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1. p-Kazhdan-Lusztig Theory

1.1. General Motivation. Let k be an algebraically closed field of char-
acteristic p > 0. One of the big open questions in representation theory is
to determine the characters of simple modules of the symmetric group Sn

over k whenever p ⩽ n. A more basic question would be to determine only
the dimensions of these simple modules. Both of these questions have re-
mained wide open for over a century, but in the last decade the perspective
has shifted and new advances in algebraic categorification have allowed to
rephrase them in a different setting.

These questions as well as many other open questions in representation
theory can be reformulated in terms of properties of a certain basis of the
Hecke algebra H over Z[v, v−1], called the p-canonical basis. In this case
one would consider the Hecke algebra of type An−1 which is a deformation
of the integral group ring of the symmetric group Sn.

This spawns interest in the p-canonical basis, which is obtained as follows:
The diagrammatic category of Soergel bimodules H may be defined over Z
using a based root datum Ψ as input and the split Grothendieck group of
kH (the extension of scalars of H to k) is isomorphic to H as Z[v, v−1]-
algebra (see [EW16, Corollary 6.26]). Then the p-canonical basis arises as
the isomorphism classes of the self-dual indecomposable objects in kH. If
k = R, then we would obtain the Kazhdan-Lusztig basis of H in this way (see
[EW14]). Therefore the p-canonical basis should be thought of as a positive
characteristic analogue of the Kazhdan-Lusztig basis.

Coming from either algebraic or geometric categorifications of the Hecke
algebra the p-canonical basis shares strong positivity conditions with the
Kazhdan-Lusztig basis (similar to the ones described by the Kazhdan-Lusztig
positivity conjectures), but loses many of its combinatorial properties. For
this reason, it is much harder to compute the p-canonical basis which is only
known in small examples (see [JW17]). Also understanding the multiplica-
tion in the p-canonical basis as explicitly as for the Kazhdan-Lusztig basis
(see [KL79, (2.3a)]) seems to be out of reach!

Even without knowledge of the p-canonical basis, one may obtain a first
approximate description of the multiplicative structure by studying the cells
with respect to the p-canonical basis, called p-cells. My current project
deals with this. Parallel to the very rich theory of Kazhdan-Lusztig cells in
characteristic 0, we try to build a similar theory in positive characteristic.
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1.2. What is known about p-cells? Up to this point, very little is known
about p-cells in general. p-Cells are related to tensor ideals of tilting mod-
ules which have previously been studied mainly by Ostrik (see [Ost97]) and
Andersen (see [And92, And04]). In order to state known results, some more
notation is needed.

Recall that the input for the diagrammatic category of Soergel bimodules
H is a based root datum Ψ. Let G be the split connected algebraic group
scheme defined over k, B ⊂ G a Borel subgroup and T ⊂ B a k-split maximal
torus such that the corresponding based root datum is (Langlands) dual to
Ψ. Assume G to be simply-connected (or Ψ to be of adjoint type). The
category Rep(G) of rational G-modules over k is a highest weight category
with standard, costandard, simple and indecomposable tilting modules (up
to isomorphism) denoted by ∆(λ), ∇(λ), L(λ) and T (λ) respectively for
λ ∈X+ (the dominant weights of G).

Before I state known results about p-cells, the connection of the p-canonical
basis to another tremendously important open question in representation
theory should be pointed out: As described in [JW17, Section 4.1] knowl-
edge of the characters of indecomposable tilting modules for G is equivalent
to knowledge of certain p-canonical basis elements in the affine Hecke alge-
bra Ha associated to the affine Weyl group Wa = W ⋉ ZΦ of G (where ZΦ
is the weight lattice of G). It is another big open problem in representation
theory to determine the characters of the indecomposable tilting modules.
The only algebraic group for which all tilting characters are known is SL2.
This underlines once more the importance of the p-canonical basis.

Using that the category of tilting modules is closed under tensor products
Ostrik considers in [Ost97] tensor ideals of tilting modules for quantum
groups at a root of unity. Moreover, he relates them to canonical Kazhdan-
Lusztig cells in the affine Weyl group as introduced by Lusztig and Xi in
[LX88]. Andersen takes up Ostrik’s ideas in [And04], studies tensor ideals
of tilting modules over G and calls the resulting equivalence classes in X∨+
modular weight cells. His most interesting result on modular weight cells
shows that they also exhibit some beautiful fractal like behaviour (which is
partly dictated by the tilting tensor product theorem from [Don93]). What
he shows is the following (see [And04, Lemma 13]): Define ρ to be the half
sum of all positive roots, set Yr ∶= (pr−1)ρ+X+ andXpr ∶= {λ ∈X+ ∣ ⟨λ,α∨⟩ <
pr for all simple roots α}. Then λ ∈ Yr can be written uniquely as λ =

λr
0 + p

rλr
1 with λr

0 ∈ (pr − 1)ρ +Xpr and λr
1 ∈X

+.
Lemma 1.1. Assume p ⩾ 2h − 2 where h is the Coxeter number of W . Let
λ,µ ∈ Yr. Then λ and µ lie in the same modular weight cell if and only if
λr

1 and µr
1 do.

This result reduces the decomposition of X+ into modular weight cells to
the decomposition of Y1 ∖ Y2. In addition, the last result together with the
observation that the fundamental alcove Cp ∶= {λ ∈ X ∣ 0 < ⟨λ + ρ,α∨⟩ <

p for all positive roots α} for the dot-action of the p-dilated affine Weyl
group is a modular weight cell (see [And04, Proposition 12]) gives the whole
p-cell structure in type Ã1 described below. Moreover, Andersen describes
the modular weight cells for Ã2.
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Finally, I want to briefly sketch how the modular weight cells are related
to p-cells. The connection is two-fold giving different pieces of the puz-
zle. Firstly, if the characteristic p of k is good for G, the indecomposable
tilting modules defined over k correspond under the geometric Satake equiv-
alence to the indecomposable parity complexes with coefficients in k on the
affine Grassmannian of the Langlands dual complex algebraic group G∨ (see
[JMW14, MR15]). Moreover, the p-canonical basis arises as the isomorphism
classes of the indecomposable parity complexes on the affine flag variety for
G∨ (see [RW16, Part 3]). Secondly, the recent Riche-Williamson conjecture
([RW16, Conjecture 5.1]) establishes another link. They conjecture that
translation functors give for p > h an action of the diagrammatic category of
Soergel bimodules on the principal block Rep0(G) and prove their conjec-
ture for GLn (i.e. in type A). Let sgn denote the sign module for the finite
Weyl group W . The conjecture implies that two categorifications of the an-
tispherical ZWa-module sgn⊗ZWZWa, namely a diagrammatic one and the
category of tilting modules in the principal block Tilt0(G), are equivalent
and thus links the characters of the indecomposable objects in Tilt0(G) to
the p-canonical basis via formulas similar to the ones given by [Soe97, Ko-
rollar 7.6]. Achar, Makisumi, Riche and Williamson recently proved these
character formulas (see [AMRW17]) for p > h. The Riche-Williamson conjec-
ture remains open in types other than A. Denote by fW the representatives
of minimal length of cosets in W /Wa. The right p-cells contained in fW are
called anti-spherical (or canonical in the terminology of [LX88]). Following
along the lines of [Ost97], Achar, Hardesty and Riche use the new charac-
ter formulas for tilting modules to relate anti-spherical p-cells and modular
weight cells (see [AHR17, Theorem 7.7]). They also prove that anti-spherical
right p-cells are finitely generated in a suitable sense (see [AHR17, §6]).

1.3. Explicit Open Problems. My first goal is to describe the p-cells in
small affine rank as explicitly as possible (as in [Lus87] for the Kazhdan-
Lusztig cells). Just to give an example: In type Ã1 the corresponding Cox-
eter group is the infinite dihedral group (W,{s, t}) where W = ⟨s, t ∣ s2 =

t2 = e⟩. In this case the Kazhdan-Lusztig right cells are easy to describe:

W = {e} ∪ {w ∈W ∣ sw < w} ∪ {w ∈W ∣ tw < w}

In positive characteristic, both of the two strings split up into infinitely
many right p-cells

{w ∈W ∣ sw < w} = ⋃
r∈N

sCr

where sCr = {s l̂ ∣ p
r ⩽ l < pr+1} contains (p − 1)pr elements and s l̂ denotes

the alternating word in s and t starting in s of length l.
Here is a list of related problems and open questions I would like to work

on:
(1) Determine the p-cell structure for the affine Weyl groups of rank 2

(i.e. Ã2, B̃2 and G̃2). I have described the right p-cells in case of Ã2
and the anti-spherical ones in type B̃2.

(2) Under which conditions are Kazhdan-Lusztig cells a union of p-cells?
(3) How can one describe the occurring p-cell modules?
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(4) What is the relation between a p-cell module and its fractal-like
repetitions?

(5) Is the analogue of Lusztig’s a-function for the p-canonical basis un-
bounded for affine Weyl groups? This is suggested by [LW17].

(6) In [Maz10] Mazorchuk shows that Lusztig’s a-function describes the
projective dimension of indecomposable tilting and indecomposable
injective modules in the regular block of BGG category O. Can this
result be generalized to characteristic p?

(7) Can one define modular character sheaves using parity sheaves?
(8) If the a-function for the p-canonical basis is bounded on a two-sided

p-cell, one define Lusztig’s J-ring attached to this p-cell. What are its
properties and what is its significance? It is easily categorified using
a subquotient category of diagrammatic Soergel bimodules equipped
with a truncated tensor product. In characteristic 0, unipotent char-
acter sheaves are in bijection with the collection of irreducible objects
in the Drinfeld center of these subquotient categories categorifying
Lusztig’s J-rings attached to two-sided Kazhdan-Lusztig cells. An
interesting question is whether this can be generalized to the modu-
lar setting.

(9) Achar, Makisumi, Riche and Williamson recently published a proof
(see [AMRW17]) of the character formulas for indecomposable tilt-
ing and irreducible modules of connected reductive algebraic groups
conjectured in [RW16]. In the semi-simple, simply-connected case,
this implies character formulas for the corresponding finite reductive
group in defining characteristic via Steinberg’s Restriction Theorem.
The p-canonical basis should also be closely related to unequal char-
acteristic representations of finite reductive groups. I would like to
understand existing connections as well as explore new applications
of the p-canonical basis in this direction.

2. Faithfulness of the 2-braid group

The braid group is ubiquitous not only in knot theory, but also in topol-
ogy, algebraic geometry and representation theory. Given a Coxeter sys-
tem (W,S), one may consider the corresponding generalized braid group
Br(W,S). In [Rou06] Rouquier proposed a categorification of Br(W,S) called
the 2-braid group 2−Br as a full monoidal subcategory of the homotopy cat-
egory of Soergel bimodules. He showed that the Picard group of the 2-braid
group gives a quotient of Br(W,S) and consequently stated the following
conjecture:
Conjecture 2.1 (Faithfulness of the 2-braid group).
The natural surjective map Br(W,S) Ð→ Pic(2 − Br) is an isomorphism.

In [Jen17] I show the faithfulness for the positive braid monoid by re-
covering the Garside normal form of a positive braid using the action on a
categorified left cell module. From this I deduced the following corollaries:

● a proof of Rouquier’s conjecture in arbitrary finite type (previously
known cases: type A by [KS02], type ADE by [BT11]),
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● a new proof of Paris’ theorem that the canonical map from the gen-
eralized braid monoid to its braid group is injective in arbitrary type.

Moreover, the categorified braid group action contains strictly more in-
formation than its decategorification. The faithful action on the categorified
cell module decategorifies to a twisted reduced Burau representation in type
An−1 which is known not to be faithful for n ⩾ 5 (see [Big99]).

At the conference on “Geometric Representation Theory” at Kyoto Uni-
versity in October 2016, I had the opportunity to discuss possible approaches
to the faithfulness of the 2-braid group in non-finite type with Prof. Licata
from the Australian National University in Canberra. Since I have worked
on this question in finite type, it would be very interesting to come back to
this question and to try to answer it in general (in collaboration with Prof.
Licata).
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