. Deforming Reducible Representations of Knot Groups in SL2(C). Thesis, U. C. L.

A., 1991.
[SieT5] L. Siebenmann. Exercises sur les nceuds rationnels. Polycopie, Orsay, 1975.
[Thu] W. P. Thurston. The geometry and topology of 3-manifolds. Lecture Notes Princeton University.

[Wei64] A. Weil. Remarks on the cohomology of groups. Ann. of Math., 80:149-157, 1964.

Laboratoire Emile Picard, Université Paul Sabatier, CNRS (UMR 5580), F-31062 Toulouse CEDEX 4,
France.
heusener@picard.ups-tlse.fr

Departament de Matematiques, Universitat Autonoma de Barcelona, E-08193 Bellaterra, Spain.
porti@mat.uab.es

Mathematisches Institut, Universitdt Tiibingen, D-72076 Tiibingen, Germany.
eva@moebius.mathematik.uni-tuebingen.de

31



