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Generalized braid groups and the Garside normal form

Definition

A Coxeter system (W,S) of finite type is a finite group W together with a set of generators S that induces
a particularly nice presentation of the group:

W = 〈s ∈ S | sts . . .︸ ︷︷ ︸
ms,t terms

= tst . . .︸ ︷︷ ︸
ms,t terms

, s2 = 1〉

where ms,t > 2 is the order of st for s 6= t ∈ S.
By dropping the condition s2 = 1 for all s ∈ S, we get the presentation of the generalized braid group and
the braid monoid corresponding to (W,S):

Br(W,S) = 〈s ∈ S | sts . . .︸ ︷︷ ︸
ms,t terms

= tst . . .︸ ︷︷ ︸
ms,t terms

〉 in the category of groups,

Br+(W,S) = 〈s ∈ S | sts . . .︸ ︷︷ ︸
ms,t terms

= tst . . .︸ ︷︷ ︸
ms,t terms

〉 in the category of monoids.

Since the composition Br+(W,S) ↪→ Br(W,S) � W is surjective, we can choose for each w ∈ W a positive lift of
minimal length to get the set of reduced braids. Choose the reduced braid ∆ corresponding to the longest
element w0 in W as Garside element. Then one can deduce from the existence of greatest common divisors
in Br+(W,S) the following well-known normal form:

Theorem (Garside normal form). For any positive braid σ ∈ Br+(W,S) there exists a unique sequence
(wm, wm−1, . . . , w1) of reduced braids such that σ = wmwm−1 . . . w1 and for all 1 6 i 6 m the reduced braid
wi is the unique right gcd of wmwm−1 . . . wi and ∆. The sequence (wm, wm−1, . . . , w1) is called the Garside
normal form of σ and each wi for 1 6 i 6 m is called a Garside factor.

Examples

It is well-known that the symmetric group Sn+1 is generated by the set of simple transpositions S = {si =
(i, i+ 1) | 1 6 i 6 n} which induces the following presentation:

Sn+1 = 〈si for 1 6 i 6 n | sisi+1si = si+1sisi+1 ∀ 1 6 i < n, sisj = sjsi ∀ |i− j| > 2, s2i = 1〉

Therefore the symmetric group Sn+1 together with the set of simple transpositions {si = (i, i+1) | 1 6 i 6 n}
gives a Coxeter system of type An and the corresponding braid group is the Artin braid group on n+1 strands.
It can be realized in terms of braid diagrams where a generator si for 1 6 i 6 n is the braid that passes the
i-th strand under the (i+ 1)-st strand and leaves the other strands untouched.
For n = 2 the Garside normal form of s1s2s1s2s2 is given by (s1, s1, s1s2s1).

Soergel bimodules and the 2-braid group

Soergel bimodules

The category of Soergel bimodules is an additive monoidal category of graded bimodules over a polynomial
ring that has many striking connections to other mathematical objects. The construction is as follows:

(W,S) a Coxeter system of finite type  h =
⊕

s∈S Rα∨s its reflection representation  R = S(h∗) the
symmetric algebra on h∗  Rs ⊆ R the subring of invariants under the action of s ∈ S  Bs = R⊗Rs R(1)
R-bimodule where (1) shifts the grading down by one

 B = 〈Bs | s ∈ S〉⊗, ⊕, (−), taking of summands ⊆ R-grmod-R the category of Soergel bimodules

Under suitable assumptions on (W,S) these bimodules have many interesting connections:

• to the equivariant cohomology of the flag variety

• to sheaves on moment graphs

• to equivariant perverse sheaves on the flag variety

• to the principal block of category O

The 2-braid group

Define the elementary Rouquier complexes corresponding to a simple reflection s ∈ S as follows:

Fs := ( 0 −→ Bs −→ R(1) −→ 0) with a⊗ b 7→ ab

Fs−1 := (0 −→R(−1) −→ Bs −→ 0) with 1 7→ 1

2
(αs ⊗ 1 + 1⊗ αs)

where in both complexes Bs sits in cohomological degree 0.
In [Rou06] Rouquier showed in the bounded homotopy of Soergel bimodules Kb(B) that these complexes are
inverse to each other and satisfy the braid relations up to canonical isomorphism. Therefore he proposed the
following categorification of generalized braid groups:

2− Br = (〈Fs, Fs−1 | s ∈ S〉⊗,⊗) ⊆ Kb(B)

Conjecture (Faithfulness of the 2-braid group). The Picard group of the 2 braid group Pic(2 − Br) is
isomorpic to Br(W,S).

This conjectures follows in type A from work by Khovanov and Seidel (see [KS02]) and in simply-laced type
from results by Brav and Thomas (see [BT11]).

Techniques for the faithfulness in finite type

The main idea of the proof of the faithfulness of the 2-braid group in finite type is to read off the Garside nor-
mal form of a braid from the action of the corresponding Rouquier complex on a test object in a categorified
left cell module. In order to state the result we need the following:

Categorified left cells

The following result shows that the Hecke algebra is the combinatorial playground for the category of Soergel
bimodules (see [Soe07] for the existence of the isomorphism and [EW12] for the proof of Soergel’s conjecture):

Theorem (Soergel’s categorification Theorem and Soergel’s conjecture). There is an isomorphism of

Z[v, v−1]-algebras ε : H
∼=−→ K0(B) sending the Kazhdan-Lusztig basis to the Z[v, v−1]-basis given by in-

decomposable Soergel bimodules (up to isomorphism and grading shift) in the split Grothendieck group of the
Krull Schmidt category B.

Motivated by this result we can mimick the construction of a left cell module for the Hecke algebra with
respect to the KL-basis on the categorical level. By results of Lusztig there is a unique left cell Cs for each
s ∈ S consisting of all elements with a unique reduced expression (rex) and {s} as their right descent set. If
(W,S) is not simply-laced, then choose s in the unique pair {r, t} ⊆ S with mr,t > 4. Define:

Cs = 〈Bw | w ∈ Cs〉⊕,(−) ⊆ B /〈Bw | w does not admit a unique rex〉⊕, (−)

Theorem. K0(Cs) is isomorphic to the left cell module corresponding to Cs as K0(B) ∼= H-modules and Cs
gives a 2− Br module category.

Perverse t-structure

Since objects in Kb(Cs) have two gradings, namely the cohomological grading and the internal grading of
the Soergel bimodules as graded bimodules, the idea of the perverse filtration is to play these gradings out
against each other.
For a homotopy minimal complex one should keep track of the indecomposable Soergel bimodules occuring
in the complex in the form of a table, where the columns denote the cohomological degree and the rows
correspond to the grading shift:

-2 -1 0 1 2

-2
-1
0
1
2

In this table an indecomposable Soergel bimodule Bw(m) occuring in cohomological degree n appears in the
column labelled with n and the row labelled with m. A homotopy minimal complex F lies in Kb(Cs)>0 (resp.
Kb(Cs)60) if it has only entries in cells on and above (resp. below) the marked grey diagonal. Then we get
the following result as mentioned in [EW13]:

Lemma. (Kb(Cs)60, Kb(Cs)>0) gives a non-degenerate t-structure on Kb(Cs), which is called the perverse
t-structure.

Faithfulness in finite type

Complexes in the heart Kb(Cs)60 ∩Kb(Cs)>0 of this t-structure are called perverse or linear. The associated
perverse cohomology groups pHk of a given minimal complex give subquotients consisting of the indecom-
posable Soergel bimodules living on the diagonal given by #column−#row = k in the table above.

The main result

Definition. Let F ∈ Kb(Cs) be a perverse complex and w ∈ W . An indecomposable Soergel bimodule Bw is
called an anchor of F if HomKb(Cs)(F,Bw(m)[−m]) is non-zero for some m ∈ Z.

One should roughly think of an anchor w in terms of a summand Bw(m)[−m] for some m ∈ N occuring in
cohomological degree m of the perverse complex such that all incoming components of the differential vanish.

Theorem. Let σ = wmwm−1 . . . w1 ∈ Br+(W,S) be a non-trivial braid in Garside normal form. Set

B =
⊕

w∈Cs
Bw. Then the following holds:

1. If k is maximal such that pHk(Fσ(B)) is non-zero, then k = m.

2. Let Cσ
s be the set of Coxeter elements in Cs indexing an anchor in pHm(Fσ(B)). Then by sending an

element in Cσ
s to the unique simple reflection in its left descent set we get a surjection onto L(wm).

The last result enables us to completely reconstruct the Garside normal form of a braid σ from the action of
the Rouquier complexes corresponding to σ and its braid subwords on the test objects B.

Corollary (Faithfulness of the 2-braid group in finite type). For two distinct braids σ 6= β ∈ Br(W,S) the
corresponding Rouquier complexes Fσ and Fβ in the 2-braid group are non-isomorphic.
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