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The p-Canonical Basis

Connection to tilting modules
Let k � k be an algebraically closed field of characteristic p and G be a split, simply-connected algebraic
group defined over k (for example SLnpkq in type A). Let G � B � T be a Borel subgroup and a max torus
in G. Denote by Wf � NGpT q{T the Weyl group of G.
Consider the following long-standing open problem in modular representation theory:
Open Problem. Determine the tilting characters of G.
This problem can be reformulated in terms of the p-canonical basis for the affine Hecke algebra.

Definition
Recall that the representation theory of an algebraic group is governed by the combinatorics of the corre-
sponding affine Weyl group. Denote by W :� Wf
ZΦ the affine Weyl group where ZΦ is the character lattice
of G. View W as a Coxeter group pW,Sq. To G � B � T we can associate a graded, k-linear, monoidal
Krull-Schmidt category kH, called the category of diagrammatic Soergel bimodules (see [EW16]).
Theorem ([EW16, Theorem 6.25]). tindecomposable objects in kHu{�, r�s

�
ÐÑ tkBw | w P W u

By deforming the integral group ring ZW �
À

wPW Zew of the affine Weyl group, one obtains the corre-
sponding Hecke algebra H. As a Zrv, v�1s-module the Hecke algebra H �

À
wPW Zrv, v�1sHw is free with a

basis indexed by W . With respect to this basis the multiplication is given by the following relations:
HvHw � Hvw if lpvq � lpwq � lpvwq and H2

s � pv�1 � vqHs � 1 for s P S.
The following result shows that the Hecke algebra is the combinatorial playground for the category of dia-
grammatic Soergel bimodules (see [EW16, Corollary 6.26]):
Theorem (Soergel’s categorification Theorem). There is an isomorphism ε : H �

ÝÑ rkHs of Zrv, v�1s-
algebras between the Hecke algebra and the split Grothendieck group of kH.

Thus the question arises which Zrv, v�1s-basis of the Hecke algebra the basis of the indecomposable objects
in kH corresponds to. Over R the answer is given by Soergel’s conjecture which was recently proven by Elias
and Williamson (see [EW14]) and which states that the resulting basis of the Hecke algebra is the famous
Kazhdan-Lusztig basis tHw | w P W u.

Definition. Under the isomorphism of Zrv, v�1s-algebras rkHs
�
ÝÑ H the basis of the self-dual indecompos-

able objects in kH gives the p-canonical basis of H, denoted by tpHw | w P W u.

p-Cells
Define pre-orders on W via:

u
p
¤
L
v (resp. u

p
¤
R
v) if there exists an element a P H such that pHu occurs with non-zero coefficient

in a pHv (resp. pHva)
Observe that transitivity follows from positivity properties of the p-canonical basis. Set u

p
¤
LR

v if u
p
¤
L
v or

u
p
¤
R
v holds. The equivalence classes with respect to the preorders

p
¤
L

(resp.
p
¤
R

or
p
¤
LR
q are called left (resp.

right or two-sided) p-cells.

Type rA2, p � 5:

Kazhdan-Lusztig Star-operations

Definition
The only known combinatorial properties of the p-canonical basis are related to the Kazhdan-Lusztig star-
operations. These were originally introduced in [KL79, §4], generalizing (dual) Knuth operations from the
symmetric group to pairs of simple reflections r, t P S in general Coxeter groups with prtq3 � 1. We propose
the following generalization. Let r, t P S be two simple reflections with prtqmr,t � 1 with 3 ¤ mr,t   8.
Define:

DRpr, tq :� tw P W | |Rpwq X tr, tu| � 1u

where Rpwq denotes the right descent set of w. Any element w P DRpr, tq can be written as rw � xk̂ for some
x P ts, tu where rw is the element of minimal length in the right coset wxr, ty P W {xr, ty and rk̂ � rt . . . is the
alternating word of length 1 ¤ k   mr,t in r and t starting in r. The right star operation p�q� is an involution
on DRps, tq sending w � rw � xk̂ for x and k as above to rw � x

{pmr,t � kq. In order for the star-operations to be
well-behaved in positive characteristic, we need some mild assumptions on p. Assume from now on:

p ¡

$'&
'%

1 if mr,t � 3
2 if mr,t � 4
3 if mr,t � 6

Recall that we can write pHx �
°

y¤x
pmy,xHy for self-dual Laurent polynomials pmy,x P Z¥0rv, v

�1s. An-
alyzing precisely the interplay between the p-canonical basis and star-operations, one obtains the following
identities:

Proposition. For z ¤ x P DRpr, tq the base change coefficients between the p-canonical basis and the
Kazhdan-Lusztig basis satisfy:

pmz,x �
pmz�,x�

Proposition. Let x, z P DRpr, tq and s P S such that sx ¡ x. Then the structure coefficients for the
p-canonical basis satisfy:

pµy
s,x �

pµy�

s,x�

This allows us to further understand the interaction between p-cells and the Kazhdan-Lusztig star-operations:

Proposition. For x, y P DRpr, tq and s P S we have:

x
p
¤
L
y ô x�

p
¤
L
y�

In particular, if x and y lie the same left p-cell, then the same holds for x� and y�.

Moreover, we can generalize [Lus85, Proposition 10.7] as follows:

Proposition. Let r, t P S and Γ be a union of left p-cells such that Γ � DRpr, tq. Then the following holds:

1. rΓ :� p
�

wPΓ σwqzΓ is a union of left p-cells where σw is the right xr, ty-string through w.

2. If Γ is a left p-cell, then rΓ is a union of at most mr,t � 2 left p-cells.

3. If Γ is a left p-cell, then Γ� :� tw� | w P Γu is a left p-cell as well.

Vogan’s generalized τ-invariant
Vogan defined in [Vog79, Definition 3.10] an invariant of Kazhdan-Lusztig left cells in the setting of prim-
itive ideals for semi-simple Lie algebras. This became known as Vogan’s generalized τ -invariant and was
generalized in [BG15, Definition 5.1] to arbitrary Coxeter groups.

Definition. Denote by Tr,tpxq for r, t P S and x P DRpr, tq the neighbouring elements of x in its right xr, ty-
string (viewed as a multiset of cardinality 2). We define a sequence of equivalence relations �n for n P N for
x, y P W as follows:

x �0 y if Rpxq � Rpyq,
x �n�1 y if x �n y and for any pair r, t P S such that mr,t P t3, 4u and x, y P DRpr, tq with Tr,tpxq � tx1, x2u

and Tr,tpyq � ty1, y2u we have: x1 �n y1, x2 �n y2 or x1 �n y2, x2 �n y1.

We say that x and y have the same generalized τ -invariant if x �n y holds for all n ¥ 0. We call the set
tw P W | x �n w for all n ¥ 0u the τ -equivalence class of x.

Application to p-cells

Using the Kazhdan-Lusztig star-operations we can transfer the proof of [BG15, Theorem 5.2] to positive
characteristic:

Theorem. Assume p ¡ 2 if G has a simple factor of type Bn or Cn. Let Γ be a left p-cell. Then all elements
in Γ have the same generalized τ -invariant. In particular, any τ -equivalence class decomposes into left p-cells.

In [Vog79, Theorem 6.5] Vogan shows that the generalized τ -invariant gives a complete invariant in finite
type A. The same holds in finite types B{C (see [Gar93, Theorem 3.5.9]). Therefore, we have:

Corollary. The Kazhdan-Lusztig left cells in finite type A decompose into left p-cells. The same holds in
finite type B and C for p ¡ 2.

In finite type A, we can even go a step further and explicitly describe p-cells via the Robinson-Schensted
correspondence which establishes a bijection between the symmetric group Sn and pairs of standard tableaux
with n boxes mapping w P Sn to pP pwq, Qpwqq. Similar to [Ari00] we can prove:

Theorem. For x, y P Sn we have:

x
p
�
L
y ô Qpxq � Qpyq

x
p
�
R
y ô P pxq � P pyq

x
p
�
LR

y ô Qpxq and Qpyq have the same shape

In particular, Kazhdan-Lusztig cells and p-cells of Sn coincide for all primes p.

Open Questions
1. Recall that in type An�1 the left cell modules after specializing v ÞÑ 1 and extending scalars to C

give the irreducible representations of Sn in characteristic 0. Via the p-canonical basis, we obtain a
new family of bases for each irreducible module. What do these bases look like and what are their
properties?

2. Which other results and techniques from the theory of Kazhdan-Lusztig cells in characteristic 0 can be
transferred to p-cells?
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