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Motivation

Open Problems in Modular Representation Theory

Let k be an algebraically closed field of characteristic p. The following open questions in modular represen-
tation theory have spawned many interesting theories in mathematics. What are . . .

1. . . . the characters of the irreducible kSm-modules for p ă m?

2. . . . the dimensions of irreducible kSm-modules for p ă m?

3. . . . the characters of irreducible modules for kSLnpFprq for all r, n P N?

4. . . . the characters of irreducible modules for GLnpkq or SLnpkq for all n P N in char. p?

5. . . . the characters of tilting modules for GLnpkq or SLnpkq for all n P N in char. p?

Most representation theorists have already thought about one of these questions or their characteristic 0-
analogues. The goal of this poster is to present a combinatorial gadget that contains the answer to all of
these questions. Let us first mention some implications among these problems:

5. ñ 4. The Steinberg tensor product theorem reduces the task of determining the characters of all ir-
reducible modules for SLnpkq to those with p-restricted highest weight. The claim follows from
the observation that multiplicities of simple modules with p-restricted highest weight λ in certain
Weyl modules coincide with the multiplicity of that Weyl module in an indecomposable tilting
module with highest weight rλ “ 2pp´ 1qρ` w0λ (see [And98, Prop. 2.6]).

4. ñ 3. The Steinberg restriction theorem shows that when restricting the irreducible SLnpkq-modules
with pr-restricted highest weights to SLnpFprq one obtains a complete set of representatives of
the isomorphism classes of simple kSLnpFprq-modules.

5. ñ 2. Modular Schur Weyl duality (for GLnpkq)

5. ñ 1. The multiplicities of Weyl modules in tilting modules for GLnpkq for all n P N give the decompo-
sition numbers of the symmetric group Sm (see [Erd94, Lemma 4.5]).

The p-Canonical Basis

Definition

Let G be an adjoint algebraic group defined over C (for example PGLnpCq in type A). Let G Ě B Ě T be
a Borel subgroup and a max torus in G. Denote by Wf “ NGpT q{T the Weyl group of G.
The p-canonical basis will be closely related to characters of indecomposable tilting modules for G_ where
G_ is the split connected reductive group over k with root datum (Langlands) dual to that of G. Recall that
the representation theory of an algebraic group is governed by the combinatorics of the corresponding affine
Weyl group.
Denote by W :“ Wf ˙ ZΦ_ the affine Weyl group where ZΦ_ is the cocharacter lattice of G. View W as a
Coxeter group pW,Sq. To G Ě B Ě T we can associate a graded, k-linear, monoidal Krull-Schmidt category
kH, called the category of diagrammatic Soergel bimodules (see [EW13]).

Theorem. tindecomposable objects in kHu{–, r´s
„
ÐÑ tkBw | w P W u

By deforming the integral group ring ZW “
À

wPW Zew of the Weyl group, one obtains the corresponding
Hecke algebra H. As a Zrv, v´1s-module the Hecke algebra H “

À

wPW Zrv, v´1sHw is free with a basis
indexed by W . With respect to this basis the multiplication is given by the following relations:

HvHw “ Hvw if lpvq ` lpwq “ lpvwq and H2
s “ pv

´1
´ vqHs ` 1 for s P S.

The following result shows that the Hecke algebra is the combinatorial playground for the category of dia-
grammatic Soergel bimodules (see [EW13, Theorem 3.15]):

Theorem (Soergel’s categorification Theorem). There is an isomorphism ε : H –
ÝÑ rkHs of Zrv, v´1s-

algebras between the Hecke algebra and the split Grothendieck group of kH.

Thus the question arises which Zrv, v´1s-basis of the Hecke algebra the basis of the indecomposable objects
in kH corresponds to. Over R the answer is given by Soergel’s conjecture which was recently proven by Elias
and Williamson (see [EW14]) and which states that the resulting basis of the Hecke algebra is the famous
Kazhdan-Lusztig basis tHw | w P W u.

Definition. Under the isomorphism of Zrv, v´1s-algebras rkHs
–
ÝÑ H the basis of the self-dual indecompos-

able objects in kH gives the p-canonical basis of H, denoted by tpHw | w P W u.

Relation to Tilting Modules and p-Cells

Relation to Tilting Modules

The connection between the p-canonical basis and the tilting characters for G_ is twofold:

• via an algebraic version of the geometric Satake equivalence and

• via a new conjecture by Riche and Williamson.

First, we will try to explain the link via the geometric Satake equivalence. Let Gra denote the C-points of
affine Grassmannian associated to G. The Geometric Satake equivalence gives a monoidal equivalence

pPGpCrrtssqpGra, kq, ˚q
–
ÝÑ pReppG_q,bq

where pPGpCrrtssqpGra, kq, ˚q denotes the category of GpCrrtssq-equivariant perverse sheaves on Gra with co-
efficients in k together with the convolution product. According to [RW16, Part 3] parity sheaves with
coefficients in k on the complex points of the affine flag variety F la give a geometric incarnation of kH.
From the results in [JMW14, MR15], it follows that if the characteristic p of k is good for G, then the inde-
composable tilting module T pλq corresponds under the geometric Satake equivalence to the indecomposable
parity sheaf Epλq on the affine Schubert variety in Gra associated to λ P X_

` . Since F la is a G{B-bundle
over Gra, this implies that the multiplicities of Weyl modules in an indecomposable tilting module can be
read off of certain base change coefficients between the p-canonical basis and the Kazhdan-Lusztig basis of
H (see [JW15, Lemma 4.7]).
In [RW16, Conjecture 5.1] Riche and Williamson state a conjecture about the existence of an action of kHBS

on the principal block Rep0pG
_q via wall-crossing functors if the characteristic p of k is bigger than h_, the

Coxeter number of G_. They prove their conjecture for G_ “ GLnpkq for n ě 3 in [RW16, Part 2] and recent
work in progress by Achar, Riche, Makisumi and Williamson proves the conjecture in other types.
Let fW be the set of representatives of minimal lengths of the cosets WfzW . Denote by kHasph the quotient
of kH by the two-sided ideal of all morphisms factoring through a finite direct sum of indecomposable objects
of the form pBxpnq for x R fW and n P Z. Let kHasph

deg be the “degrading” of kHasph, i.e. a category on the

same objects where each Hom-space is the direct sum over all the Hom-spaces of maps in kHasph into grading
shifts of the codomain. The following theorem (see [RW16, Theorem 1.2]) establishes the second link:

Theorem. Suppose that the Riche-Williamson conjecture holds. Then there is an equivalence of additive
right kH-module categories:

kHasph
deg

„
ÝÑ Tilt0pG

_
q

which sends pBw to T pw ‚ 0q for any w P fW where ‚ denotes the p-dilated action of W on X.

The advantage of this approach is that it reduces complexity and allows to compute tilting characters which
were previously not known.

p-Cells

Define preorders on W via:

u
p
ď
L
v (resp. u

p
ď
R
v) if there exists an element a P H such that pHu occurs with non-zero coefficient

in a pHv (resp. pHva)
Observe that transitivity follows from the fact that the structure coefficients of the p-canonical basis are

Laurent polynomials with non-negative integer coefficients. Set u
p
ď
LR

v if u
p
ď
L
v or u

p
ď
R
v holds. The equiv-

alence classes with respect to the preorders
p
ď
L

(resp.
p
ď
R

or
p
ď
LR
q are called left (resp. right or two-sided)

p-cells.
The following pictures illustrate the differences between the Kazhdan-Lusztig and the p-cells in type rA and
small rank. In these pictures, the alcoves of the same colour give a two-sided cell. Among those alcoves of
the same colour, each connected component gives a right cell. On the left you see the Kazhdan-Lusztig cell
structure and on the right we show how each Kazhdan-Lusztig right cell in the lowest two-sided cell (i.e.
each connected component of white alcoves) on the left decomposes into infinitely many right p-cells showing
a fractal-like pattern in which each cell grows larger by a factor of p in each step.

Type rA1, p “ 3:

p-Cells in Type rA2 and Open Questions

p-Cells in Type rA2

Type rA2, p “ 5:

Open Questions

1. What does the p-cell structure look like in type rB2 and rC2?

2. Which results and techniques from the theory of Kazhdan-Lusztig cells in characteristic 0 can be
transferred to p-cells?
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