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1 Introduction

Let M be the mapping torus of an orientation preserving hyperbolic home-
omorphism of the 2-torus ¢ : T? — T?2. That is, M is a compact oriented
3-manifold fibering over S* with fiber a torus 72 and hyperbolic monodromy
¢:T? - T?

T2 -5 M — S*.

This manifold admits a geometric structure modeled on SOL. This struc-
ture can not be deformed to hyperbolic structures, but to singular hyperbolic
ones. Since ¢ is hyperbolic, it lifts to a linear map of R? = T2 with real
eigenvalues different from 4-1. Thus 72 has two invariant foliations by lines
parallel to the eigenspaces, which induce two transversely hyperbolic folia-
tions on M. In addition ¢ has a fixed point * € T?. Let ¥ C M be the
curve that is the mapping torus of the identity on the fixed point .

Theorem A Let M be a torus bundle with hyperbolic monodromy and let
> C M be as above. There exist a family of hyperbolic cone structures on M
with singular set ¥ parametrized by the cone angle a € (0,2m). When o —
27 this family collapses to a circle, and when a — 0 this family converges
to a complete hyperbolic metric on M — 3.

When M is the manifold obtained by 0-surgery on the figure eight knot,
this result is well illustrated in the literature. In [Jor| Jorgensen constructed
the holonomy representations of these structures in this case. This example
was also developed in [HLM] by Hilden, Lozano and Montesinos with an
explicit family of Dirichlet polyhedra collapsing to a segment (whose ends
are identified to give S'). The third author of the present paper showed in
her thesis that this family of polyhedra can be rescaled to converge to a SOL
structure [Sua], which motivated the following remark. The collapsing M —
S is precisely the projection of the fibration. We can consider rescalings of
the metric in the direction of the fibers so that it does not collapse.

Remark 1.1 When o« — 2w, the metric can be rescaled in the direction of
the fibers so that the family of Theorem A converges to a SOL structure.

Remark 1.2 When collapsing, the developing maps converge to either a
projection to the line R (which is the lift of the projection M — S'), or to
the developing map of a transversely hyperbolic foliation, according to the
choice of developing maps (there is no unique choice of developing maps
since they can be composed with isometries).



The existence of the family of hyperbolic cone manifolds in Theorem A
will follow from Theorem B below, that describes a space of local deforma-
tions, and a theorem of Kojima [Koj], that gives a result of global deforma-
tions for hyperbolic cone manifolds with cone angles < 7.

The open manifold N = M — 3 is a fiber bundle
7? — {x} - N - §*

whose monodromy is the restriction of ¢ to the punctured torus 72 — {x}.
In order to describe the structures on N with generalized Dehn filling coeffi-
cients, we consider the compact manifold M — N (X), where A/(X) is an open
tubular neighborhood of ¥. The manifold M — A/(X) is a compact core of
N and its boundary is a torus. We choose {u, A} a basis for Hi(ON(X),7Z),
so that p is a meridian of ¥. By using the basis {u, A} we can define the
generalized Dehn filling coefficients (p,¢) € R? U {oo} for a given structure
on M, which is related to its completion. For instance, the coefficients of
the SOL structure on M are (p,q) = (1,0), because it is the restriction of a

SOL structure on M.

Theorem B Let N be a punctured torus bundle with hyperbolic monodromy.
There exists a neighborhood V' of (1,0) in the half-plane {(x,y) € R? | z > 1}
such that every (p,q) € V are the generalized Dehn filling coefficients of a
geometric structure on N of the following kind:

- a hyperbolic structure when p > 1.

- a transverse hyperbolic foliation when p = 1.

Remark 1.3 The coefficients (p,q) = (1,0) correspond to the SOL struc-
ture and also to two transverse hyperbolic foliations, induced by the foliations
on T? invariant by .

A particular case of these hyperbolic structures on N are structures with
coefficients of the form (p,0) (with p > 1), whose completion is a singular
hyperbolic metric on M. The singular locus is the curve > C M and the
singularity is of cone type with cone angle 27 /p.

To prove Theorem B we will first restrict ourselves to the case where
the monodromy matrix of N has positive trace. (In this case, the holonomy
group of the complete SOL structure on M is contained in the component
of the identity of Isom™(SOL), i.e. in SOL itself.) We will work with the
space of representations of 71 (NN) into SLy(C). We have a canonical exact
sequence

1—>R2—>SOL£\I>R—>1

(see Section 2). If hol : w1 (M) — SOL denotes the holonomy of the SOL
structure on M, then we view the composition LIN o hol as a representation
of (M) into the translation group of a geodesic ¢ in hyperbolic 3-space
H3. Let pg denote the representation induced on m;(N) by LINohol. We
shall construct a deformation space

U C Hom(m (N), SLQ((C))



of po homeomorphic to a neighborhood of 0 in C2.
The action of SLy(C) by conjugation on the representation space re-
stricts on U to the restriction of the following action of C* on C2:

el (z,y) = (e'z,e'y) for e! € C* and (z,y) € C2

The algebra of invariant functions on C? is generated by xzy. When ¢ # 0,
the level set xy = c is precisely one orbit; moreover the level set zy = 0 is
the union of three orbits, {(0,0)}, {0} x C* and C* x {0}. Therefore the
quotient C2/C* is C with a triple point at the origin.

The quotient U/ ~ of our deformation space is a neighborhood of the
triple point of C2/C*. This triple point corresponds precisely to the SOL
structure and the two transverse hyperbolic foliations induced by the in-
variant foliation of the torus. Real points in the quotient U/~ correspond
to transverse hyperbolic foliations and the other points correspond to hy-
perbolic metrics. When we look at generalized Dehn filling coefficients, the
triple point of C2/C* will give a single one, because generalized Dehn fill-
ing coefficients are continuous functions. Moreover, complex conjugation
in U/ ~ corresponds to change of orientation. The orientation conventions
may be fixed so that Dehn filling coefficients change the sign or not under
change of orientation. In any case, the neighborhood V of Theorem B is
homeomorphic to the quotient of a neighborhood of C by conjugation.

To construct the deformation space we fix a geodesic ¢ and we use the
splitting of the Lie algebra

sl2(C) =ho @ by &b,

where g, is the subalgebra of Killing fields that preserve ¢ and hy and h_
are the subspaces of parabolic Killing fields that fix respectively each one of
the ends of o.

The normal bundle (T'o)* is the bundle of tangent planes perpendicular
to o

R? — (To)*t — 0.

We will work in (T'o)*, since it is diffeomorphic to hyperbolic 3-space H?
via the exponential map. As first step for having developing maps, we shall
construct a family of maps between SOL and (To)" by using the plane
bundle structure of both SOL and (T'o)* and parabolic Killing fields. Then
we shall construct a family of holonomy representations and we shall render
the maps between SOL and (To)* equivariant.

Finally, we prove Theorem B in the case where the monodromy matrix
A of N has negative trace. Then the two-fold cyclic covering N of N has
monodromy matrix A% with positive trace. Let U be the involution on N
such that N = N /W¥. Then it suffices to show that the proof of Theorem B
for N is invariant under W.

The paper is organized as follows: In Section 2 we recall some basic facts
about the group SOL, and in Section 3 we study representations of 71 (M)
into this group. Next in Section 4 we study the splitting of the Lie algebra
and some applications of parabolic Killing fields. In Section 5 we construct
the deformation space for the representation pg, leaving the proof of some
results to the last section. In Section 6 we construct the developing maps



associated to the representations of previous section and in Section 7 we
compute Dehn filling parameters to conclude the proofs of Theorems A and
B. In section 8 we discuss, as an example, the case of torus bundles which
are regular coverings of S%. Finally in Section 9 we prove some technical
results about deformations of representations.

2  The group SOL

We recall that SOL is the group of affine transformations in the Minkowski
plane RU. That is, it is the group of transformations that preserve the
Lorentz metric:

ddrdy = d(z +y)? — d(z — y)>.

The group SOL is diffeomorphic to R3, and (z,y,t) are the coordinates of
the following transformation:

(.Z',y,t) : Rl’l - RLI
(a,b) — (e'at+z,eb+y).

Therefore, the product structure on SOL with this coordinate system follows
the following rule:

(z,y,t) (', 1)) = (x + e,y + ety t +1).

It is clear from this that we have a split exact sequence

1>R2— SOLYER -1 (1)

where LIN(z,y,t) =t and the kernel of LIN is the translation group. This
sequence splits and the action of R on R? is

t-(2,y) = (lz,ety)  fort€R, (z,y) € R? (2)
Definition 2.1 We define Ry and R_ to be the R-modules

RXR+—)R+ RXR_—)R+
(t,z) +— ez (t,z) +— el

The action of R on R? in formula (2) decomposes into two actions:
R?=R, dR_ as R-modules,

A (set-theoretic) section to the sequence (1) will be denoted by trans :
SOL — R2.

Lemma 2.2 We have a natural bijection between RV and sections trans :
SOL — R2. This bijection maps a point p € RV to the section trans, such
that trans,(y) = v(p) — p, for every v € SOL. O

Remark 2.3 - Note that using coordinates (z,y,t) corresponds to choos-
ing a section trans : SOL — R? such that trans(z,y,t) = (z,y).

- The choice of a section trans : SOL — R? is equivalent to the choice
of a section R — SOL to LIN, which maps t € R to (0,0,t) € SOL



- A section trans : SOL — R? satisfies the following cocycle condition:
trans(y17y2) = trans(y1) + LIN(77) - trans(v2) for every v1,v2 € SOL,

where R acts on R? as in equation (2) (i.e. R2= R, ®R_)

We fix a group I' and a morphism p : I' — R. We consider the action
of T'on R? 2 R, @ R_ induced by p and formula (2). Let Z1(I', (R, &
R_)?) and B} (T, (R; ®R_)?) denote respectively the space of cocycles and
coboundaries twisted by p. That is:

Z'D,(Ry &R_)?) = {6:T - R*|0(7172) = 0(71) + p(11) - 0(72), ¥71,72 € T}
there exists a € R? such that }
0(v) =p(v)-a—a, Vyer

Let H'(I',(Ry ®R_)?) = ZY(T', (Ry @R_)?)/BY(T, (Ry &R_)?) denote the
first cohomology group. We have the following:

BYI,(Ry ®R_)") = {O:F — R?

Lemma 2.4 Given a representation ¢ : I' — SOL, transop is a cocycle
twisted by LIN o . Given a fized representation p : I' — R, the map trans
induces the following bijections, via the identification Ry & R_ = RLI:

- ZY T, (R ®R_)P) « {p € Hom(T', SOL) | LIN o = p}.

- BYT, (Ry®R_)P) « {90 € Hom(T', SOL) LINop = p and phas }

a fized point in RH

- HYT,(Ry ®R_)?) « {¢ € Hom(I', SOL) | LINog = p}/R?, where
R? denotes the translation group acting by conjugation. O

Remark 2.5 The section trans : SOL — R? is not unique, but two different
sections give conjugate bijections.

3 Representations of 7 (N) into SOL

From now on we restrict ourselves to the case where the monodromy matrix
of N has positive trace.

In this section we describe the representations of m1(N) into SOL by
using the machinery of cohomology described above. This approach will be
used when we will study deformations of representations. In particular we
shall describe the holonomy representation of the SOL structure.

The fundamental group. As in the introduction, let M denote the map-
ping torus of a hyperbolic homeomorphism ¢ : 7% — T2 that preserves ori-
entation, and let NV denote the mapping torus of the restriction of ¢ to the
punctured torus 72 — {*}, where * is a point fixed by ¢. For the remaining
of the paper, we fix I' = w1 (N), which has the following presentation:

D2 (\a, B dax™ = f(),\80" = £(B)),

where o and 3 generate the free group 71 (T2 — {*}) and f : m1(T? — {*}) —
71 (T?—{*}) is the isomorphism induced by the restriction of ¢. Observe that
f preserves the commutator 1 = afa~'F~!. The generators a and 3 of the
free group induce a basis {[a], [8]} for H1(T?;Z) = Z2. The map f induces



also an isomorphism f, : Z? — Z? by abelianization. Let A € SLy(Z) denote
the matrix of f, with respect to the basis {[a], [3]}. That is,

A < ) where Jo(la])

aiia] + an [

as ag f([8]) arzlal + ag[f]

The holonomy representation. By Lemma 2.4 above, to describe a
representation into SOL it suffices to give a representation into R and a
twisted cocycle. Since ¢ is hyperbolic and we assume that trace(A) > 0,
the eigenvalues of A are of the form e*!, with I € R, [ > 0. We fix the
representation pg : I' — R defined by po(a) = po(5) = 0 and po(A) = 1. Let

<g; ) and (gg ) be eigenvectors of the transpose matrix A® with respective

eigenvalues ¢! and e~!. We set B = <g; Z;;) and we assume that

det(B) = b11b22 — b12b21 =1. (3)

Remark 3.1 Observe that all bj; # 0 because A € SLy(Z).

We consider the cocycles dy : I' - Ry and d_ : T' — R_ such that dL(\) =0
and

d+(a) = blly d_(a) = b12
di(8) =bn  d_(B) = baa.

Since d+ are cocycles, they satisfy di(y172) = di(71) + €00 d(yy), for
every 1,7 € I'. An easy computation proves that d. and d_ satisfy the
relations of the presentation for I' and the following lemma:

Lemma 3.2 The cohomology classes of the cocycles d+ and d_ form a basis
for HY(T', (R, @ R_)") = R2. Equivalently,

ZYT, (Ry ®R_)") = BT, (Ry @ R_)") ® Rd, & Rd_.

In addition BY(I',(Ry @ R_)?) = {#:T — R, @R_ | f(a) = 0(B) =
(0,0)} = R% O

Definition 3.3 The holonomy representation hol : I' — SOL 1is the repre-
sentation such that LIN o hol = pg and transohol = dy @ d_

With coordinates this representation is

hol : T — SOL
v = (d(7),d=(7), po(7))

Remark 3.4 This representation is discrete and it induces a faithful rep-
resentation of m (M) the group of the compact manifold. Thus it is the
holonomy of a complete SOL structure on M. It can be checked that this is
the unique representation with these properties, up to conjugation by auto-
morphisms of SOL.



4 Parabolic Killing fields

From now on we fix an oriented geodesic o C H3.
Parabolic Killing fields associated to the ends of ¢ and the normal bundle
to o will give us the connection between SOL and hyperbolic space.

Definition 4.1 An orientation preserving isometry that fizes a geodesic o
1s said to be a hyperbolic translation of complex length s € C along o when
it is a pure translation of length Re(s) composed with a rotation of angle
Im(s) along o. This isometry is denoted by Ts.

Note that this definition includes rotations, which are elliptic elements. A
rotation of angle @ € R along o is a hyperbolic translation T}, of complex
length ic.

The group of hyperbolic translations along o is isomorphic to C*, the
isomorphism being induced by taking the exponential of the complex length.
The identity is also viewed as a hyperbolic translation of complex length in
2miZ. Let o(4+00) and o(—o00) be the ends of . We will consider parabolic
elements that fix one of the ends (i.e. isometries whose unique fixed point
is one of the ends of o). Thus, we consider the following subgroups of
orientation preserving isometries.

Hy = {vy € Isom™ (H?) | v is a hyperbolic translation along o’}
H, = {y € Isom™ (H?) | v is parabolic and fixes o(400)}
H_ = {y € Isom™ (H?) | v is parabolic and fixes o(—00)}

We remark that Hj is also the subgroup of orientation preserving isometries
that fix both ends of .
For example, if we work in the upper half-space model of H? and assume
that o is the line joining the points 0 and co , then as subgroups of PSLy(C),
/
Hy={= (" %) [teC}, He= (= (1) [teC) and H_={x(}}) [t C}.
The Lie algebra. The algebra of Killing fields of H? is also the Lie algebra

of the isometry group. This algebra is slo(C) and the complex structure is
going to be useful. The following proposition is well known.

Proposition 4.2 We have a splitting of the Lie algebra into one-dimensional
complex subspaces

sla(C)=ho® by S b,

where ho, hy and h_ are the respective tangent spaces to Hy, Hy and H_
at the identity. O

(In the example mentioned above, bhg, by, h— are the C-vector spaces gen-
erated by (§ %), (33) and (99), respectively.)

The group Isom(H?) acts on sl (C) by the adjoint action, and we consider
its restriction to Hy.



Lemma 4.3 The splitting of Lemma 4.2 is preserved by Hy, the group of
hyperbolic translations along o. A hyperbolic translation Ty of complex length
s acts by multiplication by e** on b4 and as the identity on bo.

Proof. The splitting is preserved because conjugation by elements of Hy
preserves Hy, Hy and H_. Since Hp is commutative it acts trivially on
ho. The action on b4 is easily deduced from the action of Hy on Hi by
conjugation. O

In this way, if we restrict the action of Hy to the subgroup of translations
Ts with real length s € R, then h is the complexification of the R-module
Ry:

hr =Ry @r C.

The normal bundle to the geodesic 0. Let (T'o)* denote the normal
bundle to the geodesic ¢ C H3. It is the bundle of planes orthogonal to
o. The relation between SOL and (T'o)* comes from evaluation of Killing
fields.

Lemma 4.4 For every p € o, the evaluation at the point p defines a R-
linear isomorphism

by = (TPU)J—~

The same assertion holds for h_.

Proof. The elements of h are parabolic Killing fields that fix the end
o(4+00). Therefore, its evaluation at p is orthogonal to o, because horo-
spheres centered at o (+00) are orthogonal to o. Since dimg b4 = dimg(7,0)",
it suffices to prove that the evaluation at p is an injection. A Killing field
evaluated at p is trivial only when it is tangent to the stabilizer of p, and in
the definition of h; we consider only parabolic isometries, excluding elliptic
ones. U

Corollary 4.5 For every p € o, the plane (Tpa)l has two structures of
C-vector space, induced respectively by h and h—_. These structures are
complex conjugated.

Proof. The corollary is clear from Lemma 4.4 and the only point that needs
some explanation is why these complex structures are complex conjugated.
This comes naturally from the fact that the two ends of o give different
orientations to o, hence two different senses or rotation around o. In the
complex plane there is a distinguished sense of rotation, which is inverted
by complex conjugation. O

Convention 4.6 From now on we fiz the complex structure on the plane
(T,0)* induced by b4 .

With this convention, if v € h4 and z € C, then the evaluation of zv at p is
z times the evaluation of v, but if v € h_, then the evaluation of zv at p is
Z times the evaluation of v.



The maps from SOL to (T'o)*. We fix now a parametrization o(t) of
the geodesic by arc-length. We fix V. € h; and V_ € h_ two non-zero
Killing fields such that:

Vi(0(0)) = V_(o(0))
(so that Vy (o(t)) = e 2V_(o(t)) for all t).
Definition 4.7 Let o and Vi be as above. For (a,b) € C? we define
A,5:80L — (To)* )
(z,y,8) — azVi(o(t))+byV_(a(t)).

Recall that by Convention 4.6, we use the complex structure induced by
h.. Thus, in this definition, by V_(o(t)) means that first we evaluate V_
at the point o(t) and then we multiply the result by by. This explains the
conjugation b. The proof of the following two lemmas is straightforward.

Lemma 4.8 When ab € R, the map A, 3 is a diffeomorphism. It preserves
the orientation when Im(ab) < 0 and it reverses it when Im(ab) > 0. When
ab € R but ab # 0, the map A} is a submersion onto (T,)*NTH? for some
hyperbolic plane H? containing o. U

Lemma 4.9 Denote by Ts the hyperbolic translation along o of complex
length s € C. For any (a,b) € C?, the following holds:

(i) for gi,g2 € SOL
Aup(g1-92) = Agp(g1-(0,0,22)) + T, (A, 5(92)),

where g1 = (x1,y1,t1) and g2 = (w2,y2,t2). In particular (when g3 =
(0,0,s)), we have that

Aa,l;(xa y,t+ 8) = TS(Aa,B(xa Y, t))
(ii) for g € SOL and s € C
Ts(Aaj,(g)) = Aesa,ﬁ(g ) (07 07Re(s)))

Proof. The proof consists in evaluating each term in the equalities by using
the identities:

T\Ve = eV,

and taking care with complex structures. Let us prove for instance (ii),
leaving (i) to the reader. Writing in coordinates g = (z,y,t), we have:

DNgplg) = axVi(o(t) +byVo(o(t))
and Ts(A,5(9) = aze® Vi(o(t+Re(s))) +bye s V_(a(t + Re(s))).

According to Convention 4.6, we use the complex structure induced by V4
and we write e~ V_(o(t + Re(s))), because first we evaluate V_ at o(t +

Re(s)) and then we multiply by e=%, which is equivalent to evaluate e *V_
at o(t + Re(s)).

In addition, g - (0,0,Re(s)) = (z,y,t + Re(s)) and
A ooe=59 - (0,0,Re(s))) = e ax Vi(o(t + Re(s))) +e~sby V_(a(t + Re(s))),

which proves point (ii) in the lemma. ]



5 Deforming representations

We view pg:I' — R as a representation of I' into the translation group along
a geodesic o C H3. We lift it to a representation into

Isom™ (H3) = SLy(C),

which is the double covering of the orientation preserving isometry group
Isom™ (H3) = PSLy(C). This representation is still denoted by pg: T —
SLs(C). We shall deform pg:I" — SLo(C) to get the holonomy of hyperbolic
structures. We shall construct a nice space of deformations U which will be
a neighborhood of pg in one irreducible component of Hom(I", SL2(C)):

po € U C Hom(T', SL2(C)).

We also describe the restriction to U of the action of SLo(C) by conjugation.
Before constructing U we study varieties of representations. The proof of
some technical results is postponed to the end of the section.

The variety of representations The variety of representations
R(P, SLQ((C)) = Hom(F, SLQ((C))

is an affine algebraic subset of C?. The group SLs(C) acts on R(T, SLy(C))
by conjugation and we may consider two quotients, the topological and the
algebraic one.

The topological quotient is denoted by

R(I', SLy(C))/SLs(C)
and it is not always Hausdorff. The algebraic quotient
R(I',5L2(C))//SL2(C)

is called the wvariety of characters and it is a complex affine algebraic set.
Since our representation pg is abelian, we will have to be careful when study-
ing the quotient. In fact a neighborhood of py in R(T', SL2(C))/SLs(C) is
not Hausdorff.

The Zariski tangent space Ty, R(T", SL2(C)) is isomorphic to Z1(T', slo(C)?0),
and the tangent space to the orbit by conjugation is isomorphic to the
coboundary space B(T, slo(C)?°). The splitting

s12(C) =ho @ by & b (4)

is preserved by the action of pg. This splitting is quite useful to compute the
cocycle space. In Proposition 5.1 below we show that this splitting can be
interpreted in the representation space, by looking at abelian and irreducible
representations.

We fix Vi € h4+ and Vj € b non-zero elements, so that V4 are the same
as in the previous section. Thus {Vi,V_,Vy} is a C-basis for sla(C).
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Irreducible and abelian representations. Recall that a representation
p: ' — SLy(C) is called irreducible if it has no proper invariant subspaces of
C2. The set of irreducible representations is not closed but we will consider
its closure:

R"(T,SLy(C)) = {p € R(T, SLy(C)) | p is irreducible}

In [HPS] we proved that py € R (T, SLy(C)). A representation is called
abelian if its image is an abelian group. The set of abelian representations
is closed and we consider:

R, SLy(C)) = {p € R(T, SLy(C)) | p is abelian}.
Note that pg € R™ (", SLy(C)) N R®(T", SLy(CT)).

Proposition 5.1 (a) The analytic germ of R(I", SL2(C)) at py has two ir-
reducible components, which are precisely R (T', SLy(C)) and R*™(T", SLy(C)).

(b) In addition

Ty R™(T, SLa(C)) = Z'(T, (h+ ®h_)™)
Ty R (I, SLy(C)) = Z1(T,bf°) @ BT, (b4 @ h_)™)

Point (a) is proved in [HPS] and the proof of point b is delayed to Section 8.

Remark 5.2 AsT'-modules, h1 = RL®C (i.e. by is the complexification of
Ry ). Therefore, the computations of cocycles and coboundaries of Section 3
apply here, just by complexifying. As in lemma 3.2, we have:

ZNT, (hy ©9-)?) = BY(T, (hy @ h_)") & Cdy Vy & Cd_V_,

where dy Vy is the cocycle T' — hythat maps v € T to dy(v) Vi

The slice. We are interested in representations up to conjugation, this
is why we consider a slice with respect to the projection of R (T, SLy(C))
onto the variety of characters. Since our representation is abelian, the slice
will not give a parametrization of the space of orbits, but it will be a useful
tool to study it. Following [BA], we define:

S ={p € R"(T,SLy(C)) | p(\) is a hyperbolic translation along o},

where the letter S stands for slice. Note that pg(A) is a hyperbolic translation
along o of length [, therefore pg € S.

The local parametrization for S. Now we want to construct a parametriza-
tion for the slice § in a neighborhood of py. Given p € § we consider
p(a)po(a™t) € SLy(C). We choose p sufficiently close to pg, so that p(a)pe(a™t) €
exp(W), where W C sl3(C) is a neighborhood of the origin so that exp re-
stricted to W is injective. Now we look at pr(exp ! (p(a)po(a™1))) € hodbh_,
where

pr:slo(C) = hyrdh_

denotes the projection with kernel hy.
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Proposition 5.3 There is a neighborhood U C S of pg so that the map

U—bhyrobh-
p — pr(exp " (p(a)po(a)))

s a bitholomorphism between U and a neighborhood of the origin in b Sh_.

The proof of proposition 5.3 is delayed until section 9 (see corollary 9.3).

Convention 5.4 Since dy(a) # 0 (see remark 3.1), we can identify b dh_
with C% by sending (a,b) € C? to a-dy(a)Vy +b-d_(a)V_ € by & bh_.
With this identification, denote by U C C? the neighborhood of the origin
in C?> = b ® h_ of Proposition 5.8. Given (a,b) € U, we will denote by
Pap €U C S the representation which is mapped to ady (o) Vi+bd_(a)V_ €
by ®bh_ under the biholomorphism of Proposition 5.5. In this way, we have
a neighborhood of pg in S parametrized by (a,b) € U C C?.

The action by conjugation The action of PSLs(C) by conjugation does
not preserve the slice S. The subgroup of isometries that preserve it is H,
which is the group of hyperbolic translations along 7 (and also the subgroup
of orientation preserving isometries that fix both ends of o).

Lemma 5.5 For every v € I' and every (a,b) € U € C?,

peta,e*tb(’}/) =1 pfl,b(’}/) T4

for every t € C where it makes sense (i.e. for every t € C such that
(ela,e”tb) € U).

Proof. It follows straightforward from the construction of the slice and from
Proposition 5.3. U

Lemma 5.5 says that the action of this group reads in the parameter
space as the action of C on C? defined by

t(a,b) = (e'a, e D).

Let U/ ~ denote the quotient of U by the action of C* of Lemma 5.5.
This quotient is not Hausdorff and has a triple point, which corresponds to
the orbits {0}, {(a,0) | @ # 0} and {(0,b) | b # 0}. If we identified these
three points to a single one, then we would obtain an open set of C.

Corollary 5.6 The quotient of the slice S by conjugation is isomorphic to
U/ ~, which is a neighborhood of a triple point in C. In addition, the algebra
of invariant functions on S is generated by

U — C
(a,b) ~— ab.
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Representations into SLy(R) By identifying PSLy(C) = Isom™ (H?),
we view PSLy(R) as the subgroup of isometries that preserve some oriented
hyperbolic plane H? C H3. Thus SLy(R) is the group of lifts of such isome-
tries to SL2(C). In this construction we also assume that the geodesic o is
contained in this plane H2. Thus the image of pg belongs to SLy(R) and we
have:

Remark 5.7 All the results of this section hold true by replacing C by R.

For instance the local parametrization of S in Proposition 5.3 induces a
local parametrization of S N Hom(T", SLy(R)) with the neighborhood of the
origin U N R2. In addition, even when a,b € R and t € R + miZ the
formula of Lemma 5.5 has a meaning in SL9(R), because conjugation by
T; preserves SLy(R). The proofs for the real case are similar to the proofs
for the complex one, because sly(C) is the complexification of sly(R), i.e.
sla(C) = sl2(R) ®r C. For instance we have:

ZNID, sl(C)) = ZYT,sly(R)™) @r C

BT, sl3(C)) = BYT,sly(R)”) @g C
HY(T,sly(C)*) = HYT,sly(R)™) @g C.

6 Deforming developing maps
The following proposition provides a family of developing maps.

Proposition 6.1 There exists a family of maps D, : N — H? parametrized
by (a,b) € U C C? a neighborhood of the origin such that

(i) Dyp 8 pap-equivariant.

1) When ab € R — {0}, D_7 is a submersion onto a hyperbolic plane
a,b
H? c H3.

11i) When ab € R, D, 3 is locally a diffeomorphism.
a,b

(iv) On the end, the structure is described by generalized Dehn Filling co-
efficients, which are real analytic functions on ab.

When we say that the structure on the end is described by generalized
Dehn Filling coefficients, it means the following. We can write the end of
N in the form (0,1] x T2 and there exists a geodesic ¢ C H? such that, for
every r € T2, if v, is a minimizing geodesic between o and D(1,z), then
D(s,x) = 7v,(s) (with 7,(0) € o and ~,(1) = D(1,z)). In this case, one
can define generalized Dehn filling coefficients and the proposition says that
they depend analytically on ab (this will be proved in next section).

Proof. Let o be a geodesic in hyperbolic 3-space parametrized by arc-length.
The restriction of the exponential map

eXP|(To) L (To)* Zoms

is a diffeomorphism between the normal bundle (T'o)* and hyperbolic 3-
space.

13



Convention 6.2 Along this proof, we will work in (To)* instead of H> by
using the diffeomorphism induced by the exponential map.

Consider the homeomorphism
(To)t ~C xR
such that
(i) Cx {t} = (T,4o)* is the orthogonal tangent plane at o(t).

(ii) we fix an isomorphism of C-vector spaces C x {0} = (T,(q)o)* for
t = 0, where the complex structure on (T(,(O)cr)l is induced by b4,
according to Convention 4.6. For example, the isomorphism sending
(2,0) € C x {0} to 2V (0(0)) € (TU(O)O')J‘.

(iii) parallel transport maps (z,t1) € C X R to (z,t2).
Convention 6.3 We will use this coordinate system C xR = (Ta)*. Thus,

gien x,y € C, the vector xVi(o(t)) + yV_(o(t)) € (To.(t)cr)L will have
coordinates (ze~t + yet,t) € C x R.

With coordinates in Cx R, a hyperbolic translation of complex length sg+i s1
(with sg, s1 € R) acts as:

Tagris; (2,1) = (€12, t + 50), for every (z,t) € C x R.

Foreacht € R, Cx {t} = (T(,(lt)cr)l is a C-vector space. We will not use the
real vector space structure of C x R but only its R-affine structure.

Construction of D, 5. Let D : N — SOL denote the developing map for the
SOL structure on N induced by M. Observe that D is a covering map of its
image. The idea is to use the map A, j; oD and to rend it p,p-equivariant.
We follow the construction of Canary, Epstein and Green, in Lemma 1.7.2

[CEG]. We choose Uy, Uy, ... ,U, a covering of M such that
- Up is a punctured tubular neighborhood of ¥ (i.e. Uy = (D?—{x})xS%)
- U; is simply connected, for i > 1.

Let 7 : M — M denote the projection of the universal covering, we construct

the map Dél—) c Y (Uy) — (To)t as follows. We take

7T_1(U1) = U ~V;  where V; is simply connected.

vel
We define D(ll,l—)w1 = Aaj) o Dy, and we take D(ll,l—) to be the p,p-equivariant
: 1
extension of Da,E|V1‘
Next we take a refinement U2, UZ,... ,U2 (i.e. a covering of N such that

U_Z-2 C U;), and we shall construct D?LB s Y U2 UU2) — H3. Let

N (Uy) = Jae  and  7'(U5) = UV
vel el

where V_22 C Vi and V4 is simply connected. We define f : Vo — (T'o)* as:

f= ¢D;B + (1 - ¢)(Aa,5 o D|V2)7 (5)

14



where ¢ : Vo — [0, 1] is a C* function satisfying sup ¢ C V5, and (b\ﬁm L2
2 1T 1

1. Note that in equality (5) we use the R-affine structure of (7o)t = CxR =
R3. By construction:

_ pl_
fvgamrwp) = Lagvzan1wz):

Thus we extend f%z equivariantly to 7—!(U2) and we glue it to Dclll—) re-
stricted to 77 1(U2). In this way we obtain D?. : =1 (U2 UU2) — (To)*.
a,b

We proceed inductively to construct
DYy on MU WU U Uy — (To)h,

where Uy, U7, Uy, ... U]} is a refinement of Uy, Uy, Us, ... ,U,. It remains

to define the map on Uy. We write Uy 2 (0,1) x T2, where 0 points to the end
and 1 to the interior of the manifold. We take the closure Ug =2 (0,1] x T2
and we define a map

DY, Ty (0,1] x T2 — H

such that D% (s,x) = s D°;(1,z), for x € T2 and s € (0,1]. This can be
done because of the following lemma:

Lemma 6.4 Let ¢ > 0 be such that (1 —¢,1] CU U---UU)}. Then:

Dyy(s,x) = sDy3(1,2) for every s € (1 —¢,1] and x € T?.

Proof. Straightforward, because all constructions are R-linear on fibers, as
for instance formula (5). O

Forz € T? and s € (0, 1) we define Dg’l—)(l, x) = DZ,B(l’ x) and DS,B(S’ x) =
ng’I—)(l, x). By construction, the structure on the end will be described by
Dehn Filling coefficients. In addition, by Lemma 6.4, Dg’l—) and D(% coincide
in the intersection of their domains. Therefore we define D, ; by gluing D271—7
and DZ’I—).

To check that D, ; satisfies the required properties we need the following
two lemmas.

Lemma 6.5 There erists a one-parameter group of diffeomorphisms {hs :
N — N}ser such that

D =TioD,50h_Rep for every t € C,

eta,e—tb

where Ty is the hyperbolic translation of complex length t along o.

To be a one-parameter group means that hsi g = hgohg for every s, s’ € R.

Proof. We take h, the pullback under the covering map D of right-multiplication
by (0,0,s) in SOL (which preserves the image of D). The lemma follows
from Lemma 4.9, Lemma 5.5, and linearity of the constructions. O

Lemma 6.6 Fory €l and K C SOL a compact subset,

A, 5(0ol(7)(2)) = pap(N(Agp(x)) +o(|(a,0)P)  Va € K,

where the estimation only depends on K and ~y.
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In this lemma we use again the identification (T'o)* =2 C x R. We postpone
its proof to Section 8.

Corollary 6.7 For K C N a compact subset, we have
D,5(x) = A,5(D(@)) +o(|(a, b)) Vz €K,
where the estimation only depends on K. O

Lemma 6.8 Ifab € R—{0}, then the image of D,y is contained in (To)*tn
TH? for some hyperbolic plane H?. In addition the tangent map of D,y :
N — H? s surjective.

Proof. By Lemma 6.5, we can assume that a,b € R — {0}. In this case, by
Remark 5.7 p,p is a representation into SLa(R), and therefore the image of
Daj) is contained in

RxRCCxR=(To)t

which corresponds to (T'o)* NTH? in (T'o)*. To study the tangent map,

we can restrict to a compact subset K C N, because of equivariance and
Lemma 6.4. In the coordinate system C x R = (T'o)* of convention 6.3, we
have that

(Agp)(z,y,t) = (aze " +bye',t) ERxRCC xR
If (A, )« denotes the tangent map of A, 3, then

(A, 5)«(0/0t) = 0/ot + (—axe* + bye')d/om,
(Aaj))*(a/ax) = a e_t a/ax7
(8,0):(0/0y) = be'o/or.

By Corollary 6.7, A, ;0D and D, coincide up to some higher order terms

on a and b, thus the tangent map of D, ; is a surjection for (a,b) close the
origin but non-zero. O

Lemma 6.9 If ab € C — R, then the tangent map of D, : SOL — H3 s
an isomorphism.

Proof. By Lemma 6.5 we may assume that a € R and Im(b) # 0. A similar
computation as in the proof of previous lemma works in this case:

(Aaj))*(a/at) = 0/0t + (—azxe" + Re(b)ye')d/0x +Im(b)ye' 0/dy,
«(0/0z) = ae'0/0r,
«(0/0y) = Re(b)ye 0/0x + Im(b)e' 0/0y.

Again by Corollary 6.7, the tangent map of D, is an isomorphism. O

7 Generalized Dehn Filling coefficients

In this section we compute the generalized Dehn filling coefficients of a
structure with developing map D, and holonomy pqp.
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The Poincaré model. We work with the upper half-space model
H3 = {z+¢'j| 2 € C,t € R}, (6)

with the warped metric ds? = e2!d|z|?> + dt?. This model contains the
hyperbolic plane

H? = {z 4 ¢'j | z € R,t € R}.

In this model, the geodesic o will be o(t) = e'j, with ¢ € R. This model
shows that the orientation preserving isometry group is

Isom™ (H?) 2 PSLy(C).
The hyperbolic translation of complex length s € C along o is

s/2
T =+ (eo efos/z) :
The subgroup of isometries that preserve H? is the subgroup generated by
PSLy(R) and the order two element + (§ °;). This involution reverses the
orientation of H?.
In this model V4 = (J§) and V- = (49) for some non-vanishing con-
stants ¢, d # 0. We will assume c =d = 1.

Recall that 71 (V) has presentation

(a8 dax™ = f(), A2 = £(B)),

where a and 3 generate the free group 7 (72 — {*}) and f : m(T? —
{x}) — m(T? — {+}) is an isomorphism that preserves the commutator
= afa"tB7L. In particular, i commutes with A, so A and p generate a
peripheral torus group.

Lemma 7.1 For (a,b) € U,

_ (€ +o(]ab)) 0
Pap(N) = < 0 et + 0(|ab|)>
(14 ab+ o(|ab]?) 0
and  pap(p) = < 0 1—ab+ 0(!a512)> '

Proof. The fact that p,(\) and p, (1) are diagonal comes from the choice
o(t) = €'j, because p,p()\) is a translation along o by construction of the
slice, and p commutes with A. The formula for p, () is easily deduced from
l
the fact that po(A\) = <% 691
on the trace of p, () (hence analytic on ab). To compute the coefficients
for pq (1), we start with the following formulas, which are proved in Corol-
lary 9.4 in next section.

and the coefficients are analytic functions

O R R (0T

wd o8 = (g1 ") oll@n)
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Since u = afBa~ 7L, an easy computation shows that

(14 ab+o(|(a,b)]?) 0
Pab(p) = < 0 1 —ab+o(|(a, b)\2)>

This computation uses the normalization dy(«)d_(8) — d—_(a)d+(8) = 1,
as fixed in equation (3) in Section 3.

The lemma follows from the fact that the coefficients will also be func-
tions on ab. ]

Definition 7.2 We define u and v as the complex functions on ab such that

u(ab) 0 v(ab) 0
e (&
Pab(p) =+ < 0 —u(ab)> and  pap(A) =+ ( 0 e—v(ab)>

with u(0) = £27i and v(0) = L.

e

The choice of u(0) and v(0) is necessary to determine the branch of the
logarithm. The sign in u(0) = £27i will be determined by the orientation
of the developing map we are going to use: we choose the sign + according
to whether D, ; preserves the orientation (when Im(ab) < 0) or reverses the
orientation (when Im(ab) > 0).

Definition 7.3 Following Thurston, we define the generalized Dehn filling
coefficients as the pair (p,q) € R? such that

pu + qu = 2mi
or equivalently:

p Re(u) + ¢ Re(v) = 0 }
p Im(u) + ¢ Im(v) = 27

Proposition 7.4 The generalized Dehn filling coefficients define a home-
omorphism between a neighborhood of 0 in {ab € C | Im(ab) < 0} and a
neighborhood of (1,0) in {(p,q) € R? | p > 1}.

Proof. Since we assume Im(ab) < 0 we take u(0) = 27i, so that when ab = 0,
(p,q) = (1,0). It follows from Lemma 7.1, that

u(ab) = 2mi + ab + o(|ab|?) and v(ab) =1+ o(|ab|).

In particular, Re(u) = o(|abl) and Im(v) = o(|ab|).
Note that when ab € R, Im(u) = 27 and Im(v) = 0. Thus

p=1 and q = —Re(u)/Re(v) = —(2ab/1) + o(|ab|?),

which defines a homeomorphism between a neighborhood of 0 in the line
{ab € C | Im(ab) = 0} and a neighborhood of (1,0) in the line {(p, q) € R? |
p =1}. For (a,b) in general we have:

B —2m Re(v) B —2m Rew
P= Re(u) Im(v) — Im(u) Re(v)  —Im(u) Re(v) + o(|ab|?)
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Since Re(v) = I + o(|ab]) and Im(u) = 27 + 2Im(ab) + o(|ab|?), it follows
that

2 B 2
Im(u) + o(|abl?) 27 + 2Im(ab) + o(|ab|?)

p— _ - %Im(ab) + o(|ab]?).

In addition

_ 27 Re(u) _ 27Re(u)  Re(ad)
1= Re(u) Im(v) — Im(u)Re(v) =27l + o(|ab]?) 1 +o([ab]?).

These computations prove that the Dehn filling coefficients defined in a
neighborhood of 0 in the half plane {ab € C | Im(ab) > 0} are restriction of
a homeomorphism defined in a neighborhood of 0 in the complex plane C.
Combining this with the fact that it maps the line Im(ab) = 0 to the line
p = 1, we obtain the proposition. O

Remark 7.5 When Im(ab) > 0, Dy, reverses the orientation and the coef-
ficients that we obtain are the same up to sign, according to the orientation
convention.

This finishes the proof of Theorem B in the case where the monodromy
matrix of IV has positive trace.

Proof of Theorem B (in the general case). It remains to prove The-
orem B when the monodromy matrix A of N has negative trace. Then its
eigenvalues are of the form —e®, with I € R, [ > 0. The two-fold cyclic
covering N of N has monodromy matrix A? with positive trace, so Theorem
B is true for N. Let ¥ be the involution on N such that N = ]\Af/\I/ In the
universal covering N , U lifts to the pull-back ¥ under the developing map
D: N — SOL of the SOL isometry

l

(‘Tayat) - (—6 xz, —e_li%t + l)

We only have to show that the proof of Theorem B for N is invariant
under ¥. This follows from Lemma 6.5 applied to the hyperbolic translation
Tj1xi of complex length [ 4+ 7i along o. By Lemma 6.5,

D,jo U = D, . ——gom="T4roD,; foralabeC

a,

where h; is the pullback under the covering map D of right-multiplication
by (0,0,1) in SOL. R
Hence the corresponding geometric structures on N are W-invariant. [

Remark 7.6 When q = 0, Theorem B provides a family of cone struc-
tures on M with singular set X and cone angle 27 /p. This family satisfies
Re(ab) = 0.

Proof of Theorem A. Let 7 denote the involution of the torus 72 that
has four fixed points. That is, if we view T2 = R?/Z? | 7 lifts to

7:R? — R?

r = —X
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Note that 7 is central in the mapping class group of 72, and in particular
it commutes with the monodromy ¢ : T2 — T2. Thus 7 extends to an
involution of M and also of N, because the fixed point of ¢ is also fixed by
7. We also denote by 7 the involution on V.

The quotient N/7 is a three-orbifold with fiber a punctured sphere with
three singular points that have ramification index two. The ramification set
of N/7 is a link that may have one, two or three components (according to
the matrix of ¢ in SLo(Z/2Z)). The orbifold M /7 is compact and has one
singular component more than N/7, which is the projection of ¥ (that is
fixed by 7). The key point is that the proof of Theorem B is invariant by 7.
Therefore the family of cone structures on M with singular set 3 induces a
family of hyperbolic cone structures on M /7 with singular set the projection
of . Since the range of cone angles for M is (27 — ¢, 27), the range of cone
angles for M/t is (m — 5, 7). Thus, by Kojima’s Theorem or the proof of the
Orbifold Theorem, we have a family of hyperbolic cone structures on M/t
with cone angles in (0, 7), that gives a family on M with angles in (0, 27).

To check that the proof of Theorem B is invariant by 7, it suffices to apply
Lemma 6.5 to the rotation of angle m along ¢, which is also the hyperbolic
translation Ty ; of complex length 7i. According to Lemma 6.5, we have

D 5 =Tri Dy for every a,b € C.

—a,—

It follows from this that the structure is T-invariant. O

Remark 7.7 When we rescale the metric on (Ta)l, the developing maps
converge to the developing map of the SOL structure.

8 An example: torus bundles which are regular
coverings of S°

Let M be an orientable torus bundle with hyperbolic monodromy which is
a regular covering of S3.

In [Sa2], Sakuma shows that an orientable torus bundle M is a regular
covering of S? if and only if M admits an orientation-preserving involution h
which leaves the base circle X invariant and acts on X by a reflection. In this
case, M is in fact a Zy + Zo covering of S3, where the deck-transformation
group Zso + Zs is generated by any such involution A, and the involution 7
extending the standard involution of 72 with four fixed points (see the proof
of theorem A), cf. [Sa2|, theorem VII.

Let us first consider the quotient M/h. The involution h leaves two
fibers 11, T5 invariant, whose quotient under h is either a Mobius strip or
an annulus. Denote by ¥; the boundary of T;/h. Topologically, M/h is the
union of two solid tori (tubular neighborhoods of T} /h and T5/h), i.e. a lens
space. It is easy to check that the involution h is realized as a symmetry of
order 2 of any complete SOL structure on M. In the universal cover, h lifts
to a SOL isometry of the form

%(JE, Y, t) = (esy’ €_8x> —t+ S) or %(JE, Y, t) = (_esy’ _€_8x7 —t+ S)
for some s € R. The quotient M /h is a SOL orbifold with underlying space

a lens space and singularity the link 31 U 35, with all cone angles equal to
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7. The quotient of the base circle ¥ under h is a segment ¥ joining a point
of 31 with a point of 3.

Now let us consider the quotient M/ < h,7 >. It is a SOL orbifold with
underlying space S® and singularity a graph G that contains ¥ as an edge.
All cone angles are equal to 7.

Remark 8.1 The pictures of the graphs _g that appear in this way can be
found in [Du/, but the distinguished edge Y is not marked there.

Proposition 8.2 There exist a family of hyperbolic cone structures on S3
with singular set the graph G, cone angle o varying between 0 and 7™ on the
edge X, and all other cone angles equal to m. When « tends to m, these
structures collapse to a segment.

Proof. As for Theorem A, it is enough to show that the proof of Theorem B
is invariant by the involutions A and 7. Then the family of hyperbolic cone
structures on M with singularity ¥ and cone angle 2« € (21 — ¢, 27), gives
rise to a family of hyperbolic cone structures on M/ < h,7 >= S with
singularity G, cone angle o« € (7 —¢/2,7) on ¥ and cone angle 7 on all other
edges. By the proof of the Orbifold Theorem (in the case with vertices),
there is a family of hyperbolic cone structures on S® with singularity G,
cone angle a € (0,7) on ¥ and all other cone angles equal to 7.

We already checked that the proof of Theorem B is invariant by 7.
For simplicity, let us choose the SOL structure on M so that h lifts in
the universal cover to one of the SOL isometries h(x,y,t) = (y,z,—t) or
h(z,y,t) = (—y, —x, —t). Let us moreover assume that h(z,y,t) = (y,z, —t).
Denote by 71, : (T'o)* — (T'o)* the isometry induced by the rotation of 180°
around a line L perpendicular to o at ¢(0). We want to prove that for every
t € R — {0} close to 0, we can find a pair (a,b) € C? close to 0, such that
ab =it and B

D,poh=rpoD,5.

Let us choose the Killing vector fields Vi so that Vi (c(0)) = V_(c(0)) is a
vector tangent to the line L. Then

rL oAy p(@,y,t) = ri(azVi(o(t)) +byVo(o(t)))
— V. (o(—1)) + byVy (o(—1))
= Apaly,x,—t)
= Ab@oﬁ(:n,y,t)

for all (z,y,t) € SOL. A similar computation as in Lemma 5.5 shows that
'L O Pab O r;l = Pbs,a/s» Where s = d_(a)/dy (). Equivalently, 77, 0 pap(7) 0
T Pb7a(ﬁ*7) for all v € w1 (V). Hence D, o h=rpo Dy 5. 1If we choose
a = b = /it, then D,jo h=rpo D, 3, hence the corresponding hyperbolic
cone structure on M is h-invariant. O

Remark 8.3 As a corollary, the lens space M/h also has hyperbolic cone
structures with singularity the graph 1 U Yo UX, cone angle a € (0,27)
on the edge X and all other cone angles equal to m. When o — 2, these
structures collapse to a segment.
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As a particular example, let us consider the torus bundles which are
two-fold branched cyclic covers of S2, i.e. those for which the lens space
M/h is already S®. Sakuma shows in [Sal] that these are exactly the torus
bundles M,, , with monodromy matrix of the form

A <—1 —m >
n mn-—1
for some pair of integers m, n. The branching locus is the following link in
S3:

X2

oD [
, N 1altists
rihthand M

haltists

The torus bundle M,,,, has hyperbolic monodromy when |mn — 2| >
2. Then proposition 8.2 tells that S3 has hyperbolic cone structures with
singularity the graphs shown in figures 1 and 2, cone angle a € (0, 27) on the
marked edge X in figure 1 (resp. a € (0,7) in figure 2), and all other cone
angles equal to m. When a — 27 (resp. a — ) these structures collapse to
the segment X; all edges of the singular graph collapse to points, except the
edges drawn thick, which approximate to each other until they all match up
in the limit.

/\
@ rihthand rihthand N 2/\ -~
C:’-Y, e& haltists haltists F
@

A \/
rihthand

haltists
| | [ |

Figure 1: cone angle o € (0,27) on the edge &
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rihthand

rihthand i
< haltists

haltists

rihthand rihthand )\
— —
y haltists haltists

Figure 2: cone angle a € (0,7) on the edge &

9 The tangent space to the variety of representa-
tions

In this section we prove some results stated in Sections 5 and 6 that involve
the tangent space of the space of representations and local parametrizations

We start by computing Z'(T, slo(C)?). Since the image of py is con-
tained in the translation group along o, the action of pg preserves the split-
ting sla(C) = by @ h_ @ ho. Thus:

ZN(T, sly(C)*) = Z1(T, (h4)™) & ZH(T', (h-)) & Z'(T, (ho)™).

Next we study each one of these spaces. Let Vi € hy, V_ € h_ and V| € by
be the elements defined in Section 5. Consider also the cocycles d+ : I' — R4
defined in section 3 and the morphism dy : I' — Z C R such that do(\) =1
and do(a) = dp(8) = 0. In the following lemma dyV, denotes the cocycle
that maps v € T" to do(7)V4 € by, and so on for other cocycles.

Lemma 9.1 (i) ZYT, (h;)?) = C? is generated by doVy and d, V.
(ii) Z1
(iii) B!
(iv) Z1
(v) B!

,(h_)P0) = C? is generated by doV_ and d_V_.
,(h+)P0) = C is generated by doV.

(
(

, (ho)P0) = C is generated by dyVp.

= =3 = 9

(
(
(
(T, (b)) = 0. -

Proof of Proposition 5.1 (b). We prove first that T, R (', SLy(C)) =
Z1(T, (b4 @ h_)?). We know from [HPS] that T}, R (T, SL2(C)) is four

23



dimensional, hence it suffices to show that the cocycles doVy and d+ Vi be-
long to this space. It is clear that doVy € T, R (I, SLy(C)), because they
are coboundaries. In addition d4 V. is tangent to a path of metabelian rep-
resentations, that belong to R (', SLs(C)), by [HPS]. Thus the equality
holds. A similar argument shows that T,  R®(T, SLy(C)) = ZY(T,h°) &
BY(T, (b @ h_)®), because doVp is tangent to a path of abelian represen-
tations.
We defined the slice as:

S ={pe R"(I',SLy(C)) | p()\) is a hyperbolic translation along o}

Lemma 9.2 T,,S is two dimensional generated by dyVy and d_V_.

Proof. Tt follows from Lemma 9.1 and Proposition 5.1 (b), that d V.,
d_V_, doVi and doV_ generate T,,R"(I', SLy(C)). Moreover, do(\) # 0
and d+(A\) = 0. We consider the map

F:R"™(I',SLy(C)) — CxC
p = (p(A)(o(+00)), p(A)(o(—o0)))

where C = §H? is the Riemann sphere at the boundary of H?, and o(+00), o(—00) €

C are the ends of o. Note that
S = F ! (0(+00),0(~))

because hyperbolic translations along o (with complex length) are the unique

orientaion preserving isometries that preserve both ends o(+00) and o(—00).

The tangent map F at the point pg satisfies Fi(doV4) = (0,1), Fi(doV_) =

(1,0) and Fi(d+Vy) = 0, because do(A) = 1 and di(A) = 0. The lemma

follows straighforward from these computations. O
We obtain as a corollary Proposition 5.3.

Corollary 9.3 (Proposition 5.3) There is a neighborhood U C S of py so
that the map

U — brdbh-
p — prlexp (p(a)po(a™t)))

is a biholomorphism between U and a neighborhood of the origin in h ®h_.

Proof. This follows now from Lemma 9.2 and the fact that d (o) and d_ (o)
do not vanish. g

Corollary 9.4 For everyy € I' there is a neighborhood of the origin Uy, C U
such that for every (a,b) € U, we have:

pas(y) = exp {ad (Vi +bd (V- +o(|(a,0)*)} po(7)

Note that the open set U, depends on v, but we only need to apply it
to finitely many elements.

Proof. Use Lemma 9.2. (]
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Proof of Lemma 6.6 We write (x,y,t) € K and hol(v) = (d+(v),d-(7), s),
where s = LIN hol(vy). By Lemma 4.9:

Aa,f)((d-i- (), d-(7), s)(@,y,1)) = Aa,B(d+ (7),d=(7),t +s) + TsAa,i)(‘Ta y,t)
= Aa,l;(d-l- (/7)7 d- (/7)7 1+ S) + pO(/y)Aa,I;(xa Y, t)

because Ts = po(7). Next we compute the first order expansion of p, (A, 5(,y,t)).
By Corollary 9.4:

pap() = exp{ady (NVy +bd_(7)V- +o(|(a,0)[*)} po(7)
Thus:

Pap(V)P) = exp{adi(V)Vi+bd_(7)V-+o(lal* + [b]*)} po(v)(p)
= po(V)(P) + adr(NVi(po(y)(p)) + bd—(v)V-(po(¥)(p)) + o(|(a,b)[*).

We want to apply this equation to the point p = A, (!17 y,t). Since A, (:17 y,t) =
o(t) + o(la] +1b]) , we have:

po(V)(Ag5(7,y,1)) = (s +t) + o(|(a,b)]).
Thus:
Vi((po(MAgp(z,y,1)) = Vi(o(s +1)) + o(|(a, b)|).

Summarizing, we have:

Pas(VN(Aap(:9,1) = po(7)((Agp(x,u,1)) +ady(y) {Via(s +1)) +o(l(a, b))} +
+0d(y) {V(o(s +1)) + o(|(a, b))}
= po(M((Bgp(,5,1)) + Agj(di(7),d=(7), 5 + 1) + o] (a, b)*).

O
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