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Introduction and Acknowledgements
Introduction
What is categorification? Instead of trying to give a universal definition of categori-
fication, we will explain its underlying concept: Categorification is based on the idea
to upgrade set theoretic ideas to the level of categories by equipping algebraic objects
with a richer structure in a most “natural” way and to obtain deeper insights and a bet-
ter understanding from the additional structure that cannot be seen in the underlying
object. It originated in work by Crane and Frenkel in the area of topological quantum
field theories (see [CF94]) und fuels the interest in higher category theory in homological
algebra. One could ask oneself why this should yield any interesting results as one has
to make up additional structure in some sense, but the important point is to enhance
the algebraic object in a “natural” way. A result that shows that the process of cate-
gorification can yield new results is the proof of Broué’s abelian defect group conjecture
for symmetric groups (see [Rou06, CR08]): Chuang and Rouquier prove that the de-
rived category of a non-simple block of a symmetric group depends only on the defect
group up to equivalence. Another example is Khovanov homology as a categorification
of the Jones polynomial that gives a strictly stronger knot invariant and its functoriality
enabled Rasmussen to give a purely combinatorial proof of the Milnor conjecture (see
[BN02, Ras10] for more details).
In this master’s thesis we study the 2-braid group, a categorification of generalized

braid groups proposed by Rouquier. It is based on the so-called Rouquier complexes
that live in the homotopy category of Soergel bimodules. In order to show why the
2-braid group is “natural”, we need to explain Rouquier’s categorification a little bit
(see [Rou06]): Let (W,S) be a Coxeter system and V be the reflection representation
which is assumed to be faithful. Let R be the symmetric algebra on V ∗. Then W
acts on Db(R-grmod-R), the bounded derived category of (finitely generated) graded
R-bimodules in a canonical way: w ∈W acts by Rw ⊗R (−) where Rw is the R-bimodule
equal to R as left R-module and r ∈ R acts by w(r) from the right. Rw is also called a
standard bimodule. This action can be lifted in a non-obvious way to Kb(R-grmod-R)
by tensoring with complexes that are quasi-isomorphic to these standard bimodules
and that are called Rouquier complexes. Rouquier shows that these complexes satisfy
the braid relations up to isomorphism and that a rigidification of this “weak” action is
possible to obtain a monoidal functor from the strict monoidal category with object set
the braid group Br(W,S), only identity morphisms as arrows and tensor product given by
multiplication to the monoidal category Kb(R-grmod-R). The 2-braid group 2 − Br is
the full monoidal subcategory of Kb(R-grmod-R) on all objects isomorphic to complexes
in the image of this functor. He conjectures that the categorification is faithful, which
follows from results by Khovanov and Seidel (see [KS02]) in type A. Brav and Thomas
later show the faithfulness for types A, D and E (see [BT11]).
Rouquier complexes are extremely beautiful mathematical objects, but up to this

point not much is known about them. Let us summarize some results: Motivated by
the Ext-orthogonality of standard and costandard objects in the BGG category O (i.e.
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Exti(∆(w),∇(v)) = 0 if w ≠ v or i ≠ 0) Libedinsky and Williamson prove in [LW12] the
following analogue for x, y ∈W and the corresponding Rouquier complexes Fx, Fy in the
2-braid group:

Hom(Fx, F −1
y−1[i]) =

⎧⎪⎪⎨⎪⎪⎩

R if x = y and i = 0,
0 otherwise.

Khovanov shows in [Kho07] that Rouquier complexes can be used to calculate the triply
graded link homology, which was originally introduced by Khovanov and Rosanzky in
[KR08] via matrix factorizations and which gives a categorification of the HOMFLY-PT
polynomial. Elias and Krasner show in [EK10] that Rouquier’s weak action can be lifted
to a monoidal functor from the category of braid cobordisms with topological braids as
objects and certain cobordisms as morphisms to the 2-braid group (see [CS96] for more
information on the equivalent combinatorial braid cobordism category used by Elias and
Krasner).
The 2-braid group is another application of Soergel bimodules which underlines their

central importance in representation theory. The striking connections of Soergel bimod-
ules to other fields suggest that a better understanding of the 2-braid group will have
interesting consequences in these fields. The category of Soergel bimodules B gives a
categorification of the Hecke algebra and allows for example geometric and Lie-theoretic
interpretations:

• Let G be a split finite reductive group over a finite field Fq and let B ⊆ G be
a Borel subgroup. The Hecke algebra H as introduced in section 1.3 specialized
at v = q−1/2 is isomorphic to FunB×B(G,C), the algebra of B-biequivariant, com-
plex valued functions on G together with the convolution product. According
to Grothendieck’s function-sheaf correspondence, the algebra of B-biequivariant
functions on G should be categorified by B-biequivariant sheaves on G. This mo-
tivates the following: Let G be a complex reductive group and B ⊂ G a Borel
subgroup. The additive subcategory of semi-simple complexes in the equivariant
derived category Db

B×B(G,C) of B-biequivariant sheaves on G is called the Hecke
category H and carries a monoidal structure such that its split Grothendieck group
is isomorphic to H. Moreover, hypercohomology yields an equivalence of graded
monoidal categories between H and the category of Soergel bimodules, which even
provides a replacement in situations where no geometric context is available (see
[EW13, introduction]).

• Let g be a complex semi-simple, finite-dimensional Lie algebra, h ⊂ g a Cartan
subalgebra and λ ∈ h∗ an integral, dominant and regular weight. Soergel introduces
in [Soe90] his combinatorial functor Vλ ∶= Homg(P (w0 ⋅ λ),−) ∶ Oλ → Cop

λ −mod
where Cλ denotes the endomorphism algebra of P (w0⋅λ) and shows that Cλ and the
coinvariant algebra C[h]/C[h]W+ are isomorphic. Since Oλ has enough projectives,
Oλ is equivalent to the category of finite-dimensional modules over Endg(Pλ)op
where Pλ is the projective generator of Oλ. One can use this to introduce a graded
version of Oλ. Let Bw be the indecomposable Soergel bimodule defined over the
coinvariant algebra and θw the indecomposable projective functor mapping the
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Verma module ∆(λ) to the indecomposable projective P (w ⋅λ). Then one gets an
isomorphism of graded functors Vλ ○ θw ≅ Bw ○ Vλ. The usual Soergel bimodules
defined over C[h] correspond to projective functors on a certain category of Harish-
Chandra bimodules (see [Maz12, chapters 5, 7 and 8] and [Soe98] for more details).

Elias and Williamson describe in [EW13] the category of Bott-Samuelson bimodules by
generators and relations using planar diagrams. Since the category of Soergel bimodules
B is the Karoubi envelope of the category of Bott-Samuelson bimodules, this leads to a
diagrammatic description of B, which we will use to study Rouquier’s 2-braid group.
This thesis contains six sections. In the first section we summarize results about t-

structures and the Hecke algebra which we will need later. The second section contains
a long introduction to string diagrams to prepare the ground for the generators and
relations of the category of Soergel bimodules which we also discuss in detail. At the
end of the second section, we give a presentation of the category of Soergel bimodules
in type A2 using planar diagrams, which we will use for our explicit calculations.
In the third section, we first recall basic facts about generalized braid groups and the

Garside normal form which we will need later to prove the faithfulness of the 2-braid
group in types A, D and E. Then we discuss homotopy minimal complexes which will
be a very important technical tool for our study of the perverse filtration on the 2-braid
group. Finally, we introduce the 2-braid group and summarize Rouquier’s results from
[Rou06].
In the fourth section, we first define the perverse filtration on the homotopy category

of Soergel bimodules Kb(B) as introduced by Elias and Williamson in [EW12]. Then
we study the perverse filtration on the 2-braid group. For this we make heavy use of
the diagrammatics for the category of Soergel bimodules. We succeed in describing the
zeroth perverse cohomology group in general and the whole perverse filtration explicitly
in type A1. In type A2, where the situation is more complicated, we find an upper
bound on the number of non-zero perverse cohomology groups and describe the highest
non-zero perverse cohomology group in detail.
In the fifth section, we finally tackle the question about the faithfulness of the 2-braid

group. First, we show how the faithfulness of the 2-braid group follows from results by
Khovanov and Seidel in type A: Khovanov and Seidel introduce in [KS02] the so-called
zig-zag ring An and define complexes that satisfy the braid relations in the bounded ho-
motopy category Kb(An-grmod-An) of graded An-bimodules to obtain an action of the
braid group Brn+1 on the homotopy category Kb(An-grproj) of graded projective An-
modules. From now on, we will call these complexes “Khovanov complexes”. In order to
show the faithfulness of this action, they relate it to the action of the braid group on iso-
topy classes of simple curves in the (n+1)-punctured disk obtained via the realization of
the braid group as its mapping class group. Our strategy is to construct a monoidal func-
tor from the category of Soergel bimodules associated to (Sn+1,{simple transpositions})
to the category of graded An-bimodules that induces a corresponding functor on the
level of homotopy categories and matches the Rouquier and the Khovanov complexes
associated to a braid word (up to perverse shift). This implies the faithfulness of the
2-braid group in type A.
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The results by Khovanov and Seidel are topological in nature and do not apply to
other types. Therefore we finally transfer the results from Brav and Thomas concerning
the faithfulness in types A, D and E (see [BT11]) to the world of Soergel bimodules. In
order to do so, we consider a special left cell Cs in the Hecke algebra with respect to the
Kazhdan-Lusztig basis and categorify Cs using the corresponding subquotient category
Cs (i.e. a subcategory of a quotient) of the category of Soergel bimodules. The action of
the 2-braid group on Kb(B) will descend to Kb(Cs). Finally, we show that the Garside
normal form of a positive braid σ ∈ Br+(W,S) can be reconstructed from the action of σ
and its subwords on Kb(Cs). This implies the faithfulness of the 2-braid group in types
A, D and E and could lead to a strategy to prove the faithfulness in all finite types or
even in general.
In the last section we describe a beautiful way of embedding non-simply laced Coxeter

groups of finite type into simply-laced Coxeter groups of finite type. At first, the results
from this section may appear unrelated to the rest of the thesis, but they were developed
in an attempt to relate the two categorifications associated to the special left cells of a
simply-laced and a non-simply laced Coxeter group.
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1 Prerequisites

1 Prerequisites
1.1 Notation and conventions
Throughout the thesis, K0(C) denotes the split Grothendieck group of an essentially
small, additive category C, which is the free abelian group generated by all isomorphism
classes [M] for M ∈ C subject to the relations [M ⊕N] = [M] + [N] for all M,N ∈ C.
Recall that by definition an essentially small category C is equivalent to a small category
and therefore the isomorphism classes of all objects in C form a set.
For an additive category A we will denote by Cb(A) the category of bounded cochain

complexes in A and by Kb(A) the corresponding homotopy category, which we obtain
from Cb(A) as a quotient with respect to the two-sided ideal of null-homotopic mor-
phisms of cochain complexes (see section 3.2 for the definition of a two-sided ideal).
We assume basic knowledge about triangulated categories, which can for example be

found in [Nee01] or [Hap88]. In particular, the reader should know the definition of a
triangulated category, an exact functor and a cohomological functor. For us the most
important example of a triangulated category will be the homotopy category Kb(A)
for an additive category A. In Kb(A) the distinguished triangles are those isomorphic
to mapping cone triangles (see [KS06, Theorem 11.2.6]). For a cochain complex C =
(Cn, dn)n∈Z its shifted complex C[1] is given by (C[1])n = Cn+1 and dn

C[1] = −dn+1.
In addition, some knowledge about Coxeter groups is required. Standard references

for this are [Bou68] and [Hum90].

1.2 t-Structures
In this section we recall the results about t-structures in triangulated categories that
will be needed afterwards. All of the results in this section can be found in [BBD82,
chapter 1], [KW01, sections II.1 - II.4] or [KS90, section 10.1].

Definition 1.1. Let D be a triangulated category, D⩾0 and D⩽0 be full subcategories
of D. Set D⩽n = D⩽0[−n] and D⩾n = D⩾0[−n]. (D⩽0,D⩾0) is a t-structure on D if the
following conditions are satisfied:

(i). For X ∈ D⩽0 and Y ∈ D⩾1 we have HomD(X,Y ) = 0.

(ii). D⩽0 is a full subcategory of D⩽1 and D⩾1 is a full subcategory of D⩾0.

(iii). For all X ∈ D there exists a distinguished triangle A → X → B
[−]→ in D with

A ∈ D⩽0 and B ∈ D⩾1.

If in addition the zero object is the only object lying in all D⩽n for n ∈ Z and the
only object contained in every D⩾n for n ∈ Z the t-structure (D⩽0,D⩾0) is called non-
degenerate. The heart (sometimes also core) of the t-structure (D⩽0,D⩾0) is the full
subcategory D⩽0 ∩D⩾0.

1



1 Prerequisites

Everybody who is unfamiliar with t-structures should translate all results to the set-
ting where D is the derived category of an abelian category and D⩾0 (resp. D⩽0) is the
full subcategory of all complexes with vanishing cohomology in strictly negative (resp.
positive) degrees. For the rest of the section, fix a triangulated category D with t-
structure (D⩽0,D⩾0). The following result (see [KS90, Proposition 10.1.4] and [BBD82,
Proposition 1.3.3]) shows that there are abstract truncation functors in D:

Proposition 1.2. (i). The inclusion D⩽n → D (resp. D⩾n → D) has a right adjoint
functor pτ⩽n ∶ D → D⩽n (resp. a left adjoint functor pτ⩾n ∶ D → D⩾n).

(ii). For all X ∈ D there exists a unique morphism dA ∶ pτ⩾n+1(X) → pτ⩽n(X)[1] such
that the triangle pτ⩽n(X) → X → pτ⩾n+1(X) dA→ pτ⩽n(X)[1] is distinguished. Up to
unique isomorphism this is the only distinguished triangle A → X → B

[−]→ in D
with A ∈ D⩽n and B ∈ D⩾n+1. In addition, bundling all these morphisms together
yields a natural transformation d ∶ pτ⩾n+1 → [1] ○ pτ⩽n.

We will also write pτ<m for pτ⩽m−1 or pτ>m for pτ⩾m+1. Next, we will summarize
some properties of these truncation functors which we will use frequently (see [KS90,
Proposition 10.1.6, Proposition 10.1.8]):

Proposition 1.3. Let m and n be two integers.

(i). If X ∈ D⩽n (resp. X ∈ D⩾n), then the morphism pτ⩽n(X)→X (resp. X → pτ⩾n(X))
is an isomorphism.

(ii). An object X ∈ D lies in D⩽n (resp. D⩾n) iff pτ>n(X) = 0 (resp. pτ<n(X) = 0).

(iii). We have pτ⩽n ○ [1] ≃ [1] ○ pτ⩽n+1 and pτ⩾n ○ [1] ≃ [1] ○ pτ⩾n+1.

(iv). If m ⩽ n, then pτ⩽m ○ pτ⩽n ≃ pτ⩽n ○ pτ⩽m ≃ pτ⩽m and pτ⩾m ○ pτ⩾n ≃ pτ⩾n ○ pτ⩾m ≃ pτ⩾n.

(v). If m < n, then pτ⩾n ○ pτ⩽m = 0 = pτ⩽m ○ pτ⩾n.

(vi). If m ⩽ n, then pτ⩾m ○ pτ⩽n ≃ pτ⩽n ○ pτ⩾m. More precisely, for all X ∈ D there exists a
unique morphism pτ⩾m ○pτ⩽n(X)→ pτ⩽n ○pτ⩾m(X) such that the following diagram
commutes:

pτ⩽n(X) //

��

X // pτ⩾m(X)

pτ⩾m ○ pτ⩽n(X) // pτ⩽n ○ pτ⩾m(X)

OO

and it is an isomorphism.

The following result can be found in [KS90, Theorem 10.1.7] or [KW01, Lemma 2.3
and its dual version]:

Lemma 1.4. Let X → Y → Z
[1]→ be a distinguished triangle in D. If X and Z lie in D⩾0

(resp. D⩽0), then the same is true for Y .

2



1 Prerequisites

Now, we come to the great miracle of t-structures (see [KW01, Theorem 1.3.1] and
[BBD82, Theorem 1.3.6]):

Theorem 1.5. The heart D⩾0∩D⩽0 of D is an abelian subcategory of D and closed under
extensions. A sequence 0→X

u→ Y
v→ Z → 0 in the the heart of D is exact if and only if

there exists a distinguished triangle X u→ Y
v→ Z

[1]→ in D.
The following definition is essential as in section 4 we will gather results about the

perverse cohomology groups of Rouquier complexes.

Definition 1.6. The functor pH0 ∶= pτ⩽0 ○ pτ⩾0 ∶ D Ð→ D⩾0 ∩ D⩽0 is called the zeroth
perverse cohomology. Define pHn ∶= pH0 ○ [n] ≃ [n] ○ pτ⩾n ○ pτ⩽n and call this functor the
n-th perverse cohomology.

See [KW01, Theorem 4.4] for a proof of the following theorem:

Theorem 1.7. For every distinguished triangle X → Y → Z
[1]→ in D there exists a long

exact sequence in the heart of D:

⋅ ⋅ ⋅→ pH−1(Z)→ pH0(X)→ pH0(Y )→ pH0(Z)→ pH1(X)→ . . .

(i.e. pH0 is a cohomological functor).

The proof of the following result can be found in [BBD82, Proposition 1.3.7].

Proposition 1.8. Assume that the t-structure (D⩽0,D⩾0) on D is non-degenerate. Then
a morphism f in D is an isomorphism if and only if pHi(f) is an isomorphism for all
i ∈ Z (i.e. the system of functors {pHi ∣ i ∈ Z} is conservative or isomorphism-reflecting).
In addition, an object X ∈ D lies in D⩾0 (resp. D⩽0) if and only if pHi(X) = 0 for all
i < 0 (resp. i > 0).

Let Di for i ∈ {1,2,3} be a triangulated category with t-structure (D⩽0
i ,D⩾0

i ) and heart
Ci. Denote by ε ∶ C1 Ð→ D1 the inclusion functor.

Definition 1.9. Let F ∶ D1 Ð→ D2 an exact functor. F is called left (resp. right) t-exact
if F (D⩾0

1 ) ⊆ D⩾0
2 (resp. F (D⩽0

1 ) ⊆ D⩽0
2 ).

See [BBD82, Proposition 1.3.17] for a proof of the following proposition:

Proposition 1.10. (i). Let F ∶ D1 Ð→ D2 be a left (resp. right) t-exact functor. Then
the additive functor pF ∶= pH0 ○ F ○ ε ∶ C1 Ð→ C2 is left (resp. right) exact.

Let K ∈ D⩾0 (resp. K ∈ D⩽0). Then the following holds: pF ○ pH0(K) ≅Ð→ pH0 ○
F (K) (resp. pH0 ○ F (K) ≅Ð→ pF ○ pH0(K)).

(ii). Let F ∗ ∶ D1 ⇄ D2 ∶ F∗ be a pair of adjoint functors. Then F ∗ is right t-exact if and
only if F∗ is left t-exact. In this case, pF ∗ ∶ C1 ⇄ C2 ∶ pF ∗ forms a pair of adjoint
functors.

(iii). Let F1 ∶ D1 → D2, F2 ∶ D2 → D3 be two left (resp. right) t-exact functors. Then
F2 ○ F1 is left (resp. right) t-exact as well and we have p(F2 ○ F1) = pF 2 ○ pF 1.

3
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1.3 Hecke Algebra
The main purpose of this section is to introduce the Hecke algebra. We will mostly use
Soergel’s notation from [Soe97].
From now on, fix a Coxeter system (W,S). Let H(W,S) be the corresponding Hecke

algebra over Z[v, v−1] which we will also denote by H as long as there is no danger of
confusing it with the Hecke algebra of another Coxeter system.
Denote by {Hw}w∈W the standard and by {Hw}w∈W the Kazhdan-Lusztig basis in

Soergel’s normalization. Recall the following facts about the Hecke algebra:
Since we are not working with the usual normalization, let us state the relations for

the standard basis:

H2
s = (v−1 − v)Hs + 1 for all s ∈ S,

HsHtHs . . .´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
ms,t terms

=HtHsHt . . .´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
ms,t terms

for all s ≠ t ∈ S.

There is a unique Z-linear involution (−) on H satisfying v = v−1 and Hs = H−1
s for

s ∈ S and thus Hx =H−1
x−1 . The Kazhdan-Lusztig basis element Hx is the unique element

in Hx +∑y<x vZ[v]Hy that is invariant under (−).
Moreover, there is a Z[v, v−1]-linear anti-involution ι on H satisfying ι(Hs) = Hs for

s ∈ S and thus ι(Hx) =Hx−1 and a Z-linear anti-involution ω on H satisfying ω(v) = v−1

and ω(Hs) =Hs for all s ∈ S.
Recall that a trace on H is a Z[v, v−1]-linear map ε ∶ H → Z[v, v−1] satisfying ε(hh′) =

ε(h′h) for all h,h′ ∈ H. A calculation shows that the Z[v, v−1]-linear map ε satisfying
ε(Hx) = δx,1, where δx,1 is the Kronecker symbol, is a trace. This map is called the
standard trace.

Lemma 1.11. For all x, y ∈W we have ε(HxHy) = δx,y−1 where δx,y−1 is the Kronecker
delta.

Proof. We will proceed by induction on the length of y for arbitrary x: If y = 1 ∈ W ,
then the statement holds by definition of the standard trace. For l(y) > 1, write y = rỹ
with r ∈ S and l(ỹ) < l(y) and calculate:

ε(HxHy) = ε(HxHrHỹ) =
⎧⎪⎪⎨⎪⎪⎩

δxr,ỹ−1 if xr > x,
(v−1 − v)δx,ỹ−1 + δxr,ỹ−1 if xr < x.

= δxr,ỹ−1 = δx,y−1

In the first two steps we used the multiplication formula in the standard bases

HxHr =
⎧⎪⎪⎨⎪⎪⎩

Hxr if xr > x,
(v−1 − v)Hx +Hxr if xr < x.

and in the third step the observation that for xr < x the element x cannot equal ỹ−1

due to r ∉R(ỹ−1). For the last step, simply observe that ỹ−1r = y−1 and thus xr = ỹ−1 is
equivalent to x = y−1.

4



1 Prerequisites

Using the standard trace and the Z-linear anti-involution ω, we can now define the
standard pairing (−,−) ∶ H × H → Z[v, v−1] via (h,h′) = ε(ω(h)h′) for all h,h′ ∈ H.
Note that this pairing is Z[v, v−1]-semilinear, i.e. (v−1h,h′) = (h, vh′) = v(h,h′) for all
h,h′ ∈ H. In addition, Hs is self-biadjoint with respect to this pairing. In other words,
we have (Hsh,h

′) = (h,Hsh
′) and (hHs, h

′) = (h,h′Hs) for all h,h′ ∈ H.
Write Hx = ∑y⩽x hy,xHy where hy,x ∈ Z[v] are the Kazhdan-Lusztig polynomials. From

the defining property of the Kazhdan-Lusztig basis, one sees immediately hx,x = 1 and
hy,x ∈ vZ[v] for all y < x. Thus we can set hy,x = vh′y,x for y < x. Define µ(y, x)
for y ⩽ x ∈ W as the coefficient of v in hy,x. In particular, we have µ(x,x) = 0 and
µ(y, x) = h′y,x(0) for y < x. We extend this definition of µ as follows. Set µ(x, y) ∶= µ(y, x)
if y < x and µ(x, y) = 0 if x and y are incomparable in the Bruhat order.
Write HxHy = ∑z∈W µzx,yHz with µzx,y ∈ Z[v, v−1].
The multiplication formula from [KL79, Formula 2.3.b] reads in our normalization as

follows:

Lemma 1.12 (Right-handed Multiplication formula). For s ∈ S and w ∈W the following
holds:

HwHs =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

v−1Hw if ws < w,
Hws − vHw +∑y<w s.t.

ys<y
µ(y,w)Hy otherwise.

From the fact that ι and (−) commute, we easily deduce:

Lemma 1.13. For all y ⩽ x ∈W we have:

(i). ι(Hx) =Hx−1

(ii). hy,x = hy−1,x−1

(iii). µ(y, x) = µ(y−1, x−1)

Applying ι to the multiplication formula in Lemma 1.12 and using Lemma 1.13, we
obtain a left-handed analogue of Lemma 1.12 (see also [KL79, Formula 2.3.a]):

Corollary 1.14 (Left-handed Multiplication formula). For s ∈ S and w ∈W the follow-
ing holds:

HsHw =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

v−1Hw if sw < w,
Hsw − vHw +∑y<w s.t.

sy<y
µ(y,w)Hy otherwise.

The remaining results in this subsection are all consequences of the multiplication
formula. Therefore there are right- and left-handed versions of these results, but we
will restrict ourselves to the left-handed versions. We will now gather some facts about
the Kazhdan-Lusztig polynomials. The first result follows from the left-handed multi-
plication formula in Corollary 1.14 by expressing each Kazhdan-Lusztig basis element
in terms of the standard basis and by comparing coefficients:
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Lemma 1.15. Let w ∈ W ∖ {id} and y ⩽ w. Choose s ∈ S such that sw < w. Then the
following formulas hold:

(i). hy,w = hsy,sw + vcyhy,sw −∑y⩽z<sw s.t.
sz<z

µ(z, sw)hy,z where cy =
⎧⎪⎪⎨⎪⎪⎩

1 if sy > y,
−1 otherwise.

This identity shows how to calculate hy,w inductively using Kazhdan-Lusztig poly-
nomials where both indices are smaller.

(ii). If sy < y, then hsy,w = vhy,w. In particular, for y = w we get hsw,w = v and thus
µ(sw,w) = 1.

The following result in this form can be found in [Wil03, Proposition 4.3.3] where it
is proven in the special case of type A, but the proof applies to the general setting as
well.

Proposition 1.16. Let x ∈ W , s ∈ S such that sx > x. Then the only element y ∈ W
satisfying x < y, sy < y and µ(x, y) ≠ 0 is sx and in this case µ(x, y) = 1.
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2 Generators and Relations for Soergel bimodules
We want to give a short introduction to String diagrams and then introduce generators
and relations for Soergel bimodules. Even though we do not necessarily need the notion
of a 2-category, we want to introduce them as the suitable setting for string diagrams.

2.1 2-categories and String Diagrams
In this section we briefly review the categorical background (f.e. definition of a 2-
category, biadjoints, Frobenius objects) and introduce string diagrams. This is mostly
based on [Lau12, section 2] and [Lau10, section 4].
We assume basic knowledge about (strict) monoidal categories. A good reference for

this is [ML98, sections VII.1, VII.2, XI.1 - XI.3]. In order to give a concise definition of
a 2-category we will need the following definition of a category enriched over a monoidal
category:

Definition 2.1. Let M = (M,⊗, IM, α, λ, ρ) be a concrete monoidal category with
monoidal identity IM, associator α and left (resp. right) unitor λ (resp. ρ). A category
C is weakly enriched over M (or anM-category) if for all X,Y ∈ C the morphism space
HomC(X,Y ) is an object inM and for all X,Y,Z ∈ C the composition

HomC(Y,Z)⊗HomC(X,Y )Ð→ HomC(X,Z)

is a morphism inM such that the composition of morphisms is associative (up to natural
isomorphism using α) and that for all X ∈ C there is a morphism from the monoidal
identity 1M to HomC(X,X) in M providing a unit with respect to the composition
(up to natural isomorphism using λ and ρ). In addition, the composition and the
identity morphisms are required to satisfy certain coherence conditions, sometimes called
associativity pentagon and unit triangle (see [Bén67, page 5 and 6] for the explicit form).
A category C is enriched over M if C is weakly enriched over M, the composition

is strictly associative and the identity morphisms provide a strict unit with respect to
composition. (In other words, both “up to natural isomorphims” in the above definition
are replaced by the requirement of strict equality.) In this case, the coherence conditions
are immediate.
Let C, D be two categories enriched over M. An M-enriched functor from C to D

is a functor from C to D such that for all X,Y ∈ C the induced map HomC(X,Y ) →
HomD(X,Y ) is a morphism inM.

Example 2.2. For a commutative ring R an R-linear category is a category enriched over
R-mod as the composition in an R-linear category is assumed to be strictly associative
and unital.

Definition 2.3. Let K be a commutative domain. A graded K-linear category is a
K-linear category C̃ together with an autoequivalence (1) ∶ C̃ → C̃, X ↦X(1), called the
grading shift functor, and a fixed quasi-inverse, denoted by (−1).

7
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Remark 2.4. Given a category C enriched over the category of graded K-modules, we
will frequently associate to C a graded K-linear category C̃ as follows: Objects in C̃ will
be families {Xi}i∈Z where all but finitely many Vi are 0 and the non-zero Vi are objects
of C. We set

HomC̃({Xi}i∈Z,{Yi}i∈Z) = ⊕
i,j∈Z

Homj−i
C (Xi, Yj)

where Homj−i
C (Xi, Yj) denotes the grading piece of degree j − i in HomC(Xi, Yj). (Here

we implicitly use the convention that Homj−i
C (Xi, Yj) is zero, if Xi or Yj are zero.) Define

grading shift functor (1) ∶ C̃ → C̃ via {Xi}i∈Z(1) ∶= {Xi+1}i∈Z. C̃ will be called the graded
version of C.
One should think of the graded version as allowing grading shifts of objects, but

restricting to grade-preserving homomorphisms. This is in some sense just a rebundling
of the given data. See [Rou08, page 7] for a more formal statement.
Recall that the category of all small categories Cat is a monoidal category where the

tensor product of two categories is given by their product und the monoidal identity 1Cat
agrees with the terminal object, the category with only one object and the identity on
this object as only morphism. Therefore we can define:

Definition 2.5. A 2-category (resp. strict 2-category) is a category weakly enriched
over Cat (resp. enriched over Cat). A strict 2-functor between two strict 2-categories is
a Cat-enriched functor between the corresponding Cat-enriched categories.

Note that a 2-category according to our definition is sometimes called bicategory or
weak 2-category in the literature. In addition, a strict 2-functor preserves strictly all
categorical data of a 2-category (see [Lei04, Definition 1.5.8] for several weaker notions).
Before we explain the definition in more detail, let us consider some examples:
Example 2.6. • A very important example of a strict 2-category is the 2-category of

small categories Cat, where objects are small categories, 1-morphisms are functors
and 2-morphisms are natural transformations.

• Any (strict) monoidal category M can be made into a (strict) 2-category Σ(M)
on a single object ● by setting HomΣ(M)(●, ●) =M. Table 1 summarizes how this
is just a shift of perspective.

Structure in ΣM Corresponding structure inM
objects: ● (no correspondence)
1-morphisms: ●→ ● objects ofM
2-morphisms: morphisms ofM
composition of 1-morphisms: tensor product of objects inM
unit 1-morphism on ●: monoidal identity 1M ofM
horizontal composition: tensor product of morphisms inM
vertical composition: composition of morphisms inM

Table 1: The 2-category Σ(M)

8



2 Generators and Relations for Soergel bimodules

Let us unpack this definition a little bit. A category only encodes two levels of com-
binatorial data: objects and morphisms between objects. In a 2-category, another level
is added by allowing morphisms between morphisms, so-called 2-morphisms. A strict
2-category K consists of the following data:

• a class of objects, denoted Ob(K),

• for all objects X, Y in K a category HomK(X,Y ), whose objects are called 1-
morphisms from X to Y in K and whose morphisms are called 2-morphisms in
K,

• for all objects X, Y and Z in K a functor

∗ ∶ HomK(Y,Z) ×HomK(X,Y )Ð→ HomK(X,Z)

describing how to compose two 1-morphisms in K such that the resulting compo-
sition is associative,

• and for all objects X ∈ K a functor

UX ∶ 1Cat Ð→ HomK(X,X)

providing a unit for the composition of 1-morphisms.

For objects X, Y ∈ K and 1-morphisms f, g ∶ X → Y , a 2-morphism α ∶ f ⇒ g is usually
depicted by a “globular” diagram:

XY

f

g

α

Note that we always orient the edges corresponding to 1-morphisms from right to left
as this goes well with compositions of 1-morphisms. In addition, it is more natural due
to our conventions about string diagrams introduced in section 2.1.1.
As this “globular” representation of a 2-morphism suggests, we have two different

ways of composing 2-morphisms in K:

• horizontally (induced on the level of 2-morphisms by the functor that describes
the composition of 1-morphisms):

Z

Y

X

f

g

f ′

g′

αβ = Z X

f ′ ∗ f

g′ ∗ g

β ∗ α

9
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• vertically (given by the composition inside the category of 1-morphisms between
two fixed objects in K):

Y X

f

h

α

β
= Y X

f

h

β ○ α

and both compositions are associative and unital. Therefore there are two types of
identity morphisms in K:

• For every object Z ∈ K there is an identity 1-morphism 1Z on Z satisfying:

Y
X

X
1Xf = Y X

f = Y
Y

X
f1Y

• For every 2-morphism h ∶ X → Y in K there is an identity 2-morphism 1h on h
satisfying:

Y X

f

g

g

α

1g

= Y X

f

g

α = Y X

f

f

g

1f

α

Let us study the consequences of the axioms of a 2-category for these identity morphisms.
The following two diagrams of functors commute because for all Z ∈ K the functor UZ
gives a unit for the composition of 1-morphisms:

HomK(X,Y ) × 1Cat
id×UX//

≅
ρ

++

HomK(X,Y ) ×HomK(X,X)

��

HomK(Y,Y ) ×HomK(X,Y )

��

1Cat ×HomK(X,Y )UY ×idoo

≅
λ

tt
HomK(X,Y ) HomK(X,Y )

where the vertical functors are given by the composition of 1-morphisms and the diagonal
functors are components of the right (resp. left) unitor in the monoidal category Cat.
This equality of functors gives the following identity on the level of 2-morphisms in K:

Y

X

X

f

g

1X

1X

α 11X = Y X

f

g

α = Y

Y

X

f

g

1Y

1Y

α11Y

10
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In other words, the identity 2-morphism 11X on the identity 1-morphism 1X gives a unit
for the horizontal composition of 2-morphisms.
Since ∗ as a functor preserves the identity morphism we get the following equality on

the level of 2-morphisms:

Z Y ∗ Y X

f

f

g

g

1f1g = Z X

g ∗ f

g ∗ f

1g∗f

The compatibility of ∗ as a functor with the vertical compositions of 2-morphisms
translates into the so-called “interchange law” (δ ○ γ) ∗ (β ○ α) = (δ ∗ β) ○ (γ ∗ α) which
can be pictured as follows:

Z Y ∗ Y X

f

g

h

α

β

f ′

g′

h′

γ

δ
= Z

Y

X

f

g

h

α

β

f ′

g′

h′

γ

δ
= ○

Y

Z X

Y

Z X

f

g

g

h

α

β

f ′

g′

g′

h′

γ

δ

2-categories provide the suitable setting for string diagrams which we will introduce
in the next section. In order to simplify notation, we will work in strict 2-categories, but
this is no restriction due to the following theorem which can be found in [GPS95, section
1.4] or [Lei04, Theorem 1.5.15] (see also [Lei04, the remark preceding Proposition 1.5.13]
for the definition of a biequivalence of 2-categories):

Theorem 2.7. Any 2-category is biequivalent to a strict 2-category.

2.1.1 String diagrams

Like the “globular” diagrams used in the last section, String diagrams are a diagram-
matic representation for 2-morphisms in a 2-category. They existed as informal tool for
computations long before the idea was formalized by Joyal and Street in [JS91] in the
framework of higher category theory. For simplicity we will work in a strict 2-category
K. Informally speaking, one obtains a string diagram from the “globular” representation
of a 2-morphism as follows: Imagine that the representation is embedded in the plane
and think of the 2-morphisms as filling out the whole globular region between the corre-
sponding 1-morphisms. Then take the Poincaré dual of this representation to obtain a
string diagram of this 2-morphism. In other words, a vertex labelled by an object in K
becomes a region, a 1-morphisms is represented by an edge transversal to the one in the

11
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“globular” diagram and 2-morphisms are turned into vertices. This is best illustrated
by some examples:

↝XY

f

g

α Y α X

f

g

↝W

X

Y

Z

f1

g1

f2

g2

α Z α W

X

Y

f1

g1

f2

g2

Our convention is to read string diagrams from bottom to top and from right to left.
Note that for a 2-morphism, its string diagram contains all relevant source and target
information. In the string notation a 1-morphism can be thought of as a sequence of
labelled points obtained by intersecting the string diagram with a horizontal line at a
height where no vertex lies. Therefore the horizontal composition of 1-morphisms is
given by concatenation of the corresponding sequences and the horizontal composition
of 2-morphisms is obtained by placing the corresponding string diagrams side by side:

Z

Y

X

f

g

f ′

g′

αβ ↝ Z β Y

f ′

g′

α X

f

g

The vertical composition of 2-morphisms is achieved by stacking the corresponding
string diagrams on top of each other:

12



2 Generators and Relations for Soergel bimodules

Y X

f

h

α

β
↝ Y

α

β

X

f

h

g

Next, we want to explain why string diagrams are better suited to represent 2-
morphisms than the “globular” diagrams. This is the case because string diagrams
have a topological flavour: From the unit axioms it follows that identity 1-morphisms
can be omitted from or added to compositions, but they are usually not drawn in string
diagrams. A 2-morphism α ∶ f ⇒ g between two 1-morphisms f, g ∶ X → Y can be
interpreted as a 2-morphism 1Y ∗ f ⇒ g or f ∗ 1X ⇒ g and therefore we get:

Y α X

f

g

= Y α X

Y

1Y f

g

= Y α X

f

g

= Y α X

X

f 1X

g

= Y α X

f

g

This shows that the horizontal position of the top and bottom endpoints in a string
diagram is not relevant (as long as the order of the points in the sequence is retained)
because all of these string diagrams above represent the same 2-morphism. All this
applies to identity 2-morphisms as well with the following consequence:

Y

α

X

f

g

= Y

α

1f

X

f

g

= Y α X

f

g

= Y

1g

α

X

f

g

= Y

α

X

f

g

Therefore the height of a vertex labeling a 2-morphism is not relevant either, but what
about the relative height of vertices on neighbouring strings?

13



2 Generators and Relations for Soergel bimodules

Z

Y

X

f

g

1f

α

f ′

g′

β

1g′

= Z

Y

X

f

g

α

f ′

g′

β = Z

Y

X

f

g

α

1g

f ′

g′

1f ′

β

Z

β

Y

f ′

g′

α

X

f

g

= Z β Y

f ′

g′

α X

f

g

= Z

β

Y

f ′

g′

α

X

f

g

The unit axioms and the interchange law show that the three string diagrams above
represent the same 2-morphism and thus the relative height of vertices is irrelevant as
well.

2.1.2 String Diagrams for biadjoints

Recall the following well known characterization of adjoint functors (see [ML98, property
v) in Theorem 2 in Chapter IV.1]):

Theorem 2.8. Let C and D be categories. Each adjunction (L,R,φ) ∶ C → D (where for
all objects X ∈ C and Y ∈ D the morphism φ = φX,Y ∶ HomD(LX,Y ) → HomC(X,RY ) is
a bijection of sets natural in X and Y ) is uniquely determined by the functors L, R and
natural transformations η ∶ 1C → RL and ε ∶ LR → 1D, called unit and counit respectively,
such that the following diagrams of natural transformations commute:

R
ηR //

1R ""

RLR

Rε
��

L
Lη //

1L ""

LRL

εL
��

R L

This characterization can be seen as definition of adjoints in the 2-category Cat and
serves as a motivation for adjoints in an arbitrary 2-category:

Definition 2.9. Let K be a strict 2-category. A 1-morphism l ∶X → Y is left adjoint to
a 1-morphism r ∶ Y →X in K if there exist 2-morphisms η ∶ 1X ⇒ r ∗ l and ε ∶ l ∗ r⇒ 1Y ,
called unit and counit of the adjunction respectively:
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X
Y

X

1X

lr

η

Y
X

Y

1Y

rl

ε

such that the following equalities hold:

Y
X

Y
X

1X

1Y

l

rl

η

ε

= Y X

l

l

1l

X
Y

X
Y

1X

1Y

rl
r

η

ε

= X Y

r

r

1r

Translating the last two equalities into string diagrams we get the so-called zig-zag or
snake identities:

Y r

l

l

ε

η

X = Y X

l

l

X l

r

r

ε

η

Y = X Y

r

r

15
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If a 1-morphism l ∶ X → Y is biadjoint (i.e. left and right adjoint) to a 1-morphism
r ∶ Y → X in K, then there are 2-morphisms η ∶ 1X ⇒ r ∗ l, ε ∶ l ∗ r ⇒ 1Y , η̂ ∶ 1Y ⇒ l ∗ r
and ε̂ ∶ r ∗ l⇒ 1X such that in addition to the two identities above we have:

X l

r

r

ε̂

η̂

Y = X Y

r

r

Y r

l

l

ε̂

η̂

X = Y X

l

l

These identities give string diagrams an even more dramatic topological flavour be-
cause they tell us that any wiggle in an l or r-labelled line can be straightened out.
See [Lau10, Section 4.4] for the definition of cyclic 2-morphisms. All of the above

served as motivation for the following important theorem (see [Lau10, Theorem 4.5]):

Theorem 2.10. Given a string diagram representing a cyclic 2-morphism between 1-
morphisms with chosen biadjoints, any isotopy of the string diagram represents the same
2-morphism.

2.1.3 Frobenius Algebras and String diagrams

In this section we introduce a special class of selfinjective algebras and then generalize the
notion for the use of category theory. We do not give any proofs in this section because
with the results in this section we only want to emphasize how incredibly rich in structure
the category of Soergel bimodules is. It will arise as the idempotent completion of the
graded version of an additive monoidal category generated by Frobenius objects (see
section 2.4 for more details).

Definition 2.11. A finite dimensional algebra A over a field k is called Frobenius algebra
if AA and Homk(AA, k) are isomorphic as left A-modules.

Theorem 2.12. Let A be a finite dimensional algebra over a field k where m ∶ A⊗kA→ A
and η ∶ k → A are the multiplication and the unit respectively. Then the following
conditions are equivalent:
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(i). A is a Frobenius algebra.

(ii). There exists a non-degenerate bilinear form (−,−) ∶ A ×A → k satisfying (ab, c) =
(a, bc) for all a, b, c ∈ A.

(iii). There exists a linear form φ ∶ A→ k such that the kernel of φ does not contain any
non-zero left ideal of A.

(iv). There exists a k-coalgebra structure (A,∆, ε) such that ∆ is a morphism of A-
bimodules.

See [SY11, Theorem 2.1 in Chapter IV.2] and [FS08, Proposition 8 in the case of
the rigid monoidal category of finite dimensional k-vector spaces] for a proof. The last
characterization above is particularly well suited for diagrammatics and is used as the
definition of a Frobenius object in an arbitrary category. For this, recall the following
definition:
Definition 2.13. Let (M,⊗, IM, α, λ, ρ) be a monoidal category with monoidal identity
IM, associator α and left (resp. right) unitor λ (resp. ρ). A monoid inM is an object
M ∈M together with two morphisms µ ∶ M ⊗M → M and η ∶ 1M → M such that µ is
associative and η satisfies the unit axioms.
Dualizing leads to the definition of a comonoid inM.

Example 2.14. • A monoid in the monoidal category of vector spaces over a field k
is exactly a unital, associative k-algebra.

• A comonoid in the monoidal category of vector spaces over a field k corresponds
to a counital, coassociative k-coalgebra.

Now we can come to the general definition of a Frobenius object in a monoidal cate-
gory:
Definition 2.15. Let (M,⊗, IM, α, λ, ρ) be a monoidal category with monoidal identity
IM, associator α and left (resp. right) unitor λ (resp. ρ).
A Frobenius object inM is an object A inM together with four morphisms µ ∶ A⊗A→

A, η ∶ 1M → A, ∆ ∶ A→ A⊗A and ε ∶ A→ 1M such that
• (A,µ, η) is a monoid in C,

• (A,∆, ε) is a comonoid in C and

• the following diagram in C commutes:

(A⊗A)⊗A

≅ (αA,A,A)−1

��

A⊗A
µ

��

∆⊗idAoo idA⊗∆// A⊗ (A⊗A)

≅ αA,A,A

��

A

∆
��

A⊗ (A⊗A) idA⊗µ// A⊗A (A⊗A)⊗Aµ⊗idAoo
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Note that in the case that C is the monoidal category of finite dimensional vector spaces
over a field k the commutativity of the last diagram exactly states that ∆ ∶ A → A⊗A
is an A-bimodule homomorphism and thus the above definition yields the one of a
Frobenius algebra over a field k when specialized to this case.
Let (A,µ, η,∆, ε) be a Frobenius object in a strict monoidal category C. Recall that
C gives rise to a strict 2-category Σ(C). What do the axioms of a Frobenius object look
like when translated into string diagrams? See table 2 for the Frobenius object axioms
in string diagram notation. Note that we will not label any regions as by construction
there is only one object ∗ in Σ(C). We omit the labels for the lines as well, as all of the
lines are labelled with A.

Table 2: The Axioms for a Frobenius object in string diagram notation

µ

µ

= µ

µ

associativity of the multiplication

µ

η

= = µ

η

unit axioms for the multiplication

∆

∆

=
∆

∆

coassociativity of the comultiplication

∆

ε

= = ∆

ε

counit axioms for the comultiplication
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µ

∆

=
∆

µ

=
∆

µ

compatability of ∆ and µ

2.2 Soergel Bimodules and Soergel’s conjecture
In this section we introduce the category of Soergel bimodules and related categories,
recall the original results from [Soe07] and explain Soergel’s conjecture and some of its
consequences.

Definition 2.16. Let K be a commutative domain. A symmetric realization of (W,S)
over K is a free K-module h of finite rank, together with subsets {α∨s ∣ s ∈ S} ⊂ h and
{αs ∣ s ∈ S} ⊂ h∗ = Homk(h, k) called simple co-roots and simple roots respectively such
that the following conditions are satisfied with as,t = ⟨α∨s , αt⟩:

(i). as,s = 2 for all s ∈ S.

(ii). as,t = at,s for all s, t ∈ S.

(iii). By setting s(v) = v − ⟨v,αs⟩α∨s for all v ∈ h we get a representation of W on h.

(iv). For all s ≠ t ∈ S the quantum number [ms,t], considered as polynomial in δ = q+q−1,
yields 0 when specialized to δ = −as,t in K (see [Eli13, Section 3.1] for more details).

The matrix A = (as,t)s,t∈S is called the Cartan matrix of h.

We will only be interested in the following symmetric realizations:
Example 2.17. (i). Let K = R and h = ⊕s∈S Rα∨s . Define the simple roots {αs ∣ s ∈ S}

as follows:
⟨α∨s , αt⟩ = −2 cos( π

ms,t

) (1)

Then the representation defined in item (iii) above is the reflection representation
of the Coxeter system (W,S).

(ii). Soergel constructs for all Coxeter systems (W,S) of finite rank a realization h over
an infinite field K where αs and α∨t satisfy eq. (1) for all s, t ∈ S such that:
a) both {α∨s ∣ s ∈ S} ⊂ h and {αs ∣ s ∈ S} ⊂ h∗ are linearly independent and
b) h is of minimal dimension with this property.

In [Soe07, Proposition 2.1] he shows that in this case:
a) the representation of W on h is faithful and
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b) the reflections in W (i.e. the conjugates of S in W ) are in bijection with the
elements in W that fix a codimension 1 subspace of h.

Any realization satisfying these last two properties will be called reflection faithful.

(iii). Let (W,S) be a Coxeter system of type An for n ⩾ 2 and K = Z. In this setting we
can define the geometric realization over Z (we still obtain a representation of W
on h by using Claim 3.5 from [Eli13]). We will use this realization in section 5.1
to show the faithfulness of the 2-braid group in type A.

Soergel originally developped the whole theory in the setting described in item (ii)
above. Afterwards Libedinsky showed in [Lib08] that Soergel’s results still hold for the
geometric representation (see item (i) from Example 2.17). Therefore for the rest of the
section fix one of the first two realizations of Example 2.17. Before we can review the
most important results from [Soe07], we need some additional definitions:
For a realization h denote by R = S(h∗) the symmetric algebra on h∗, viewed as a

graded algebra with deg(h∗) = 2. Since W acts on h∗ via the contragredient representa-
tion (s(γ) = γ − ⟨α∨s , γ⟩αs for all γ ∈ h∗), we can extend this to an action of W on R by
grade-preserving algebra automorphisms.
In the following the two categories R-mod-R and R-grmod-R and subcategories thereof

will be of importance. Denote by R-mod-R (resp. R-grmod-R) the abelian, monoidal
category of (Z-graded) R-bimodules that are finitely generated as left and as right
R-modules with (grade-preserving) bimodule homomorphisms as morphisms. Given a
graded R-bimodule M =⊕i∈ZM i we denote by M(1) the R-bimodule with the grading
shifted down by one: M(1)i =M i+1. For any two graded R-bimodules M and N denote
by Hom●(M,N) ∶=⊕n∈Z HomR-grmod-R(M,N(n)) the bimodule homomorphisms from M
to N of all degrees.
For s ∈ S let Rs ⊆ R be the subring of invariants under the action of s and define the

R-bimodule Bs = R⊗RsR(1) as restriction followed by induction together with a grading
shift. Note that this is a graded R-bimodule via the sum of the gradings of the tensor
factors since we fixed a grading on R and Rs is a graded subring of R. In addition,
this is a fixed graded lift of the R-bimodule R ⊗Rs R. For an expression w = s1s2⋯sk
with si ∈ S for all 1 ⩽ i ⩽ k the graded R-bimodule Bw = Bs1 ⊗Bs2 ⊗⋯⊗Bsk is called a
Bott-Samelson bimodule. Note that we usually omit all tensor products and thus Bw is
written as Bs1Bs2⋯Bsk .
The category of Bott-Samelson bimodules, denoted by BS, is the full monoidal sub-

category of R-mod-R generated by the Bs for s ∈ S. Define the category of Soergel
bimodules B to be the Karoubi envelope of the graded version of the additive closure of
BS. In other words, a Soergel bimodule is a direct summand of a grading shift of a Bott-
Samelson bimodule and the morphisms between Soergel bimodules are grade-preserving.
More precisely, BS is a subcategory of R-mod-R, while B lives in R-grmod-R. The first
important observation is that B is a Krull-Schmidt category.

Definition 2.18. An additive category A is a Krull-Schmidt category if every object in
A decomposes into a finite direct sum of objects having local endomorphismring.
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Lemma 2.19. The category of Soergel bimodules B defined over any field K is a Krull-
Schmidt category with finite dimensional Hom-spaces.

Proof. Recall that a finite-dimensional K-algebra is local if and only if 0 and 1 are its
only idempotents. Thus any finite-dimensional K-algebra either is local or admits a
non-trivial idempotent.
It follows that any K-linear, additive category C with finite-dimensional Hom-spaces

and split idempotents is Krull-Schmidt. In fact, for any object X the endomorphism
ring EndC(X) is either local (in which case X is indecomposable) or admits a non-trivial
idempotent allowing us to split up X in two direct summands. Since EndC(X) is finite-
dimensional and when splitting off a summand of X the dimension of the endomorphism
ring to consider decreases the resulting direct sum of indecomposable objects has to
be finite. In particular, this applies to the category of Soergel bimodules. Note that
Hom-spaces between Soergel bimodules are finite dimensional as each Soergel bimodule
is finitely generated as a left R-module and thus each of its grading pieces is finite-
dimensional.

For w ∈ W define the graded R-bimodules Rw to be the graded R-bimodule R with
a twisted right module structure: For x ∈ Rw and r ∈ R set x ⋅ r = xw(r). Denote by
Std the full additive, monoidal subcategory of R-grmod-R generated by Rs for s ∈ S.
Due to RuRv ≅ Ruv, this category consists of direct sums of grading shifts of Rw for
w ∈ W and is called the category of standard bimodules. The standard bimodules are
closely related to Soergel and Bott-Samelson bimodules, as they occur as quotients and
submodules of Bott-Samelson bimodules. See for example the short exact sequences
given in section 3.3.
Recall that for an essentially small, additive, monoidal category C, its split Grothendieck

group K0(C) is an associative, unital ring with multiplication given by [M][N] = [M⊗N]
for M,N ∈ C and the class of the monoidal identity [1C] as unit. Applying this to the
category of Soergel bimodules, we see that K0(B) is an associative, unital Z-algebra and
we can equip it with the structure of a Z[v, v−1] algebra by defining v[B] ∶= [B(1)] for
all B ∈ B. Soergel proves that the category of Soergel bimodules gives a categorification
of the Hecke algebra H (see [Soe07, Theorem 1.10]) and describes the graded rank of
the homomorphism space between two Soergel bimodules (see [Soe07, Theorem 5.15]):

Theorem 2.20 (Soergel’s categorification Theorem).
There is a unique isomorphism of Z[v, v−1]-algebras:

ε ∶ H ≅Ð→ K0(B)
Hs ↦ [Bs].

Theorem 2.21 (Soergel’s Hom-formula).
Given any two Soergel bimodules B and B′, the homomorphism space Hom●(B,B′) is
free as a left (resp. right) R-module and its graded rank is given by (ε−1[B], ε−1[B′])
where (−,−) denotes the standard pairing on the Hecke algebra.
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Using his Hom-formula, Soergel obtains a classification of the indecomposable Soergel
bimodules (see [Soe07, part 1 and 2 of Theorem 6.14]):

Theorem 2.22. Given any reduced expression w of w ∈ W , the Bott-Samelson Bw

contains up to isomorphism a unique indecomposable summand Bw which does not occur
in By for any expression y of y ∈ W with l(y) < l(w). In addition, Bw does up to
isomorphism not depend on the reduced expression w. A complete set of representatives
of the isomorphism classes of all indecomposable Soergel bimodules is given by:

{Bw(m) ∣ w ∈W and m ∈ Z}

Note that Elias and Williamson prove diagrammatic versions of the last three results in
a more general setting (for realizations over a complete local ring that satisfy Demazure
surjectivity). See [EW13, Proposition 6.12, Corollary 6.13, Theorem 6.25, Corollary 6.26
and the second paragraph in section 6.7 for the explanation why the standard pairing on
the Hecke algebra also describes the graded ranks of Hom-spaces in the diagrammatic
category] for the corresponding results.
Recall the following standard result (see [LM13, Theorem 2.36] for a proof):

Theorem 2.23. Let A be an essentially small Krull-Schmidt category. Let S be the set
of isomorphism classes of indecomposable objects in A. Then S forms a Z-basis of the
split Grothendieck group K0(A).

Using Theorem 2.22 it follows that {[Bw] ∣ w ∈W} is a Z[v, v−1] basis of K0(B). Thus
the question arises which basis of H the basis of the indecomposable Soergel bimodules
corresponds to under the isomorphism given in Theorem 2.20. Soergel explicitly con-
structs an inverse to ε, called the character map ch ∶ K0(B) Ð→ H, and conjectures
that the basis of the indecomposable Soergel bimodules in K0(B) corresponds to the
Kazhdan-Lusztig basis in H. By results from Libedinsky in [Lib08] this conjecture is
equivalent for the first two realizations from Example 2.17 defined over R. Elias and
Williamson have recently proven in [EW12, Theorem 1.1] Soergel’s conjecture for reflec-
tion faithful realizations over R with linear independent sets of simple roots and co-roots
satisfying eq. (1):

Theorem 2.24 (Soergel’s conjecture).
If K = R, then ch[Bw] =Hw for all w ∈W .

Soergel’s conjecture together with Theorem 2.20 have many useful consequences for us:
For example in order to determine how a tensor product BwBw′ of two indecomposable
Soergel bimodules splits up in indecomposables, we can simply express the product
HwHw′ in terms of the Kazhdan-Lusztig basis.
Remark 2.25. Soergel’s conjecture implies that the coefficients of hy,x (resp. µzx,y) are the
multiplicities of shifts of Ry(−l(y)) occuring in subquotients of a so-called ∆-filtration
of Bx (resp. BxBy) and thus non-negative. (See [EW12, Section 3.5] for the definition
of a ∆-filtration.) For that reason Soergel’s conjecture implies the Kazhdan-Lusztig
positivity conjectures:
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Corollary 2.26 (Kazhdan-Lusztig positivity results).

(i). For all x, y ∈ W the corresponding Kazhdan-Lusztig polynomial hy,x has non-
negative coefficients.

(ii). For all x, y, z ∈W the structure coefficients µzx,y have non-negative coefficients.

Corollary 2.26 was known for finite and affine Weyl groups by results of Kazhdan
and Lusztig (see [KL80]). The following remarks summarize additional consequences of
Soergel’s conjecture for future reference:
Remark 2.27. Set ∆w = Rw(−l(w)) for all w ∈ W . Soergel’s conjecture implies Hy ∈
Hy +∑z<y vN[v]Hz and thus from the definition of the ∆-character (see [EW12, Section
3.5]) it follows:

Γ⩾z/>zBy =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∆z if y = z,
⊕m>0 ∆z(m)⊕km if y > z,
0 otherwise.

The important consequence is that m is strictly positive in the second case.

Corollary 2.28. For all x, y ∈W it follows that the homomorphism space Hom●(Bx,By)
is concentrated in non-negative degrees and that dim HomB(Bx,By) = δxy

Proof. Soergel’s Hom formula together with Soergel’s conjecture imply that the graded
rank of Hom●

B(Bx,By) is given by

(Hx,Hy) = ε(Hx−1Hy)

= ε
⎛
⎜
⎝
⎛
⎝ ∑z−1⩽x−1

hz−1,x−1Hz−1
⎞
⎠
⎛
⎝∑z⩽y

hz,yHz

⎞
⎠
⎞
⎟
⎠

= ∑
z∈W s.t.

z−1⩽x−1 and
z⩽y

hz−1,x−1hz,y ∈
⎧⎪⎪⎨⎪⎪⎩

vN[v] if x ≠ y
1 + vN[v] if x = y

where in the first step we used Lemma 1.13 to show that ω(Hx) =Hx−1 using ω = ι ○ (−)
and in the second step we applied Lemma 1.11. Finally, Soergel’s conjecture together
with the definition of the Kazhdan-Lusztig polynomials implies that hw′,w ∈ vN[v] for
w′ < w and hw,w = 1 for all w,w′ ∈W .

Remark 2.29. Soergel’s conjecture and the right-handed multiplication formula from
Lemma 1.12 show that for w ∈W and s ∈ S such that ws > w the following holds:

HwHs =Hws + ∑
y<w s.t.
ys<y

µ(y,w)Hy ∈ ∑
y∈W

Z⩾0Hy
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2.3 The Karoubi envelope
In this section we will state some basic results about the Karoubi envelope which we
will need later.
Recall that in an additive category C for a direct summand X

⊕⊆ Y the composition
ιX○prX of projection toX followed by the inclusion ofX gives an idempotent in EndC(Y )
and that prX ○ιX = idX . Sometimes a category may not have enough objects though
for all idempotents to split in the above way. The Karoubi envelope or idempotent
completion is a construction that tries to remedy this defect of a category.
Recall that a category C is preadditive if it is enriched over the category of abelian

groups. For a preadditive category C define the category Kar(C) as follows: The objects
in Kar(C) are pairs (X,p) where X is an object in C and p ∈ HomC(X,X) is an idempo-
tent. A morphism f ∶ (X,p)→ (Y, q) in Kar(C) is given by a morphism f ∈ HomC(X,Y )
such that f = q ○ f = f ○ p in C.
It is routine to check that Kar(C) is again a preadditive category where the composi-

tion is given by the composition of the corresponding morphisms in C and the identity on
an object (X,p) in Kar(C) is p. Note that the morphism space HomKar(C)((X,p), (Y, q))
may be identified with the subspace qHomC(X,Y )p.
Thus there exists a functor F ∶ C → Kar(C) sending an object X ∈ C to (X, idX) ∈
Kar(C) and a morphism between two objects in Kar(C) to the corresponding morphism
in C. Note that F is full and faithful and realizes C as a full subcategory of Kar(C).

Definition 2.30. Let C be a category, Y ∈ C and e ∈ EndC(Y ) be an idempotent. e
is said to be split if there exists an object X ∈ C and two morphisms r ∶ Y → X and
s ∶ X → Y in C such that s ○ r = e and r ○ s = idX . C has split idempotents if every
idempotent endomorphism on any object in C splits.

The next result shows that the construction above does indeed yield the wanted result:

Lemma 2.31. Kar(C) has split idempotents. In particular, all idempotents of C split
in Kar(C).

Proof. Let f ∶ (X,p) → (X,p) be an idempotent in Kar(C). Then f is an idempotent
in HomC(X,X) and we have p ○ f = f ○ p = f . By construction (X,f) is an object in
Kar(C). The following commutative diagram shows that f splits in Kar(C):

(X,p) f //

f $$

(X,p)

fzz
(X,f)

In addition, taking the Karoubi envelope is a very soft operation and preserves most
of the structure of a category we are interested in:
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Lemma 2.32. If C is in addition additive (resp. monoidal), then Kar(C) is additive
(resp. monoidal).

Proof. Assume that C is additive. First, we show that Kar(C) is preadditive. Recall
that the morphism space HomKar(C)((X,p), (Y, q)) may be identified with the subspace
qHomC(X,Y )p which is an abelian subgroup. Since the composition in Kar(C) is based
on the composition of the corresponding morphism in C, it follows immediately that it
is bilinear.
Next, we show that Kar(C) is additive. From the remark above on the Hom-spaces in
Kar(C) we see that (0, id0) satisfies the universal property of the zero object in Kar(C)
where 0 is the zero object in C. Finally, we show that a biproduct exists in Kar(C)
for any pair of objects (X,p) and (Y, q). Consider the object (X ⊕ Y, p ⊕ q) in Kar(C)
where X ⊕ Y is the biproduct of X and Y in C and p⊕ q denotes the idempotent ( p 0

0 q )
in EndC(X ⊕ Y ). It comes together with the inclusions ( p0 ) ∶ (X,p) → (X ⊕ Y, p ⊕ q),
( 0
q ) ∶ (Y, q) → (X ⊕ Y, p ⊕ q) and the projections ( p 0 ) ∶ (X ⊕ Y, p ⊕ q) → (X,p), ( 0 q ) ∶

(X ⊕ Y, p ⊕ q) → (Y, q). It is routine to check that this object together with these
structural maps satisfies the universal property of the biproduct of (X,p) and (Y, q) in
Kar(C) (using similar techniques as in the first part of Lemma 5.33).
Assume that C is monoidal. Now, we show that Kar(C) is monoidal. To get a bifunctor
Kar(C) × Kar(C) → Kar(C) define it on a pair of objects ((X,p), (Y, q)) in Kar(C)
as (X ⊗ Y, p ⊗ q) using the tensor product in C. We define the functor similarly on
morphisms. It is not hard to check that this gives a well-defined bifunctor. As monoidal
identity we take (IC, id) where IC is the monoidal identity in C. For the associator, left
and right unitor in Kar(C), we define each component by pre- and postcomposing the
corresponding idempotents corresponding to domain and codomain respectively to the
underlying component of the associator, left and right unitor in C. Using the fact that
these components come from natural isomorphisms in C it is not hard to verify that they
give the wanted natural isomorphisms in Kar(C) and still satisfy the needed coherence
conditions.

Since the techniques of all these proofs are very similar, we will omit the proof of the
following result:

Lemma 2.33. Any additive functor G ∶ C → D between preadditive categories induces
an additive functor Kar(C)→ Kar(D) such that the following diagram commutes:

Kar(C) // Kar(D)

C G //

FC

OO

D
FD

OO

If in addition the categories C, D and the functor G are monoidal, then the induced
functor is also monoidal.
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2.4 Generators and Relations for Soergel Bimodules
This section introduces the diagrammatics for the category of Bott-Samelson bimodules
following [EW13] and explains the consequences for the category of Soergel bimodules.
Fix one of the realizations described in Example 2.17. (Note that even for the third

one the diagrammatic category D will be well-defined as Demazure-surjectivity holds,
even though we may not be able to classify the indecomposable objects in D or make
use of the Krull-Schmidt theorem. See [EW13, section 3.2] for details on technicalities.)
Assign a colour to each element of S. Encode the Bott-Samelson bimodule Bw =

Bs ⊗Bt ⊗⋯⊗Bu for w = st⋯u as a sequence of coloured dots on a horizontal line.

A morphism from Bx to By will be encoded as a linear combination of decorated graphs
embedded in the planar strip R× [0,1] such that for any term in the linear combination
the coloured edges running into the bottom boundary R × {0} (resp. the top boundary
R × {1}) will induce the colour sequence corresponding to x (resp. y). In the interior of
the planar strip the graph is made up of the generating morphisms pictured in table 3
where the polynomial f ∈ R is allowed to float in any region of the graph. In addition,
we allow local modifications of the decorated graphs according to the relations stated
below.
Let D be the K-linear, strict monoidal category with Z-graded Hom-spaces which is

monoidally generated by the elements in S and whose monoidal structure is given by
concatenation of sequences in S. See table 3 for a list of generating morphisms. As in
the case of string diagrams for a strict monoidal category, the tensor product of two
morphisms is obtained by placing the diagrams side by side and the composition is
achieved by stacking the corresponding diagrams on top of each other.

Table 3: Generating morphisms and their degrees in D
deg. 1 Bs Ð→ R a⊗ b↦ ab

deg. 1 R Ð→ Bs 1↦ 1
2(αs ⊗ 1 + 1⊗ αs)

deg. −1 BsBs Ð→ Bs 1⊗ g ⊗ 1↦ ∂s(g)⊗ 1

deg. −1 Bs Ð→ BsBs 1⊗ 1↦ 1⊗ 1⊗ 1

f deg. deg(f) R Ð→ R 1↦ f

deg. 0 BsBtBs⋯´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
mst

Ð→ BtBsBt⋯´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
mst
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where ∂s ∶ R → Rs is the Demazure operator corresponding to s ∈ S and is defined
via f ↦ f−s(f)

αs
. The first two morphisms above are referred to as dots, the next two

as trivalent vertices and the last one as 2ms,t-valent vertex. Table 3 also shows the
morphisms between Bott-Samelson bimodules the generating morphisms correspond to.
Note that this correspondence which later serves as a basis for the construction of a
functor D → B is grade-preserving. The bimodule homomorphism corresponding to the
2ms,t-valent vertex is omitted because its explicit form is difficult to calculate and not
very enlightening (see [EK09, page 22 and 23] for an explicit form if ms,t = 3). Note
that the edges adjacent to a 2ms,t-valent vertex are alternatingly s and t coloured when
reading clockwise around the vertex. From the generating morphisms in table 3 one
constructs caps and cups as follows:

∶= definition of the cap (2)

∶= definition of the cup (3)

The relations are divided into three classes depending on how many simple reflections
from S (resp. colours) they involve. We will only state the relations that we need, i.e.
the relations that are relevant for type A. For all the remaining ones, we refer the reader
to [EW13].

2.4.1 One colour relations

The following relations encode among other things that Bs is a Frobenius object in the
category R-mod-R. The trivalent vertices provide multiplication and comultiplication,
while the dots give unit and counit. In order to see this, twist the left- or rightmost
strand in eq. (5) (resp. eq. (4)) down using a cap (resp. up using a cup) and apply
eq. (9) (resp. eq. (10)) to get the last relation in table 2. Also compare the result with
eq. (13).

= associativity of the multiplication (4)

= coassociativity of the comultiplication (5)

= = updot as counit for the comultiplication (6)

= = downdot as unit for the multiplication (7)
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= = self-biadjointness of Bs (8)

Observe that the biadjointness of Bs implies that any sequence in S is biadjoint to its
reversed sequence (i.e. the one read from right to left). In addition, we get relations
related to the cyclicity of all morphisms:

= = the mult. is a simple twist of the comult. (9)

= = the comult. is a simple twist of the mult. (10)

= = the counit as a simple twist of the unit (11)

= = the unit as a simple twist of the counit (12)

The relations shown in eqs. (9) to (12) imply that the trivalent vertices as well as the
dots are cyclic. As stated in Theorem 2.10, this implies that all representatives in an
isotopy class of a diagram involving only one colour represent the same morphism. For
that reason we do not need to restrict ourselves to diagrams in which every line has a
strictly increasing y-coordinate in the plane and ends in the top or bottom boundary.
The convention is that any horizontal line should be replaced by a cup or a cap and any
line ending on the side of the diagram should be twisted upwards or downwards. Using
these conventions, some of the relations above can be rewritten as:

= general associativity (replaces eq. (4) and eq. (5)) (13)

= general unit (replaces eq. (6) and eq. (7)) (14)

Next, there are the following relations among which the relations shown in eq. (16)
and in eq. (17) govern the interplay of graphs and polynomials:

= 0 (15)

= αs (16)
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f = sf + ∂s(f) (17)

The left hand side in eq. (16) is called a double dot. From eq. (16) it follows that
polynomials are not necessary as generating morphisms because any polynomial is a
linear combination of collections of double dots in different colours. Equation (17) is
called the polynomial slide relation because it shows that when sliding a polynomial
past an s-coloured line, we get a sum of two terms: For the first one, we apply s to the
polynomial and slide it to the other side and for the second one, we break the line and
apply the Demazure operator ∂s to the polynomial. Note that for eq. (17) it does not
matter whether we slide from the left to the right or vice versa as ∂s(s(f)) = −∂s(f).

2.4.2 Two colour relations

The first two colour relation states the cyclicity of the 2ms,t-valent vertex. This relation
together with the fact that horizontal and vertical compositions of cyclic 2-morphisms
are cyclic implies with Theorem 2.10 that all representatives in the isotopy class of an
arbitrary diagram in D represent the same morphism. In addition, we have the so-called
two colour associativity which shows what happens when we pull a trivalent vertex
through a 2ms,t-valent vertex:

= if ms,t = 2 (18)

= if ms,t = 3 (19)

The next relation describes what happens when we pull a dot into a 2ms,t-valent
vertex. We get a linear combination of diagrams in which the 2ms,t-valent vertex does
no longer occur. In order to state the relation in full generality, we would need some
results about the Jonas-Wenzl projectors which are developed in [Eli13], but we want to
use this as a blackbox and only state the relations which we will need later (i.e. which
can occur in type A).

= if ms,t = 2, i.e. {s, t} generate
a parabolic subgroup of type A1 ×A1

(20)

= + if ms,t = 3, i.e. {s, t} generate
a parabolic subgroup of type A2

(21)
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From the theory of Jonas-Wenzl projectors and the other two colour relations it follows
that the composition of two 2ms,t-valent vertices is an idempotent endomorphism of
BsBt⋯ (or BtBs⋯), a tensor product of ms,t-many tensor factors. This idempotent
corresponds to the indecomposable Soergel bimodule Bs,t indexed by the longest word
in the parabolic subgroup generated by {s, t}. See section 2.5 for the case ms,t = 3.

2.4.3 Three colour or “Zamolodchikov” relations

There is a “Zamolodchikov” relation for any finite parabolic subgroup of rank 3. Since
we will only need the relations explicitly in type A, we only state those that correspond
to finite parabolic subgroups that can occur in type A. See table 4 for these and [EW13]
for all the other ones.

Table 4: “Zamolodchikov” relations in type A

= if {s, t, u} generate a parabolic
subgroup of type A1 ×A1 ×A1

=
if the Coexeter graph of the parabolic subgroup
generated by {s, t, u} is s t u

=
if the Coexeter graph of the parabolic subgroup
generated by {s, t, u} is s t u

2.4.4 Equivalence to bimodules

Fix one of the first two realizations in Example 2.17. Let F ∶ D → BS be the K-linear
monoidal functor which sends a sequence w in S to the corresponding Bott-Samelson
bimodule Bw and is defined on the level of morphisms as described in table 3. Let D1
be the graded version of the additive closure of D, so the objects of D1 are direct sums
of grading shifts of sequences in S and the morphisms are grade-preserving. The proof
of the following result can be found in [EW13, Claim 5.13 and Theorem 6.28].

Theorem 2.34. F is a well-defined functor and induces an equivalence of monoidal
categories on the idempotent completions Kar(D1)→ B.

This important result by Elias and Williamson was preceded by partial results from
Libedinsky in the right-angled case (i.e. when all ms,t ∈ {2,∞}) (see [Lib10]), from
Khovanov and Elias in type A (see [EK09]) and Elias in the dihedral case (see [Eli13]).
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2 Generators and Relations for Soergel bimodules

In view of the last result, one may rejoice, but one should not forget that it is difficult
to pass from the diagrammatic presentation of a category to that of its Karoubi envelope.
In order to do so, all the indecomposable idempotents must be identified and one has to
determine which idempotents give isomorphic summands. This is a highly non-trivial
task in general. See section 2.5 for a presentation of Kar(D1) in type A2.

2.5 Thick calculus for type A2

In this section we describe the category of Soergel bimodules in type A2 explicitly by
introducing a thick line for Bsts and analyzing the relations that describe the interplay
of the thick line with the other generators. Our main reference for this section is [Eli10].
The main idea is that D1 in type A2 is already very close to Kar(D1). Consider the
multiplication of the Kazhdan-Lusztig basis and its consequences using Theorem 2.20:

Hs ↭ Bs

Hst =HsH t ↭ Bst = BsBt

HsH tHs =Hsts +Hs ↭ BsBtBs = Bsts ⊕Bs

(with similar results with the roles of s and t switched).
Thus in order to determine the idempotent corresponding to Bsts, we need to identify

the indempotent corresponding to es
⊕⊆ BsBtBs and then take idBsBtBs −es.

Before we can identify these idempotents, we need to check a few easy consequences
of the diagrammatic relations. Observe the following:

= eq. (13)= eq. (15)= 0 (22)

Thus we get:

f
eq. (17)= ∂s(f) + s(f)

eq. (22)= ∂s(f)
eq. (7)=
eq. (6) ∂s(f) (23)

From now on, let S = {s, t}. Throughout we will use the following colour conventions:
blue for s and red for t. Consider the following two maps:

− ∶ BsBtBs

prsÐ→ Bs of degree 0 (24)

∶ Bs
ιsÐ→BsBtBs of degree 0 (25)

Using the relations from eq. (22) and eq. (23) we see that the composition prs ιs ∶
Bs → Bs gives id and the other composition ιs prs ∶ BsBtBs → BsBtBs is an idempotent.
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Therefore we may set es = ιs prs. Finally, we can calculate the idempotent corresponding
to Bsts

⊕⊆ BsBtBs:

+ eq. (13)=
eq. (14)

+ eq. (21)=

eq. (19)= eq. (14)=
(26)

By switching the colours we obtain the idempotent corresponding to Bsts

⊕⊆ BtBsBt.
In addition, we have maps BsBtBs → BtBsBt and BtBsBt → BsBtBs given by the
corresponding 2ms,t-valent vertices. By using eqs. (21) and (26) it is not hard to check
that this family of maps gives a consistent family of projectors in the sense of [Eli10,
Definition 2.13]. Therefore, we will introduce a new symbol, a thick line, standing for
the identity of the indecomposable Bsts together with inclusion (resp. projection) maps
from Bsts (resp. BsBtBs and BtBsBt) to BsBtBs and BtBsBt (resp. Bsts) as follows:

∶ Bsts
idÐ→ Bsts

∶ Bsts
ιÐ→ BsBtBs ∶ Bsts

ι̃Ð→ BtBsBt

∶ BsBtBs
prÐ→ Bsts ∶ BtBsBt

p̃rÐ→ Bsts

We will impose the following additional relations:

=

=

=

and the same relations with the colours switched. After fixing one of the first two
realizations from Example 2.17, we have the following result (see [Eli10, Theorem 5 in
the case A2]):

Theorem 2.35. This diagrammatic category is equivalent to B in type A2.
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We refer the reader to [Eli10, Section 3.5] for the various relations that hold between
the thick line and other generators in our diagrammatic category. It should just be noted
that Bsts is self-biadjoint (unlike for example Bst which is biadjoint to Bts). One may
define thick caps (resp. cups) as compositions of the inclusion (resp. projection) maps
and the corresponding caps (resp. cups) of s and t (see [Eli10, Definition 3.50] for more
details) and these maps will satisfy the zig-zag relations.
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3 Generalized braid groups and the 2-braid group

3 Generalized braid groups and the 2-braid group
The main goal of this section is to introduce the 2-braid group. In order to do so, we will
need some technical results about homotopy minimal complexes, which can be found in
section 3.2. The first section is devoted to the Garside normal form which we will need
later to prove the faithfulness of the 2-braid group in types A, D and E.

3.1 The Garside normal form and its consequences
In this section we review basics about generalized braid groups and braid monoids and
introduce the Garside normal form. All of the results can be found in [Mic99] and [KT08,
chapter 6].
By slight abuse of notation we denote the generators of Br(W,S) also by the elements

in S and hope that it will be clear from the context whether an identity holds in the
Coxeter group or its corresponding braid group. Only in type An, we will differentiate
between the generators of the Artin braid group and the Coxeter group. The symmetric
group Sn+1 together with the set of simple transpositions {si = (i, i + 1) ∣ 1 ⩽ i ⩽ n}
gives a Coxeter system of type An and the corresponding braid group Brn+1 on n + 1
strands is generated by {σi ∣ 1 ⩽ i ⩽ n} where σi is the braid that passes the i-th strand
under the (i+ 1)-st strand and leaves the other strands untouched. Recall that we have
the following presentations of the Coxeter group, the generalized braid group and the
generalized braid monoid:

W = ⟨s ∈ S ∣ sts . . .´¹¹¹¹¸¹¹¹¹¶
ms,t terms

= tst . . .´¹¹¹¸¹¹¹¶
ms,t terms

, s2 = 1⟩ in the category of groups,

Br(W,S) = ⟨s ∈ S ∣ sts . . .´¹¹¹¹¸¹¹¹¹¶
ms,t terms

= tst . . .´¹¹¹¸¹¹¹¶
ms,t terms

⟩ in the category of groups,

Br+(W,S) = ⟨s ∈ S ∣ sts . . .´¹¹¹¹¸¹¹¹¹¶
ms,t terms

= tst . . .´¹¹¹¸¹¹¹¶
ms,t terms

⟩ in the category of monoids.

Note that there is a surjective group homomorphism ψ ∶ Br(W,S) →W matching up the
corresponding generators. ψ admits a set-theoretic section ϕ ∶W → Br(W,S) which sends
an element in W to the word in the braid group corresponding to one of its reduced
expressions. (This is well-defined as any two reduced expressions of an element in W
can be related using only the braid relations which also hold in Br(W,S).) The image of
ϕ is contained in the braid monoid Br+(W,S) and all the elements in its image are called
reduced braids. Set Brred(W,S) ∶= im(ϕ). Note that the set-theoretic map ϕ behaves like a
group homomorphism on products uv whenever l(u) + l(v) = l(uv) (see [KT08, Lemma
6.28 c)]):

Lemma 3.1. For u, v ∈W , we have: ϕ(u)ϕ(v) = ϕ(uv)⇔ l(u) + l(v) = l(uv)

The idea of the Garside normal form is to write any positive braid as a product of
reduced braids. To make this explicit we need to recall a few definitions and results:

34



3 Generalized braid groups and the 2-braid group

Lemma 3.2. Let (W,S) be a Coxeter group of finite type. Then W contains a unique
element w0 of maximal length (i.e. l(w) < l(w0) for all w ∈W ).

For the rest of the section, assume (W,S) to be a finite Coxeter group. We set
∆ ∶= ϕ(w0). (In the setting of pre-Garside monoids ∆ is called a Garside element and
is in general not unique.) The following result gives a characterization of the reduced
braids (see [KT08, Lemma 6.29]):

Lemma 3.3. An element of Br+(W,S) is reduced if and only if it is a right (or a left)
divisor of ∆.

The main ingredient of the Garside normal form is the existence of unique right gcds
in the positive braid monoid (see [KT08, Theorem 6.19 for the existence of unique left
gcds in comprehensive Garside monoids and Theorem 6.30 to note that (Br+(W,S),∆)
is a comprehensive Garside monoid]):

Proposition 3.4. Any finite family of elements E in Br+(W,S) admits a unique right
(or left) gcd.

For any positive braid the last result will inductively be used to split off the unique
right gcd of the remaining word and ∆ to get the Garside normal form (see [KT08,
Section 6.2.2 for the normal form and Lemma 6.8 for comprehensive monoids]):

Corollary 3.5 (Garside normal form).
For any positive braid σ ∈ Br+(W,S) there exists a unique sequence (wm,wm−1, . . . ,w1)
of reduced braids such that σ = wmwm−1 . . .w1 and for all 1 ⩽ i ⩽ m the reduced braid wi
is the unique right gcd of wmwm−1 . . .wi and ∆.
The sequence (wm,wm−1, . . . ,w1) is called the Garside normal form of σ and each wi

for 1 ⩽ i ⩽m is called a Garside factor.

One should note that one obtains a similar normal form by splitting off gcds from the
left. [KT08, Theorem 6.12] shows that the braid monoid Br+(W,S) injects into the braid
group Br(W,S) and identifies Br(W,S) with the group of fractions of Br+(W,S). In other
words, any monoid homomorphism ρ+ ∶ Br+(W,S) → G to a group G extends uniquely to a
group homomorphism ρ ∶ Br(W,S) → G. Using this, the normal form can be extended to
Br(W,S) in the following way: For all σ ∈ Br(W,S) there exists n ∈ Z and β ∈ Br+(W,S)
such that σ = β∆n and β is not a left multiple of ∆ (see [KT08, Theorem 6.14] for a
proof). Concatenation with the Garside normal form of β shows that there is a sequence
(wm,wm−1, . . .w1) with m ⩾ ∣n∣ such that

• w1 = w2 = ⋅ ⋅ ⋅ = w∣n∣ =
⎧⎪⎪⎨⎪⎪⎩

∆ if n > 0,
∆−1 if n < 0.

• for all i > n the element wi lies in Brred(W,S) ∖ {∆},

• (wm,wm−1, . . . ,wn+1) is the Garside normal form of β.
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3 Generalized braid groups and the 2-braid group

We will call this the Garside normal form of σ.
The following two results will be quite important for us. The first one shows that

being a Garside normal form can be checked locally (see [Mic99, Proposition 4.1]) and
the second results relates a Garside normal form to the left and right descent sets of its
factors in the Coxeter group (see [Mic99, Corollary 4.2]):

Proposition 3.6. (wm,wm−1, . . . ,w1) is a Garside normal form of wmwm−1 . . .w1 if and
only if for all 1 ⩽ i <m the sequence (wi+1,wi) is a Garside normal form of wi+1wi.

Lemma 3.7. Let x, y ∈W . (ϕ(x), ϕ(y)) is a Garside normal form of ϕ(x)ϕ(y) in the
positive braid monoid Br+(W,S) if and only if R(x) ⊆ L(y) in the Coxeter group.

The following result will be helpful to prove the faithfulness of the 2-braid group (see
[BT11, Lemma 2.3] for a proof):

Lemma 3.8. A group homomorphism ρ ∶ Br(W,S) → G is injective if and only if the
induced monoid homomorphism ρ+ ∶ Br+(W,S) ↪ Br(W,S) → G is injective.

3.2 Minimal Complexes
In this section we introduce (homotopy) minimal complexes which will be of great im-
portance for our definition of Rouquier complexes and of the perverse filtration on the
homotopy category of Soergel bimodules. The first few definitions and results can be
found in [Kra12]. Let A be an additive category.

Definition 3.9. A two-sided ideal J in A consists of subgroups J(X,Y ) in HomA(X,Y )
for all objects X,Y ∈ A such that for all sequences X ′ τÐ→ X

φÐ→ Y
ψÐ→ Y ′ with

φ ∈ J(X,Y ) the composition ψφτ lies in J(X ′, Y ′).

For example in the category of cochain complexes C(A) the null-homotopic morphisms
of cochain complexes form a two-sided ideal.

Definition 3.10. For objects X, Y in A define the radical as

radA(X,Y ) = {φ ∈ HomA(X,Y )∣ φψ ∈ J EndA(Y ) for all ψ ∈ HomA(Y,X)}

where J EndA(Y ) denotes the Jacobson radical of the ring EndA(Y ).

A proof of the following result can be found in [Kra12, Proposition 1.8.1].

Proposition 3.11. The radical radA is the unique two-sided ideal in A such that
radA(X,X) = J EndA(X) for every object X in A.

The following symmetric description (see [Kra12, Corollary 1.8.2]) of radA shows
radA = radAop and is similar to the well-known characterization of the Jacobson rad-
ical of a ring.

Corollary 3.12. Let X,Y be two objects and φ ∶ X Ð→ Y be a morphism in A. Then
the following conditions are equivalent:
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(i). φ ∈ radA(X,Y ).

(ii). idY −φψ has a right inverse for all ψ ∈ HomA(Y,X).

(iii). ψφτ ∈ J EndA(Z) for all morphisms Y ψÐ→ Z
τÐ→X.

(iv). idZ − ψφτ is invertible for all morphisms Y ψÐ→ Z
τÐ→X.

From now on let K be a field and A be an additive, K-linear category such that for
all objects X ∈ A the K-vector space EndA(X) is finite-dimensional. Let Ass be the
quotient category A/ radA and denote by q ∶ A Ð→ Ass the quotient functor. Recall
that A/ radA is an additive category on the same objects as A - only the morphism
spaces have been changed. For X,Y ∈ A the morphism space HomA/ radA(X,Y ) is
given by HomA(X,Y )/ radA(X,Y ). For more on quotient categories of that type, see
section 5.2.3.

Lemma 3.13. Let f ∶ B Ð→ B′ be a morphism in A. Then f is an isomorphism if and
only if q(f) is.

Proof. Since a functor always preserves isomorphisms, we only need to show the converse.
Let g ∈ HomA(B′,B) be such that q(g) is the inverse of q(f) in Ass.
We will show that f is left invertible in A. An analogous argument shows that f is

right invertible in A and then it is a standard fact that the left and right inverse agree.
Since q(g) is a left inverse of q(f) we know that gf − idB ∈ J EndA(B). Any finite-

dimensional K-algebra is Artinian and Noetherian. Thus J ∶= J EndA(B) is finitely
generated as right-EndA(B)-module and for the following descending sequence of right
ideals ⋅ ⋅ ⋅ ⊆ Jk+1 ⊆ Jk ⊆ ⋅ ⋅ ⋅ ⊆ EndA(B) there exists n ∈ N such that Jn = Jn+1. Recall
Nakayama’s lemma in the non-commutative case:
Reminder 3.14. Let R be a ring. Let U be a finitely generated right R-module. If
UJ(R) = U then U = 0.
This implies Jn = 0. In other words J EndA(B) is a nilpotent ideal. In particular we

have (gf − idB)n = 0. Therefore we get:

idB =
⎛
⎝
n

∑
i=1

(n
i
)(−1)i−1(gf)i−1g

⎞
⎠
○ f

which shows that f is left invertible in A.

Denote by Cb(A) the category of bounded cochain complexes in A. For (F ●, d●F ) ∈
Cb(A) let F [1] be the shifted cochain complex such that (F [1])n = F n+1 and dF [1] = −dF .

Definition 3.15. A complex F ∈ Cb(A) is called minimal if all differentials of q(F ) ∈
Cb(Ass) are zero.

The following result gives a very useful characterization of minimal complexes:
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Proposition 3.16. Let A be a Krull-Schmidt category. For a complex F ∈ Cb(A) the
following conditions are equivalent:

(i). F is minimal.

(ii). q(F ) contains no non-zero contractible direct summands.

(iii). F contains no non-zero contractible direct summands.

Proof. First we will show the implications (i)⇒ (ii)⇒ (iii).

(i)⇒ (ii) A complex q(F ) whose differential is constantly 0 cannot contain a non-zero con-
tractible summand.

(ii)⇒ (iii) If F had a non-zero contractible summand, applying the additive functor q shows
that q(F ) has a non-zero contractible summand because q does not kill any non-
zero objects.

(iii)⇒ (i) Assume that F is not minimal. By decomposing F in each cohomological degree
into indecomposable objects we see that there has to be a component φ ∶ B → B′

of the differential where B and B′ are indecomposable objects in A such that
φ does not lie in the radical. From the definition it follows that there exists a
morphism ψ ∶ B′ → B such that φ ○ ψ ∉ J EndA(B′). As B′ is indecomposable, we
know that EndA(B′) is a local ring and J EndA(B′) is its maximal ideal. Thus
φ ○ ψ is invertible which implies that φ has a right inverse. From the symmetric
characterization of the radical in Corollary 3.12 we see that we similarly obtain a
left inverse for φ.
Thus we have shown that if F is not minimal, there exists a component of the
differential of F which is an isomorphism.

Now suppose that dn ∶ F n =M ⊕B Ð→M ′ ⊕B′ = F n+1 has the form ( α β
γ δ ) where

δ ∶ B → B′ is an isomorphism in A. Then we get the following isomorphism of
cochain complexes:

. . . // F n−1 dn−1
//M ⊕B

( 1M 0
δ−1γ 1B

)

��

(α β
γ δ

)
//M ′ ⊕B′

(1M ′ −βδ−1

0 1B′
)

��

dn+1
// F n+2 // . . .

. . . // F n−1
(prMd

n−1

0
)
//M ⊕B

(α−βδ
−1γ 0

0 δ
)
//M ′ ⊕B′

(dn+1ιM ′ 0 )
// F n+2 // . . .

This shows that F contains a non-zero contractible summand, namely the image
of (⋅ ⋅ ⋅ → 0 → B

δ→ B′ → 0 → . . . ) under the inverse of the isomorphism where B
sits in cohomological degree n.

38



3 Generalized braid groups and the 2-braid group

It is easy to see that a complex of the form ⋅ ⋅ ⋅ → 0 → X
φ→ Y → 0 → . . . where φ is an

isomorphism in A is contractible. Therefore we get the following consequence of the the
direction iii) ⇒ i) of the last result:

Corollary 3.17 (Gaussian elimination).
Given a complex F ∈ Cb(A) which looks in cohomological degrees n and n+ 1 as follows:

. . . // F n−1 dn−1
//M ⊕B

(α β
γ δ

)
//M ′ ⊕B′ dn+1

// F n+2 // . . .

where δ ∶ B → B′ is an isomorphism, F is homotopy equivalent to a complex F ′ ∈ CB(A)
which agrees with F outside the cohomological degrees n and n+1 and looks in these two
degrees like:

. . . // F n−1 prM○dn−1
//M

α−β○δ−1○γ //M ′ dn+1○ιM ′ // F n+2 // . . . .

We will call the passage from F to F ′ a Gaussian elimination with respect to δ.

Given any complex F ∈ Cb(A) one can successively eliminate contractible direct sum-
mands to obtain a direct summand Fmin

⊕⊆ F such that Fmin is minimal. In particular,
F is isomorphic to Fmin in Kb(A) as Fmin is homotopy equivalent to F via the inclusion
and projection.

Lemma 3.18. Given a complex F ∈ Cb(A) any two minimal complexes F1, F2
⊕⊆ F are

isomorphic in Cb(A).

Proof. Let ιi ∶ Fi Ð→ F (resp. pri ∶ F Ð→ Fi) be the inclusion (resp. projection). The
minimal complexes F1 and F2 are homotopy equivalent via pr2 ○ ι1 and pr1 ○ ι2. To see
that q(pr2) ○ q(ι1) is the left inverse of q(pr1) ○ q(ι2) in Cb(Ass) take a homotopy h from
idF2 to pr2 ○ ι1 ○pr1 ○ ι2 and for all n ∈ Z reduce the equality idF2

n −(pr2 ○ ι1 ○pr1 ○ ι2)n =
hn+1dn + dn−1hn modulo J EndA(F n

2 ) by applying q. Then the right-hand side becomes
0 because F2 is a minimal complex and we get idF2

n = (q(pr2)○ q(ι1))n ○ (q(pr1)○ q(ι2))n
for all n ∈ Z in Ass. (Note that this is not the n-th power, but the component of the
cochain map in cohomological degree n.) Similarly one obtains that q(pr2) ○ q(ι1) is
a right inverse of q(pr1) ○ q(ι2). From Lemma 3.13 it follows that F1 and F2 are also
isomorphic in Cb(A).

In the proof we actually show the following result:

Corollary 3.19. Homotopy equivalent minimal complexes in Cb(A) are isomorphic in
Cb(A).
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In the next section we will apply this to the category of Soergel bimodules defined over
R via one of the first two realizations from Example 2.17. From Lemma 2.19 we know
that B is a Krull-Schmidt category with finite dimensional Hom-spaces. Therefore all
the results from this section are applicable. Since we use right superscripts to indicate
homogeneous components of a graded module, we will use left superscripts to indicate
the cohomological degree whenever we work with cochain complexes of graded modules.
Remark 3.20. Assuming Soergel’s conjecture we see that in the quotient Bss all mor-
phisms of the form Bx(m) Ð→ By(m′) for m′ > m and x, y ∈ W die (i.e. they all lie in
the radical) as all homomorphisms between indecomposable Soergel bimodules are con-
centrated in non-negative degrees (use Corollary 3.12 and HomB(By(m′),Bx(m)) = 0).
Observe that a morphism (φi,j) ∶ ⊕jXj Ð→ ⊕i Yi lies in the radical if and only if ev-
ery component φi,j lies in the radical. Thus as additive category Bss is equivalent to
the product of ∣W ∣-many copies of the category of finite-dimensional Z-graded R-vector
spaces (with grade-preserving linear maps as morphisms).

3.3 The 2-Braid group
In this section we briefly review the most important results in [Rou06] and introduce the
2-braid group! For this purpose, fix one of the first two realizations from Example 2.17.
Note that by slight abuse of notation we will often identify an object X ∈ Kb(B)

with the corresponding endofunctor on Kb(B) obtained by tensoring from the right
(−) ⊗ X (or from the left). Similarly any morphism in Kb(B) will induce a natural
transformation between the corresponding endofunctors on Kb(B). This procedure can
be generalized to any monoidal category C, i.e. an object in C induces an endofunctor
on C and a morphism in C yields a natural transformation. We will also apply this to
various categories of bimodules over different rings.
Define the elementary Rouquier complexes corresponding to a simple reflection s ∈ S

as follows:

Fs ∶= ( 0Ð→ Bs Ð→ R(1)Ð→ 0)

Es = Fs−1 ∶= (0Ð→R(−1)Ð→ Bs Ð→ 0)

where in both complexes Bs sits in cohomological degree 0. Rouquier shows in [Rou06]
the following result:

Proposition 3.21. Let s ≠ t ∈ S with ms,t < ∞. Then we have the following isomor-
phisms

Fs ⊗Es ≅ R ≅ Es ⊗ Fs
Fs ⊗ Ft ⊗ Fs . . .´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

ms,t terms

≅ Ft ⊗ Fs ⊗ Ft . . .´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
ms,t terms

in Kb(B).
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If follows that for any two braid words (i.e. sequences in S ∪ S−1) representing an
element in Br(W,S) the corresponding tensor products of these elementary Rouquier
complexes are isomorphic in Kb(B). Recall the following definition:

Definition 3.22. Let (M,e) be a monoid with unit e and C be a category. A weak
action of M on C consists of a family of functors {Ff ∶ C → C ∣ f ∈ M} and a natural
isomorphism ce ∶ Fe

≅→ id from Fe to the identity functor such that

Fgh ≅ Fg ○ Fh for all g, h ∈M .

An action of M on C is a weak action of M on C together with natural isomorphisms
of functors cf,g ∶ FfFg

≅→ Ffg for all f, g ∈M such that cf,e and ce,f are induced by ce and
such that the following diagram commutes:

Fghk
≅ //

≅
��

Fgh ○ Fk
≅
��

Fg ○ Fhk ≅ // Fg ○ Fh ○ Fk

An action of M on C is called faithful, if the functors Fg and Fh are not isomorphic
for g ≠ h ∈ G. An action of a group G on C is an action of the underlying unital monoid
on C.

Usually, the choice of ce in the case of a weak action and of cf,g in the case of an action
will be implicit and it will be enough for us to know that such a choice is possible. As
an immediate consequence of Proposition 3.21 we get:

Corollary 3.23. The assignment s ↦ Fs extends a well-defined group homomorphism
from the generalized braid group Br(W,S) to the group Iso(Inv(Kb(B))) of isomor-
phism classes of invertible objects in Kb(B) (with the group structure induced by the
tensor product). The composition with the group homomorphism Iso(Inv(Kb(B))) →
Iso(Aut(Kb(B))) into the group of isomorphism classes of autoequivalences on Kb(B)
defines a weak action of Br(W,S) on Kb(B).

Rouquier shows that this weak action can be upgraded to an action of Br(W,S) on
Kb(B) as follows: There exist short exact sequences of the following form (see [EW13,
page 26] for the definition of the remaining maps)

0Ð→Rs(−1)Ð→Bs Ð→R(1)Ð→ 0

0Ð→R(−1)Ð→ Bs Ð→Rs(1)Ð→0

which show that Fs (resp. Es) is isomorphic to Rs(−1) (resp. Rs(1)) in Db(R-grmod-R).
Rouquier uses this together with the fact that there exists a canonical isomorphism be-
tween Ruv and RuRv for u, v ∈ W given by multiplication to show that the Rouquier
complexes associated to different braid words of the same braid are canonically isomor-
phic in Kb(B). Therefore we get (see [Rou06, Theorem 9.5]):
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3 Generalized braid groups and the 2-braid group

Theorem 3.24. The weak action of Br(W,S) can be upgraded to an action on Kb(B).

We define the 2-braid group, denoted by 2 − Br, as the full monoidal subcategory of
Kb(B) generated by Es and Fs for s ∈ S. Note that the set of isomorphism classes
of objects in 2 − Br, denoted by Pic(2 − Br), forms a group together with the binary
operation induced by the tensor product. Pic(2 − Br) is also called the Picard group of
the monoidal category 2 − Br. Finally, Rouquier formulates the following conjecture:

Conjecture 3.25 (Faithfulness of the 2-braid group).
Pic(2 − Br) is isomorpic to Br(W,S).

For σ = s1s2 . . . sn we define the Rouquier complex Fσ as a minimal complex in Fs1 ⊗
Fs2⊗⋅ ⋅ ⋅⊗Fsn = Fs1Fs2 . . . Fsn . Note that we will omit the tensor product signs throughout.
For w ∈W define Fw ∶= Fϕ(w) and Ew ∶= F −1

ϕ(w−1) where ϕ ∶W → Br+(W,S) is the set-theoretic
section of π+ ∶ Br+(W,S) →W . Even in the setting of the realization described in item (iii)
from Example 2.17 we can still define the Rouquier complex associated to a braid word
as a minimal complex in the tensor product of the corresponding elementary Rouquier
compelxes using Kar(D1) as a replacement for B. In the rest of the section we will
summarize some properties of Rouquier complexes.

Lemma 3.26. For any σ ∈ Br(W,S) the Rouquier complex Fσ is indecomposable in
Kb(B).

Proof. We know that Fσ gives an autoequivalence on Kb(B) with quasi-inverse Eσ.
Therefore Fσ is indecomposable as the image of the indecomposable R-bimodule R
under Fσ.

The following result describes the cohomology of an arbitrary Rouquier complex and
can for example be found in [LW12]:

Lemma 3.27. For σ = sm1
1 sm2

2 . . . smnn ∈ Br(W,S) with si ∈ S for all 1 ⩽ i ⩽ n set ε(σ) =
∑ni=1mi. Then the following holds in Cb(R-grmod-R)

H i(Fσ) =
⎧⎪⎪⎨⎪⎪⎩

Rw(−ε(σ)) if i = 0,
0 otherwise.
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4 The perverse filtration on the homotopy category of Soergel Bimodules

4 The perverse filtration on the homotopy category of
Soergel Bimodules

In this section, we introduce and study the perverse filtration on the homotopy category
of Soergel bimodules which is a shadow of the geometric interpretations of the category
of Soergel bimodules, described briefly in the introduction. For the whole section fix
one of the first two realizations from Example 2.17 defined over R. As explained earlier,
we may freely use Soergel’s conjecture (see Theorem 2.24) and its consequences in this
setting.

4.1 Definition
We try to use the following convention throughout: n denotes the cohomological degree,
m the grading shift and k possible multiplicites.

Definition 4.1. Let B ∈ B be a Soergel bimodule. B is called perverse if B is a direct
sum of copies of Bw for w ∈W without grading shifts. Decompose B into indecomposable
Soergel bimodules:

B = ⊕
w∈W
m∈Z

B
⊕kw,m
w (m)

For j ∈ Z define the perverse filtration ⋅ ⋅ ⋅ ⊆ pτ⩽j−1B ⊆ pτ⩽jB ⊆ . . . of B as follows:

pτ⩽jB ∶= ⊕
w∈W
m⩾−j

B
⊕kw,m
w (m).

Set pτ<j ∶= pτ⩽j−1 and define pτ⩾jB = B/ pτ<jB. Similarly set pτ>j ∶= pτ⩾j+1. Define the
j-th perverse cohomology as:

pHj(B) ∶= (pτ⩽j(B)/ pτ<j(B))(j).

Obviously the perverse filtration of a Soergel bimodule always splits and subquotients
of the perverse filtration are isomorphic to shifted perverse Soergel bimodules. More
explicitly pτ⩽jB/ pτ<jB is isomorphic to C(−j) for some perverse Soergel bimodule C ∈ B
and contains exactly all those indecomposable summands Bw(−j) of B for w ∈W . The
perverse cohomology shifts the subquotients back in order for them to be perverse. Thus
in this case pHj(B) exactly gives the perverse Soergel bimodule C.

Lemma 4.2. Let j ∈ Z. pτ⩽j(−) and pτ⩾j(−) give well-defined additive endofunctors
on the category of Soergel bimodules. pHj(−) defines a well-defined additive functor
from the category of Soergel bimodules to the full additive subcategory of perverse Soergel
bimodules.

Proof. The well-definedness of the functors on objects of B follows from the Krull-
Schmidt Theorem that holds in B.
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4 The perverse filtration on the homotopy category of Soergel Bimodules

Recall that the morphisms of all degrees between two indecomposable Soergel bi-
modules are concentrated in non-negative degrees and that dim HomB(Bx,By) = δx,y for
x, y ∈W .
Now, decompose a Soergel bimodule B in indecomposable Soergel bimodules and

regroup them according to grading shift: B = ⊕m∈Z⊕w∈W B
⊕kw,m
w (m). By the m-th

grading block of B we mean the direct sum of all indecomposables B⊕kw,m
w (m) for w ∈W .

Take the ordering on the blocks induced from the natural order on Z. For a morphism
f ∶ B → B′ of Soergel bimodules decompose domain and codomain accordingly and
consider its components with respect to the decomposition. From the above description
we see that any non-zero component Bx(mx) → By(my) of f satisfies my ⩾ mx and
mx = my ⇔ x = y. In other words, f can only send the indecomposables of the m-
grading block of B non-trivially to the indecomposables of the k-grading block of B for
k ⩾ m. Thus the matrix of f with respect to the two decompositions (and an arbitrary
order of the indecomposables in each block) is of block triangular form. (Whether it is
of upper or lower block triangular form depends only on the conventions)...
Now, the action of the functors on morphisms is simply given by picking out those

components that correspond to summands chosen by the functor on the level of objects.
pτ⩽j(−) restricts to all grading blocks ⩾ −j, pτ⩽j(−) kills all grading blocks ⩾ −j + 1 and
thus considers only grading blocks ⩽ −j and pHj(−) only sees the (−j)-th grading block
and shifts it back to be perverse. It follows from the description above that this gives
well-defined additive functors.

This filtration on B induces a split diagonal filtration on the full subcategory Cb(B)min
of minimal complexes in Cb(B) as follows:

Definition 4.3. Let F be a minimal, bounded complex of Soergel bimodules. For j ∈ Z
define the perverse filtration ⋅ ⋅ ⋅ ⊆ pτ⩽j−1F ⊆ pτ⩽jF ⊆ . . . of F as follows:

n(pτ⩽jF ) ∶= pτ⩽j−n(nF )

Define pτ<j, pτ⩾j and pτ>j as above. Define the j-th perverse cohomology as:
pHj(F ) ∶= (pτ⩽j(F )/ pτ<j(F ))[j]

Note that pτ⩽jF is a well-defined subcomplex of F because Soergel’s Hom-formula
implies that the homomorphisms of all degrees from Bx to By for x, y ∈W are concen-
trated in non-negative degrees and that there can only be homomorphisms of degree 0
if x = y and in that case every non-zero homomorphism is invertible. Thus non-zero de-
gree 0 homomorphisms cannot occur as components in minimal complexes and for every
non-zero component Bx(mx) → By(my) of the differential in F we have my > mx. In
addition, for any minimal complex F of Soergel bimodules as above, there is a level-wise
split short exact sequence in Cb(B) for all j ∈ Z

0Ð→ pτ⩽j(F )Ð→ F Ð→ pτ>j(F )Ð→ 0

which induces a distinguished triangle in the homotopy category Kb(B).
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4 The perverse filtration on the homotopy category of Soergel Bimodules

The main idea of the next definition is to extend our previous definitions to Kb(B)
via the equivalence of categories induced by Cb(B)min ↪ Cb(B) on the level of homotopy
categories.

Definition 4.4. Let p
Kb(B)⩾0 be the full subcategory of Kb(B) consisting of all com-

plexes which are isomorphic to a minimal complex F ∈Kb(B) such that pτ<0(F ) vanishes.
Let p

Kb(B)⩽0 be the full subcategory of Kb(B) consisting of all complexes which are
isomorphic to a minimal complex F ∈Kb(B) such that pτ>0(F ) vanishes.
A complex F ∈Kb(B) is called linear or perverse if it lies in p

Kb(B)⩾0 ∩ p
Kb(B)⩽0. A

perverse shift is a simultaneous shift of the form (−k)[k] for some k ∈ Z.

Proposition 4.5. The following statements are equivalent for a complex F ∈Kb(B):

(i). F ∈ pKb(B)⩾0.

(ii). Any minimal complex F ′ ∈ Cb(B) which is isomorphic to F in Kb(B) satisfies
pτ<0(F ′) = 0.

Proof. ii) obviously implies i). By using Corollary 3.19 and the Krull-Schmidt theorem
in B we see that the converse also holds. See [Kra12, Proposition 3.2.1] for the proof
that the Krull-Schmidt theorem holds in any Krull-Schmidt category.

Since this definition is a little technical, let us break it down: For a minimal complex
in p

Kb(B)⩾0 an indecomposable Soergel bimodule occuring in cohomological degree n is
of the form Bw(m) for m ⩽ n. Loosely speaking, in p

Kb(B)⩾0 the possible shifts of the
occuring indecomposable are bounded above by the cohomological degree in which the
module occurs. For p

Kb(B)⩽0 replace “above” by “below” in the last slogan.
So, how should we visualize this definition? For a minimal complex one should keep

track of the indecomposables occuring in the complex in the form of a table, where the
columns denote the cohomological degree and the rows correspond to the grading shift.
We will choose the following convention that the columns (resp. rows) are labelled by
integers in increasing order from left to right (resp. from top to bottom). Thus we get
a table of the following form

-2 -1 0 1 2
-2
-1
0
1
2

where an indecomposable Soergel bimodule Bw(m) occuring in cohomological degree n
appears in the column labelled with n and the row labelled with m. Therefore a minimal
complex F ∈ pKb(B)⩾0 (resp. F ∈ pKb(B)⩽0) has only entries in cells on or above (resp.
below) the marked grey diagonal. The entries in such a table for a minimal perverse
complex are restricted to the grey diagonal.
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4 The perverse filtration on the homotopy category of Soergel Bimodules

Lemma 4.6. (pKb(B)⩽0,
p
Kb(B)⩾0) gives a non-degenerate t-structure on Kb(B), which

is called the perverse t-structure on the homotopy category of Soergel bimodules.

Proof. By definition p
Kb(B)⩾0 and p

Kb(B)⩽0 are full subcategories. They are both proper
because we have for example Fs[1] ∉ pKb(B)⩾0 and Fs[−1] ∉ pKb(B)⩽0.
Set p

Kb(B)⩽n ∶= p
Kb(B)⩽0[−n] and p

Kb(B)⩾n ∶= p
Kb(B)⩾0[−n]. Recall that an object

F ∈Kb(B) lies in p
Kb(B)⩽0 if and only if for all n ∈ Z the shifts of the indecomposables

occuring in cohomological degree n of a minimal complex isomorphic to F are bounded
below by n. Therefore we see that a complex F ∈ Kb(B) lies in p

Kb(B)⩽1 if and only if
for all n ∈ Z the shifts of the indecomposables occuring in cohomological degree n of a
minimal complex isomorphic to F are bounded below by n− 1. This implies pKb(B)⩽0 ⊆
p
Kb(B)⩽1.
Next, we want to show the Hom-vanishing condition. Let X,Y ∈ Kb(B) be mini-

mal complexes such that X lies in p
Kb(B)⩽0 and Y can be found in p

Kb(B)⩾1. Since
HomKb(B)(X,Y ) is a quotient of HomCb(B)(X,Y ) and a morphism f in HomCb(B)(X,Y )
is a family of morphisms {fn}n∈Z such that fn ∈ HomB(nX, nY ) and dYn ○ fn = fn+1 ○ dXn ,
it suffices to see that HomB(nX, nY ) vanishes for all n ∈ Z. This follows again from So-
ergel’s Hom-formula (see Corollary 2.28) as for n ∈ Z the shifts of the indecomposables
occuring in nX are bounded below by n and for the indecomposables in nY they are
bounded above by n − 1.
Since we have already noted the existence of the distinguished triangle of the required

form prior to Definition 4.4, it remains to show the non-degeneracy of the perverse
t-structure. This follows right away by considering a minimal complex and using the
classification of the indecomposable Soergel bimodules from Theorem 2.22.

4.2 First Results
Most of the following results up to Theorem 4.12 can be found in [EW12], unless stated
otherwise.

Lemma 4.7. Let w ∈ W and s ∈ S. Regard Bw ∈ Kb(B) as a complex concentrated in
degree 0. Then the following holds:

(i). If ws < w then BwFs ≅ Bw(−1) in Kb(B).

(ii). If ws > w then BwFs ∈ pKb(B)⩾0 ∩ p
Kb(B)⩽0.

Proof. (i). Soergel’s conjecture in the case ws < w implies BwBs ≅ Bw(1) ⊕ Bw(−1).
Hence BwFs has the form:

0Ð→ Bw(1)⊕Bw(−1)Ð→ Bw(1)Ð→ 0

As Bw is indecomposable and (−)⊗Fs is an autoequivalence of Kb(B) the complex
BwFs is indecomposable as well. If the component of the differential between Bw(1)
in cohomological degree 0 and Bw(1) in cohomological degree 1 was 0 then Bw(1)
seen as a chain complex concentrated in cohomological degree 0 would be a proper,
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4 The perverse filtration on the homotopy category of Soergel Bimodules

non-zero direct summand which is not possible. Any non-zero endomorphism on
Bw(1) is an isomorphism because Soergel’s Hom formula together with Soergel’s
conjecture yield End(Bw) ≅ R. Thus these two summands cancel and the claim
holds.

(ii). Remark 2.29 together with Soergel’s conjecture show that BwBs is perverse. Thus
BwFs = (. . .0→ BwBs → Bw(1)→ 0 . . . ) lies in the heart of the perverse t-structure.

The following result implies by using Proposition 1.8 that after applying Fs to a
complex F ∈ p

Kb(B)⩾0, the negative perverse cohomology groups of FFs remain zero
(i.e. pHk(FFs) = 0 for all k < 0).

Lemma 4.8. Fs (resp. Es) viewed as an additive endofunctor on Kb(B) is left (resp.
right) t-exact. In other words, if F ∈ pKb(B)⩾0 then FFs ∈ pKb(B)⩾0.

Proof. We will only prove the statement about Fs as the other one is proven analogously
or follows using Proposition 1.10. Let F ∈ p

Kb(B)⩾0 be a minimal complex. Consider
the stupid truncation functors:

w⩾kF ∶= (. . .Ð→ 0Ð→ kF Ð→ k+1F Ð→ . . . )

The cone of the inclusion of w⩾k+1F into w⩾kF is isomorphic to kF [−k] (all other sum-
mands cancel out along the identity components coming from the inclusion of subcom-
plexes) and thus we have for all k ∈ Z a distinguished triangle:

w⩾k+1F Ð→ w⩾kF Ð→ kF [−k] [1]Ð→

We will prove (w⩾kF )Fs ∈ pKb(B)⩾0 for all k ∈ Z by inverse induction starting with the
highest non-zero cohomological degree of F , say l. For w⩾lF = lF [−l] the second part of
Lemma 4.7 implies that (w⩾lF )Fs lies in p

Kb(B)⩾0. For the induction step assume that
the statement is true for k + 1. Tensor the distinguished triangle above with Fs to get
the following distinguished triangle:

(w⩾k+1F )Fs Ð→ (w⩾kF )Fs Ð→ kFFs[−k]
[1]Ð→

Lemma 4.7 shows that kFFs[−k] lies in p
Kb(B)⩾0 and the same is true for (w⩾k+1F )Fs

by induction, so the claim follows from Lemma 1.4. As F is a bounded complex, for k
small enough we have w⩾kF = F .

An easy induction on the length of the braid word together with the observation that
Fs and Es lie in the heart of the t-structure gives the following result:

Corollary 4.9. For any σ ∈ Br+(W,S) the corresponding Rouquier complex Fσ (resp. Eσ)
lies in p

Kb(B)⩾0 (resp. p
Kb(B)⩽0).

As an immediate consequence of Lemma 4.8 and Proposition 1.10 we get the following
corollary:
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Corollary 4.10. Let C ∶= p
Kb(B)⩾0 ∩ p

Kb(B)⩽0 be the heart of the perverse t-structure.
Then pF s ∶ C ⇄ C ∶ pEs forms a pair of adjoint functors.

Next, we will establish that Rouquier complexes corresponding to reduced braids lie
in the heart of the perverse t-structure. The following result can be found in [LW12]:

Proposition 4.11 (Rouquier complexes for Coxeter group elements are ∆-split).
For all x, y ∈W we have the following isomorphism in the homotopy category of graded
R-bimodules:

Γ⩾y/>yFx =
⎧⎪⎪⎨⎪⎪⎩

Rx(−l(x)) = ∆x if x = y,
0 otherwise.

Theorem 4.12 (Rouquier complexes for reduced braids are perverse).
For x ∈ W the indecomposable Soergel bimodules occuring in the Rouquier complex Fx
are given by:

(i). 0F x = Bx

(ii). For i ⩾ 1, iF =⊕z<xBz(i)⊕kz,i with kz,i ∈ N.

In particular, Fx ∈ pKb(B)⩽0 ∩ p
Kb(B)⩾0.

To prove the theorem we will need the following lemma:

Lemma 4.13. If iF x contains a summand isomorphic to Bz(j) with z < x then i−1F x

contains a summand isomorphic to Bz′(j′) with z′ > z and j′ < j.

Proof. Let Bz(j) for z < x be a summand in iF x. Since pτ<i+1−j is a well-defined functor
on the full subcategory of minimal complexes in Cb(B), it follows that Bz(j) maps to
i+1(pτ<i+1−jFx) = pτ<−j

i+1Fx, the sum of all By(k) for k > j and y ∈ W in i+1F x. By
the same argument, if some summand By(k) of i−1F x maps non-trivially to Bz(j) via a
component of the differential, then it follows that k < j.
Apply Γ⩾z/>z to Fx. As z < x Proposition 4.11 implies that the result is isomorphic to 0

in the homotopy category of graded R-bimodules and thus its cohomology vanishes, but
Γ⩾z/>z

iF x contains a summand ∆z(j) coming from our chosen summand Bz(j). Thus
this summand either has to map isomorphically to some ∆z(j) in Γ⩾z/>z

i+1F x or has
to be mapped to isomorphically from some ∆z(j) in Γ⩾z/>z

i−1F x. The first case cannot
occur because this summand maps to Γ⩾z/>z

pτ<−j(i+1F x) which only contains ∆z(k) for
k > j due to the above considerations and Remark 2.27. For that reason some summand
Bz′(j′) of i−1F x mapping non-trivially to Bz(j) contributes ∆z(j) after applying Γ⩾z/>z
which implies j′ < j by the above considerations and thus z′ > z due to Remark 2.27.

Proof. Due to Corollary 4.9 it suffices to show that Fx lies in p
Kb(B)⩽0. Fx lives in

cohomological degrees ⩾ 0 (as the same holds for Fs) and Fx is obtained by eliminating
all contractible summands in Fx for a reduced expression x of x. We will prove by
induction on i ∈ N that pτ>−i iF x = 0. As Fx is a bounded complex this implies for i large
enough Fx ∈ pKb(B)⩽0.
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For i = 0 Lemma 4.13 shows that all summands of 0F x are of the form Bx(m) for some
shift m ∈ Z. Remark 2.27 implies that any such summand would give a copy of ∆x(m)
(with the same shift) after application of Γ⩾x/>x. None of these copies can cancel out
because Bx can only occur in cohomological degree 0 of Fx by the classification of the
indecomposable Soergel bimodules given in Theorem 2.22 and summands of the form
By for y > x do not occur at all. Thus Proposition 4.11 shows that 0F x ≅ Bx.
For i > 0 let Bz(j) be a summand in iF x. It follows that z < x. By induction, we know

that the indecomposable Soergel bimodules occuring in cohomological degree i− 1 of Fx
are of the form Bw(i−1) for w ∈W . Using Lemma 4.13 it follows that j > i−1 and thus
pτ>−i

iF x = 0. In other words the shifts of the indecomposables occuring in cohological
degree i are all ⩾ i. Since we know that Fx lies in p

Kb(B)⩾0 the indecomposable Soergel
bimodules occuring in cohomological degree i are of the form Bw(i) for w ∈W .

The following result is a very important observation:
Proposition 4.14. Soergel’s conjecture implies for x, y ∈W , s ∈ S such that sx > x and
sy < y:

HomB(
µ(y,x)
⊕
i=1

By,By) ≅ HomB(Bx,By(1))

HomB(By,
µ(y,x)
⊕
i=1

By) ≅ HomB(By(−1),Bx)

Proof. We will only prove the first isomorphism, as the second one is proven analogously.
The left handed multiplication formula from Corollary 1.14 implies in this situation:

BsBy ≅ By(1)⊕By(−1)

BsBx ≅ Bsx ⊕ ⊕
z<x s.t.
sz<z

µ(z,x)
⊕
i=1

Bz

Soergel’s conjecture shows that there are only non-zero degree 0 homomorphisms be-
tween isomorphic indecomposable Soergel bimodules (see Corollary 2.28). Thus the
inclusion induces the following isomorphism:

HomB(
µ(y,x)
⊕
i=1

By,By)
≅→ HomB(BsBx,By)

Soergel’s conjecture also shows that the morphisms of all degrees between Soergel bi-
modules are concentrated in non-negative degrees (using the positivity of the struc-
ture coefficients and Corollary 2.28). Therefore the projection BsBy → By(1) induces
an isomorphism HomB(Bx,BsBy)

≅→ HomB(Bx,By(1)) as HomB(Bx,By(−1)) vanishes.
Completing this with the isomorphism coming from the biadjointness of Bs we get the
following chain of isomorphisms:

HomB(⊕µ(y,x)
i=1 By,By)
≅
��

≅ // HomB(Bx,By(1))

HomB(BsBx,By) ≅ // HomB(Bx,BsBy)

≅

OO
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Proposition 4.15 and Lemma 4.17 generalize Lemma 4.7 to complexes. The first result
can be proven using Proposition 4.14, but we will state it without proof as we do not
need it later.

Proposition 4.15. Let s ∈ S and F ∈ p
Kb(B)⩾0 ∩ p

Kb(B)⩽0 be a minimal perverse
complex such that each indecomposable Bx occuring up to shift in F satisfies xs < x.
Then we have pH0(FFs) = 0.

When tensoring a minimal perverse complex F ∈ p
Kb(B)⩾0 ∩ p

Kb(B)⩽0 with Fs, all
Gaussian eliminations needed to pass from FFs to a minimal complex involve up to
grading shift indecomposable Soergel bimodules By with ys < y. In particular, for an
indecomposable Soergel bimodule By(m) with ys > y occuring in F for some m ∈ Z,
the summand By(1) appears in pH0(FFs) and cannot be cancelled by any Gaussian
elimination. Therefore we have proven the converse to Proposition 4.15:

Lemma 4.16. Let s ∈ S and F ∈ pKb(B)⩾0 ∩ p
Kb(B)⩽0 be a minimal perverse complex.

If pH0(FFs) = 0, then each indecomposable Soergel bimodule Bx occuring up to shift in
F satisfies xs < x.

Lemma 4.17. Let s ∈ S and F ∈ p
Kb(B)⩾0 ∩ p

Kb(B)⩽0 be a perverse complex such
that each indecomposable Bx occuring up to shift in F satisfies xs > x. Then FFs ∈
p
Kb(B)⩾0 ∩ p

Kb(B)⩽0 is a minimal perverse complex.

Proof. Without loss of generality, we may assume that F ∈ Cb(B) is a minimal com-
plex. We know that FFs looks in cohomological degree n like nFBs ⊕ n−1F (1). Under
our assumptions, we know that n−1F (1) consists only of indecomposables of the form
Bw(n) for w ∈ W . In addition, the linearity of F , Soergel’s conjecture and the right
handed multiplication formula together (see Remark 2.29) imply that the same is true
for the indecomposables occuring in nFBs. Thus the complex is linear. In particular, it
follows that FFs is already a minimal complex because no isomorphisms can occur as
components of the differential.

There is a well-defined map Φ ∶ Ob(Cb(B)) → K0(B) given by (⋅ ⋅ ⋅ → iF → i+1F →
. . . )↦ ∑i∈Z(−1)i[iF ] which satisfies:

Φ(F ⊕ F ′) = Φ(F ) +Φ(F ′)
Φ(F ⊗ F ′) = Φ(F ) ⋅Φ(F ′)

Φ(F (1)) = vΦ(F )
Φ(F [1]) = −Φ(F )

Isomorphic chain complexes have the same image under Φ.

Since Kb(B) and Cb(B) share the same objects, we can define Φ for Kb(B) as well. At
first sight it is not clear though whether the last property should still hold. To see this
note that Φ does not see the morphisms occuring in a complex at all. Therefore a complex
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4 The perverse filtration on the homotopy category of Soergel Bimodules

in Kb(B) and the direct sum of all of its non-zero perverse cohomology groups have the
same image under Φ. When passing from a complex F to a minimal complex Fmin

⊕⊆ F ,
we successively do Gaussian eliminations with respect to isomorphism components of
the differential. Each Gaussian elimination does not affect the image of F under Φ.
Thus F has the same image as Fmin. In addition, any isomorphism in Kb(B) induces an
isomorphism on all perverse cohomology groups of the two complexes. By the argument
above, we may assume that all perverse cohomology groups are minimal complexes. Since
homomorphisms between indecomposable Soergel bimodules are concentrated in non-
negative degrees, all homotopies on a minimal perverse complex of Soergel bimodules
are necessarily trivial. Thus an isomorphism between minimal perverse complexes in
Kb(B) comes from a “genuine” isomorphism in Cb(B). Therefore isomorphic complexes
in Kb(B) have the same image under Φ.
It follows that we get a group homomorphism from Pic(2 − Br) to K0(B)∗ which

can be postcomposed with the isomorphism to the Hecke algebra. We will denote this
composition by slight abuse of notation by ch ∶ Pic(2 − Br)Ð→H∗ as well.
In addition there is a well-defined group homomorphism Ψ ∶ Br(W,S) → H∗ sending a

braid word σ = sε1
1 s

ε2
2 . . . sεkk with εi ∈ {±1} for all 1 ⩽ i ⩽ k to the corresponding product

of standard basis elements Hσ =Hε1
s1H

ε2
s2 . . .H

εk
sk in H∗. (Recall that every standard basis

element is invertible.) Its restriction to Br+(W,S) is a monoid homomorphism and will be
denoted by Ψ+.
The next result shows that we can use these maps to get a powerful tool to verify our

computations:

Lemma 4.18. The following triangle commutes in the category of groups:

Br(W,S) //

Ψ
&&

Pic(2 − Br)
ch

��

σ � //
~

��

Fσ_

��
H∗ Hσ

Proof. Since we know that all maps involved are group homomorphisms and we have a
presentation of the braid group, it suffices to check the commutativity on the level of
generators. For s ∈ S we get:

Br(W,S) //

Ψ
&&

Pic(2 − Br)
ch

��

s � //
{

��

Fs_

��
H∗ Hs =Hs − v

which implies the result.

Corollary 4.19. If Ψ is injective, then the 2-braid group is faithful as well.

Proof. If Ψ is injective, then the Rouquier complexes corresponding to distinct braids
cannot be isomorphic as isomorphic complexes have the same image under ch.
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Now we will turn to the triangulated structure on Kb(B) to draw some conclusions
about the perverse filtration and the perverse cohomology groups of a Rouquier complex.
Let σ ∈ Br+(W,S). As Fσ is bounded, there exists n ⩾ 0 sucht that pτ⩽n(Fσ) = Fσ. In
addition, there is a distinguished triangle:

pτ⩽n−1Fσ Ð→ Fσ Ð→ pτ⩾nFσ
[1]Ð→

in which pτ⩾nFσ is isomorphic to pHn(Fσ)[−n]. Rotate this distinquished triangle back
to see that Fσ is isomorphic to the cone over a map fσ,n ∶ pHn(Fσ)[−n− 1]Ð→ pτ⩽n−1Fσ,
the n-th glueing map of Fσ, in Kb(B). Next we can repeat the same arguments for
pτ⩽n−1Fσ. Inductively we see that Fσ is an iterated cone which is up to isomorphism
determined by the perverse cohomology groups and the glueing maps.
In the following results we will try to describe these ingredients inductively. We want

to discuss how they evolve when we add a simple reflection to σ. First, we show that
after applying Fs to a perverse complex F the only non-zero perverse cohomology groups
of FFs are among the zeroth and the first one:

Lemma 4.20. Let s ∈ S and F ∈ pKb(B)⩽0 ∩ p
Kb(B)⩾0 be a perverse complex. Then we

have for all n ∉ {0,1}: pHn(FFs) = 0.

Proof. Since Fs is left t-exact, it follows that FFs lies in p
Kb(B)⩾0, which implies by

Proposition 1.8 that pHn(FFs) vanishes for all n < 0.
Without loss of generality, we may assume that F ∈ Cb(B) is a minimal complex.

We know that FFs looks in cohomological degree n like nFBs ⊕ n−1F (1). Under our
assumptions, we know that n−1F (1) consists only of indecomposables of the form Bw(n)
for w ∈W . In addition, from the right handed multiplication formula in Lemma 1.12 it
follows that nFBs does not contain any indecomposables of the form Bw(m) form < n−1.
These two observations obviously remain true when passing to a minimal complex in FFs
as the Gaussian eliminations kill summands and never add any! Thus it follows that FFs
lies in p

Kb(B)⩽1 which again by Proposition 1.8 implies: 0 = pHi(FFs[1]) = pHi+1(FFs)
for all i > 0 as FFs[1] ∈ pKb(B)⩽0.

The same argument actually shows:

Corollary 4.21. Let s ∈ S and F ∈ p
Kb(B)⩽n for some n ∈ Z. Then FFs lies in

p
Kb(B)⩽n+1 and we have pHn+1(FFs) ≅ pHn(F )Fs.

The next result shows that when tensoring a Rouquier complex with Fs, only neigh-
bouring perverse cohomology groups can mingle.

Lemma 4.22. Let σ ∈ Br+(W,S), s ∈ S. For all n ⩾ 0 there is a short exact sequence in
the heart of the t-structure p

Kb(B)⩽0 ∩ p
Kb(B)⩾0:

0Ð→ pH1(pHn(Fσ)Fs)Ð→ pHn+1(Fσs)Ð→ pH0(pHn+1(Fσ)Fs)Ð→ 0.
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Proof. Consider the distinguished triangle:

pτ⩽nFσ Ð→ Fσ Ð→ pτ>nFσ
[1]Ð→

Applying Fs yields the following distinguished triangle:

(pτ⩽nFσ)Fs Ð→ Fσs Ð→ (pτ>nFσ)Fs
[1]Ð→

The corresponding long exact perverse cohomology sequence (see Theorem 1.7) contains
the following piece

0Ð→ pHn+1((pτ⩽nFσ)Fs)Ð→ pHn+1(Fσs)Ð→ pHn+1((pτ⩾n+1Fσ)Fs)Ð→ 0

because the 0 on the left comes from pHn((pτ⩾n+1Fσ)Fs) = 0 as the left t-exactness of
Fs implies (pτ⩾n+1Fσ)Fs ∈ p

Kb(B)⩾n+1 and on the right we have pHn+2((pτ⩽nFσ)Fs) =
0 by Corollary 4.21. This is essentially the short exact sequence we seek because
pHn+1((pτ⩾n+1Fσ)Fs) (resp. pHn+1((pτ⩽nFσ)Fs)) is isomorphic to pH0(pHn+1(Fσ)Fs)
(resp. pH1(pHn(Fσ)Fs) ). To see the first isomorphism, recall that Fs is left t-exact
and thus all the indecomposable Soergel bimodules in a minimal complex corresponding
to pτ⩾n+1Fσ that end up the (n + 1)-st perverse cohomology group of (pτ⩾n+1Fσ)Fs are
those indecomposable objects in pH0(pHn+1(Fσ)Fs)! To see this formally, consider the
following distinguished triangle

pτ⩽n+1(pτ⩾n+1Fσ)Ð→ pτ⩾n+1Fσ Ð→ pτ⩾n+2(pτ⩾n+1Fσ)
[1]Ð→

where the term on the left is pHn+1(Fσ)[−n − 1] and the term on the right is pτ⩾n+2Fσ.
Applying Fs yields the following distinguished triangle

pHn+1(Fσ)Fs[−n − 1]Ð→ (pτ⩾n+1Fσ)Fs Ð→ (pτ⩾n+2Fσ)Fs
[1]Ð→

whose long exact perverse cohomology sequence gives pHn+1(pHn+1(Fσ)Fs[−n − 1]) ≅
pHn+1((pτ⩾n+1Fσ)Fs) as (pτ⩾n+2Fσ)Fs ∈ pKb(B)⩾n+2. The definition of the perverse coho-
mology groups shows pHn+1(pHn+1(Fσ)Fs[−n− 1]) = pH0(pHn+1(Fσ)Fs). For the second
isomorphism, note that Fs moves the indecomposable Soergel bimodules in a minimal
perverse complex corresponding to pτ⩽nFσ at most one perverse cohomology group higher
by Lemma 4.20. Thus the only ones that end up in the (n + 1)-st perverse cohomology
group of (pτ⩽nFσ)Fs are those indecomposable objects in pH1(pHn(Fσ)Fs). A similar
argument shows this formally.

Other tools that we will use are the following actions of Br+(W,S) on the heart of the per-
verse t-structure. The first result follows directly from Lemma 4.8 and Proposition 1.10:

Corollary 4.23. There is a weak action of Br+(W,S) on
p
Kb(B)⩾0∩ pKb(B)⩽0 via s↦ pF s

(or via s−1 ↦ pEs).

The following result shows that there is another weak action of Br+(W,S) on the heart
of the perverse t-structure.
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Lemma 4.24. For all σ ∈ Br+(W,S) define p
1F σ ∶= pHl(σ) ○ Fσ ○ ε where l(σ) denotes

the length of the braid word and ε ∶ pKb(B)⩾0 ∩ p
Kb(B)⩽0 → Kb(B) is the inclusion

functor of the heart. Then the assignment σ ↦ p
1F σ gives a weak action of Br+(W,S) on

p
Kb(B)⩾0 ∩ p

Kb(B)⩽0.

Proof. For α,β ∈ Br+(W,S) it follows by induction on the length of β using Corollary 4.21
and the fact that for any perverse complex F the highest non-zero perverse cohomology
group pHk(FFα) satisfies k ⩽ l(α) that p

1Fα ○ p1F β is isomorphic to pHl(αβ) ○ Fαβ ○ ε.

These two actions are related to the lowest (resp. highest) perverse cohomology group
and we will use both of them to describe the highest perverse cohomology group in type
A2 explicitly.
Lastly, we want to give some structural results about the perverse filtration that hold

in general. For σ = si1si2 . . . sil ∈ Br+(W,S) define a reduced braid σred as follows: In the
Coxeter group W , set x0 ∶= 1 and define for j > 0 inductively:

xj ∶=
⎧⎪⎪⎨⎪⎪⎩

xj−1sij if xj−1sij > xj−1 in W ,
xj−1 otherwise.

Now set σred = ϕ(xl) where ϕ ∶ W → Br(W,S) is the set-theoretic section to the group
homomorphism π ∶ Br(W,S) →W . Note that σred is the largest reduced subexpression of
σ. We can explicitly describe the 0-th perverse cohomology group:

Theorem 4.25. Let σ ∈ Br+(W,S). Set k ∶= l(σ) − l(σred). Then the following holds:

pH0(Fσ) ≅ Fσred[−k](k)

Proof. We will proceed by induction on the length of the braid word. The induction start
follows from Theorem 4.12 as the Rouquier complexes of reduced braids are perverse.
Next, let σ = βs ∈ Br+(W,S) for some s ∈ S and β ∈ Br+(W,S) be a braid word of smaller
length. Set k = l(β) − l(βred). We have the following distinguished triangle

pH0(Fβ)Fs Ð→ Fβs Ð→ (pτ⩾1Fβ)Fs
[1]Ð→

whose long exact perverse cohomology sequence implies that pH0(pH0(Fσ)Fs) is isomor-
phic to pH0(Fβs) because (pτ⩾1Fβ)Fs lies in p

Kb(B)⩾1 by the left t-exactness of Fs. By
induction, pH0(Fβ) is isomorphic to Fβred[−k](k).
If βs is still reduced, we have FβredFs = Fβreds = F(βs)red = Fσred and it follows again by

Theorem 4.12
pH0(Fσ) ≅ pH0(Fσred[−k](k)) ≅ Fσred[−k](k)

which is what we wanted to show as l(β) − l(βred) = k = l(σ) − l(σred).
If βreds is no longer reduced, we know that βred = ϕ(w) for some w ∈W with ws < w.

Therefore w has a reduced expression w = s1s2 . . . sl ending in s (i.e. sl = s). By the
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definition of ϕ it follows that βred equals s1s2 . . . sl in the braid monoid Br+(W,S). Set
α = s1s2 . . . sl−1. Thus we get

pH0(Fσ) ≅ pH0(FβredFs[−k](k)) ≅ pH0(FαFsFs[−k](k))
≅ pH0(Fα pH0(FsFs)[−k](k))
≅ pH0(FαFs[−k − 1](k + 1))
≅ Fβred[−k − 1](k + 1)

where we used in the second line the left t-exactness of Fα ⊗ (−) (see Proposition 1.10,
part i)), in the second to last step that pH0(FsFs) = Fs[−1](1) which follows from the
results in section 4.3 and in the last step that FαFs = Fβred is perverse by Theorem 4.12.
The claim follows as l(σ) − l(σred) = k + 1.

4.3 Explicit calculations in type A1

In type A1 the Rouquier complexes can easily be calculated:

Theorem 4.26. Let σl = s . . . s be a word of l-times the letter s. The corresponding
Rouquier complex Fσl is isomorphic to:

Bs(−l + 1) d0
Ð→ Bs(−l + 3) d1

Ð→ . . .
dl−3
Ð→ Bs(l − 3) dl−2

Ð→ Bs(l − 1) dl−1
Ð→ R(l)

in Kb(B) where the leftmost (resp. rightmost) Bs sits in cohomological degree 0 (resp.
l − 1). The differentials are given by:

dn =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

αs
2 +(−1)l+1−n αs

2 if 0 ⩽ n < l − 1,
if n = l − 1,

0 otherwise.

Proof. The statement will be proven by induction on l. For l = 1 the statement is true
by definition of Fs. Now, we will assume that the statement is true for l and prove it
for l + 1. By induction, we know that Fσl is isomorphic to a minimal complex of the
form given above. To calculate Fσl+1 consider the bicomplex whose total complex gives
FσlFs in Cb(B), where the differential of Fσl (resp. Fs) runs in horizontal (resp. vertical)
direction and will be denoted by d:

Bs(−l + 2) d0
// Bs(−l + 4) d1

// . . .
dl−3

// Bs(l − 2) dl−2
// Bs(l) dl−1

// R(l + 1)

BsBs(−l + 1)
d0
//

OO

BsBs(−l + 3)
d1
//

OO

. . .
dl−3

// BsBs(l − 3)
dl−2

//

OO

BsBs(l − 1)
dl−1

//

OO

Bs(l)

OO

For the resulting total complex, we get after decomposing BsBs = Bs(1) ⊕Bs(−1) and
pre- and postcomposing the corresponding inclusions and projections to the differentials
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and possibly applying the needle relations from eq. (22) and eq. (23)

n(FσlFs) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Bs(−l)⊕Bs(−l + 2) if l = 0,
Bs(−l + 2n)⊕Bs(−l + 2n + 2)⊕Bs(−l + 2n) if 0 < n ⩽ l − 1,
Bs(l)⊕Bs(l) if n = l,
R(l + 1) if n = l + 1.

d0
FσlFs

=
⎛
⎜⎜⎜⎜
⎝

(−1)l+1 αs
2

α2
s

4
(−1)l+1 αs

2
αs
2

⎞
⎟⎟⎟⎟
⎠

dnFσlFs
=
⎛
⎜⎜⎜⎜
⎝

(−1)l+1−n αs
2 0

α2
s

4
(−1)l+1−n αs

2 0
(−1)n αs2 (−1)n dn−1

⎞
⎟⎟⎟⎟
⎠

for 0 < n < l − 1

dl−1
FσlFs

=
⎛
⎝

αs
2 0

(−1)l−1 αs
2 (−1)l−1 dl−2

⎞
⎠

dlFσlFs
= ( (−1)l )

where we formed the direct sums by first taking the term on the bottom right and then
the one on the top left and assigned a minus sign to all vertical maps in odd horizontal
degree. In addition, it should be noted that we used the projections and inclusions given
in [EW13] on page 41 with δ = αs

2 . Gaussian elimination with respect to the isomorphism
component of dnFσlFs from Bs(−l + 2n+ 2) to the first copy of Bs(−l + 2n+ 2) in the next
cohomological degree leads to:

d0
FσlFs

=
⎛
⎜
⎝

α2
s

4
αs
2

⎞
⎟
⎠
−
⎛
⎝
(−1)l+1 αs

2 ⎞
⎠
○ (−1)l+1 αs

2 =
⎛
⎝

∗
αs
2 +(−1)l+2 αs

2

⎞
⎠

dnFσlFs
=
⎛
⎜
⎝

α2
s

4 0
(−1)n αs2 dn−1

⎞
⎟
⎠
−
⎛
⎝
(−1)l+1−n αs

2
(−1)n

⎞
⎠
○ ((−1)l+1−n αs

2 0)

= (∗ ∗
∗ dn−1) for 0 < n < l − 1

dl−1
FσlFs

= ( (−1)l−1 αs
2 dl−2) − ( αs

2 0) ○ (−1)l−1 = (∗ dl−2)

dlFσlFs
= (∗ )

where all components marked with an ∗ may be forgotten due to Gaussian eliminations
along a component in the previous or following differential.

From this explicit description we can easily read off the perverse filtration, all perverse
cohomology groups and all glueing maps:
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pHn(Fσl) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Bs(l − 1 − 2n)[−l + 1 + 2n] if 1 ⩽ n ⩽ l − 1,
Fs(l − 1)[−l + 1] if n = 0,
0 otherwise.

pτ⩽n(Fσl) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Fσl if n > l − 1,
Fσ1+n(l − 1 − n)[−l + 1 + n] if 0 ⩽ n ⩽ l − 1,
0 otherwise.

fσl,n =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

αs
2 +(−1)n αs2 if 1 ⩽ n ⩽ l − 1,

0 otherwise.

This should serve as an example how to read off all this information from the minimal
complex. From now on we will only give the minimal complex.

4.4 Additional Results in type A2

Let S = {s, t}. Throughout we will use the following colour conventions: blue for s
and red for t. Figure 1 shows the orbits of some indecomposable perverse complexes
occuring as perverse cohomology groups in type A2 under the two actions introduced in
section 4.2. The more complicated indecomposable perverse complexes in fig. 1 are the
following

FsBtFs ≅ (Bsts ⊕Bs
d0
Ð→ Bts(1)⊕Bst(1)

d1
Ð→ Bt(2))

where d0 =
⎛
⎜
⎝

− − ⎞
⎟
⎠
and d1 = (− − ),

FsBtEs ≅ EtBsFt ≅ (Bst(−1) d−1
Ð→ Bt ⊕Bsts ⊕Bs

d0
Ð→ Bts(1))

where d−1 =
⎛
⎜⎜⎜⎜
⎝

−

−

⎞
⎟⎟⎟⎟
⎠
and d0 = ( ),

FsBtsEt ≅ (Bs(−1) d−1
Ð→ Bts ⊕Bst

d0
Ð→ Bt(1))

where d−1 =
⎛
⎜
⎝

−
−

⎞
⎟
⎠
and d0 = ( − ).

57



4 The perverse filtration on the homotopy category of Soergel Bimodules

Figure 1: Orbits of some indecomposable perverse complexes

R

FsBs Ft Bt

FstFsBtBsFt Fts FtBs BtFs

Fsts

BsFts BtFst

Bsts

FsBtFs

Bst

FsBts

BstFs

FsBtEs

EtBst EtBs

FsBtsEt

BsFts

FtBsFt

Bts

FtBst

BtsFt

FsBtEs

EsBtsEsBt

FtBstEs

BtFst

↓↡

↟

↟

↓↡

↟

↓

↟

↓

↡

↟

↡

↡

↓

↡

↓

↡

↟

↟

↟

↟

↟

↟

↓
↡

↡ ↟
↟

↟

↟
↡

↡

↓

↟

↟

↓ ↟

↟

↓

FsBtFs

↓

↓

Bsts ⊕Bs

↟

Note that the second line also implies:

FtsBt ≅ Ft(FsBtEs)Fs ≅ Ft(EtBsFt)Fs ≅ BsFts

Here is how one has to read fig. 1: The colour of the edge shows whether we act with
s or t and the label of the edge determines whether we take zeroth or first perverse
cohomology afterwards. More explicitly, an edge labelled with an uparrow of any kind
means that we apply pH1, while an edge labelled with a downarrow means that we apply
pH0. In addition, we use different types of arrows to show whether the action yields the
perverse complex at the tip of the arrow up to a certain perverse shift. An edge from X
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to Y will be of the following form:
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

↑ or ↓ if no perverse shift occurs,
↟ if Y (−1)[1] is obtained,
↡ if Y (1)[−1] is obtained.

Moreover, we used the following colour code to indicate the “maximal”, indecomposable
Soergel bimodule, i.e. the Bx that satisfies x ⩾ y for all By occuring in the same perverse
complex: black for R, blue for Bs, red for Bt, green for Bst, orange for Bts, and yellow
for Bsts.
Of course there is a symmetry about the line going through R, Fsts and Bsts by

swapping roles of s and t. So all the arrows should be transferred to the right side
accordingly.
Note that FsBtFs occurs twice in order to make the diagram more readable. The

additional node Bsts⊕Bs was introduced to show that the direct sum of these is pushed
up by BstFs after tensoring with Fs. One could have split up the arrow into two, but
this shows that it is the only case where an indecomposable perverse complex splits up
into a direct sum of two indecomposable perverse complexes under the action.
It is quite remarkable that the orbits of all perverse cohomology groups found so far

are finite (up to perverse shift) under either actions.
The following result is an important observation:

Proposition 4.27. Let σ ∈ Br+(W,S) be a non-trivial braid. Write σ = σ′s with s ∈ S and
σ′ ∈ Br+(W,S) a positive braid of shorter length. If σ′reds = σred , then

pH1(pHn(Fσ′)Fs) = 0
and thus pHn(Fσ) = pHn(Fσ′)Fs for all n ∈ Z.
Proof. Figure 1 encodes basically the following argument: When σ′ is trivial, the state-
ment follows from the observation that R and Fs both are perverse complexes. As before,
let σsl = ss . . . s be a word of l-times the letter s. First, let us consider what happens when
we tensor Fσs

l
for some l ⩾ 1 with Ft. Theorem 4.26 shows that all perverse cohomology

groups that occur in Fσs
l
up to perverse shift are Fs and Bs. When tensoring Fs with Ft

from the right we get Fst which is by Theorem 4.12 a perverse complex. BsFt gives the
following complex:

Bst Ð→ Bs(1)
which is perverse as well. This shows that pHn(Fσs

l
Ft) = pHn(Fσs

l
)Ft for all n ∈ Z.

Next, we need to consider the situation when we tensor Fσs
l
σt
k
for some k, l ⩾ 1 with Fs

from the right. In order to do so, let us classify the occuring perverse cohomology groups
in Fσs

l
Fσt

k
up to perverse shift. Using the explicit form from Theorem 4.26 to calculate

Fσs
l
Fσt

k
, we see that no Gaussian eliminations are necessary and the resulting complex

is already minimal. In addition, the calculation shows that up to perverse shift Fst is
the zeroth perverse cohomology group and the only indecomposable perverse complexes
occuring in the higher perverse cohomology groups are up to perverse shift Bst, BsFt
and FsBt. Additional calculations show that when tensoring these with Fs from the
right, they remain perverse.
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4 The perverse filtration on the homotopy category of Soergel Bimodules

Corollary 4.28. Let σ ∈ Br+(W,S). Then the number of non-zero perverse cohomology
groups is ⩽ l(σ) − l(σred) + 1.

This allows us in addition to calculate inductively the highest non-zero perverse coho-
mology group. For σ = s1s2 . . . sn ∈ Br+(W,S) set σ0 = 1 and σi = s1s2 . . . si for all 1 ⩽ i ⩽ n.
In addition, set X0 ∶= R and define for 1 ⩽ i ⩽ n:

Xi ∶=
⎧⎪⎪⎨⎪⎪⎩

pH1(Xi−1Fsi) if (σi−1)red = (σi)red,
Xi−1Fsi otherwise.

Lemma 4.29. Let k ∶= l(σ)− l(σred) be the number of void letters. The highest non-zero
perverse cohomology group of Fσ is pHk(Fσ) =Xn.

The last result follows immediately once we have shown that pH1(Xi−1Fsi) is non-zero
if (σi−1)red = (σi)red. This is implied by the following result:

Lemma 4.30. Let σ ∈ Br+(W,S). Let π ∶ Br(W,S) →W be the canonical group homomor-
phism matching the generators and ϕ ∶ W → Br(W,S) be its set-theoretic section. Set
w = π(σred) ∈W .
Then Bw occurs up to grading shift in the lowest non-zero cohomological degree of the

highest non-zero perverse cohomology group.

Proof. We will proceed by induction on l(σ). Suppose that σ = ϕ(w) for w ∈ W is
a reduced braid. By Soergel’s classification of the indecomposable Soergel bimodules
we know that for a reduced expression w of w the indecomposable Bw is the unique
indecomposable that occurs as direct summand in BS(w) and not in any Bott-Samelson
for a shorter expression. Therefore Bw occurs in cohomological degree 0 of Fσ and not in
any other cohomological degree. Since Fσ is concentrated in non-negative cohomological
degrees, the claim follows.
Assume that we have proven the statement for all positive braids of length n. Let σ be

a positive braid of length n+1 and write σ = βr with r ∈ S and β a positive braid of length
n. Set w̃ = π(βred). Let k ∈ Z be maximal such that pHk(Fβ) is non-zero. By induction
we know that Bw̃ occurs up to grading shift in the lowest non-zero cohomological degree
of pHk(Fβ).
Case 1: σred = βredr. Then we have w̃r = w in the Coxeter group. By Proposition 4.27

it follows that pHk(Fσ) = pHk(Fβ)Fr. In the smallest non-zero cohomological degree of
pHk(Fβ)Fr the summand Bw̃Br occurs which decomposes according to Lemma 1.12 as
follows:

Bw̃Br = Bw ⊕ ⊕
y<w̃ s.t.
yr<y

B
⊕µ(y,w̃)
y .

No Gaussian elimination can kill the summand Bw as it did not occur in Fβ at all.
Case 2: σred = βred. Then we have w̃r < w̃ and thus w̃ = w in the Coxeter group. Again

Lemma 1.12 implies that the term Bw̃Br gives a summand Bw in the lowest non-zero
cohomological degree of pH1(pHk(Fβ)Fr) ≅ pHk+1(Fσ).
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4 The perverse filtration on the homotopy category of Soergel Bimodules

In type A2 we can explicitly calculate the highest non-zero perverse cohomology group:

Proposition 4.31. Let σ ∈ Br+(W,S). Let k ∶= l(σ)− l(σred) be the number of void letters.
Then pHk(Fσ) is the highest non-zero perverse cohomology group and table 5 describes
it up to perverse shift.

Table 5: The highest non-zero perverse cohomology group of Fσ up to perverse shift:

pHk(Fσ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

R if σred = 1
Fs if σred = s, k = 0,
Bs if σred = s, k > 0,
Fst if σred = st, k = 0,
BsFt if σred = st, σ = s . . . s²

p-times

t, p > 1,

FsBt if σred = st, σ = s t . . . t²
q-times

, q > 1,

Bst if σred = st, σ = s . . . s²
p-times

t . . . t²
q-times

, p, q > 1,

Fsts if σred = sts, k = 0,
BtFst = FstBs if σred = sts, σ = sts s . . . s²

p-times

, p ⩾ 1,

BstFs if σred = sts, σ = s . . . s²
p-times

t . . . t²
q-times

s, p, q > 1,

Bsts ⊕Bs if σred = sts, σ = s . . . s²
p-times

t . . . t²
q-times

s . . . s²
r-times

, p, q, r > 1,

FsBtFs if σred = sts, σ = s t . . . t²
q-times

s, q > 1,

FsBts if σred = sts, σ = s t . . . t²
q-times

s . . . s²
r-times

, q, r > 1,

Switching the roles of s and t in all the cases above!
Bsts if σred = sts, otherwise.

Proof. Using Lemma 4.29, this can directly be read off of the orbits of the two actions
on the heart of the perverse t-structure. We will define a sequence of vertices (vi)l(σ)i=0
in the graph given in fig. 1 such that vl(σ) is up to perverse shift the highest non-zero
perverse cohomology group of Fσ. For a braid word σ = s1s2 . . . sn ∈ Br(W,S), define σi
as in the paragraph preceding Lemma 4.29. In order to determine the highest non-zero
perverse cohomology group, proceed as follows:

(i). Define v0 = R. Set i = 0.
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4 The perverse filtration on the homotopy category of Soergel Bimodules

(ii). If i + 1 ⩽ l(σ), then vi+1 will be one of the endpoints of the edges that are colored
according to si+1 and that start in vi. If (σi+1)red = (σi)red, then let vi+1 be the
endpoint of the edge labelled with an up-arrow of any kind. Otherwise we choose
for vi+1 the endpoint of the edge labelled with a down-arrow of any kind.

(iii). Next, increase i by 1 and repeat the last step.

The correctness of this algorithm follows from Lemma 4.29.
For example in the case σ = stt . . . ts where the subword in the middle consists of

q-times the letter t with q > 1, we start in R. s takes us to Fs and the first t to Fst. The
second letter t brings us to FsBt and the remaining t letters do not change that. Finally,
the last letter, which is an s, takes us to FsBtFs.

Remark. It is quite funny that all the different possibilities for the highest non-zero
perverse cohomology group for a fixed σred are all the words obtained by choosing either
F or B for each letter in σred and using the corresponding letter as subscript. The only
possibility missing is BsFtBs which is not perverse!
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5 Faithfulness of the categorification

5 Faithfulness of the categorification
In this section we will finally tackle the question about the faithfulness of the 2-braid
group. Recall the group homomorphism Ψ ∶ Br(W,S) → H∗, s ↦ Hs defined in the
paragraph preceding Lemma 4.18. In [LX01] Lehrer and Xi show that Ψ is injective
for all rank 2 Coxeter systems by showing that the reduced Burau representation of the
braid group factors through Ψ and by proving its faithfulness. Using Corollary 4.19 this
implies the faithfulness of the 2-braid group for all rank 2 Coxeter systems. This serves
as motivation for the proof of the faithfulness in type A where a categorified version of
this technique is applied.

5.1 Results by Khovanov & Seidel in type A

In this section we summarize the results of Khovanov and Seidel from [KS02] and [AK09]
and show how these results imply the faithfulness of the 2-braid group in type A. Note
that the conventions in the two papers differ slightly and we will follow [AK09] more
closely.

5.1.1 The zig-zag ring An and an action of Brn+1 on Kb(An-grpmod)
Definition 5.1. For n ⩾ 3 consider the following quiver Γn:

1 2 3
⋯

n

Let the zig-zag ring An be the quotient of the path algebra ZΓn (defined over Z) modulo
the following relations:

(i). = 0

(ii). = 0

(iii). i − 1

i

i

=
i

i

i + 1 for all 2 ⩽ i ⩽ n − 1.

A path from a to b in an oriented graph Γ may be denoted by (a = a1∣a2∣ . . . ∣b = ak)
where the ai’s are the vertices along the path in the order they occur when passing from
a to b as long as there is only one such path. In other words, we use the convention that
paths are read from left to right (unlike the composition of morphisms for example).
Note that An has the following properties:

• Recall that the path algebra ZΓn is graded with respect to path length. The
relations above are homogeneous with respect to path length. Thus An is a graded
Z-algebra.
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5 Faithfulness of the categorification

• As a graded Z-algebra An is isomorphic to Aop
n and thus the categories of left and

right An-modules are equivalent. The isomorphism is induced by the map fixing
the vertices and mapping the arrow (i∣i + 1) to (i + 1∣i).

• An is a free abelian group with basis:

{
i
∣ 1 ⩽ i ⩽ n} ∪ {

i i + 1
,
i i + 1

∣ 1 ⩽ i ⩽ n − 1} ∪ {Xi ∶=
i
or

i
∣ 1 ⩽ i ⩽ n}

• The left regular representation of An (i.e. An viewed as a left module over itself)
decomposes into the direct sum:

An =
n

⊕
i=1
Pi

where Pi = An(i) is the left projective An module that has as free Z-module
all paths in Γn ending in the vertex (i) as basis. Likewise, the right regular
representation of An decomposes into the direct sum of the iP = (i)An.

Lemma 5.2. As abelian groups we have the following isomorphism:

Pi ≅

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Z(i)⊕Z(i − 1∣i)⊕Z(i + 1∣i)⊕ZXi for 1 < i < n,
Z(1)⊕Z(2∣1)⊕ZX1 for i = 1,
Z(n)⊕Z(n − 1∣n)⊕ZXn for i = n.

This implies the following isomorphism of abelian groups:

iP ⊗An Pj ≅

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0 if ∣i − j∣ > 1,
Z(i∣j) if j ∈ {i − 1, i + 1},
Z(i)⊕ZXi if i = j.

Proof. The first part can immediately be read off the basis of An as abelian group given
above. The second part part follows from the fact that we killed all paths of length ⩾ 2
in An except for the Xi for 1 ⩽ i ⩽ n.

By setting Aen ∶= An ⊗Z A
op
n , An-bimodules can be seen as left Aen-modules. In the

following we will mostly work with the An-bimodules Ui ∶= Pi ⊗Z iP (1) for 1 ⩽ i ⩽ n
where (1) denotes a grading shift down by 1. For a graded ring R we will denote by
R-grmod (resp. R-grpmod) the category of graded (projective) left R-modules with
grade preserving homomorphisms.
The symmetric group Sn+1 with the set S = {si = (i, i + 1) ∣ 1 ⩽ i ⩽ n} of simple

transpositions gives a Coxeter system of type An. Thus the Hecke algebra H in type An
is generated as a Z[v, v−1]-algebra by {Hsi

∣ 1 ⩽ i ⩽ n} subject to the relations:

H2
si
= (v + v−1)Hsi

for 1 ⩽ i ⩽ n,
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5 Faithfulness of the categorification

Hsi
Hsj

=Hsj
Hsi

if ∣i − j∣ > 1,
Hsi

Hsi+1
Hsi

−Hsi
=Hsisi+1si

=Hsi+1
Hsi

Hsi+1
−Hsi+1

for 1 ⩽ i < n.

If we quotient out the Hecke algebra H by the 2-sided ideal generated by {Hsisi+1si
∣ 1 ⩽

i < n}, we get the Temperley-Lieb algebra TLn+1. Denote the image of Hsi
in the

Temperley-Lieb algebra by ui for all 1 ⩽ i ⩽ n. Then we see that TLn+1 is generated as
a Z[v, v−1]-algebra by {u1, u2, . . . , un} subject to the relations:

u2
i = (v + v−1)ui for 1 ⩽ i ⩽ n,

uiuj = ujui if ∣i − j∣ > 1,
uiui+1ui = ui = ui+1uiui+1 for 1 ⩽ i < n.

The following result shows that the Ui’s for 1 ⩽ i ⩽ n realize a quotient of the
Temperley-Lieb algebra TLn as endofunctors on the category of An-(bi)modules by ten-
soring from the left with Ui:

Lemma 5.3. There are the following isomorphisms as graded An-bimodules:

Ui ⊗An Ui ≅ Ui(1)⊗Ui(−1),
Ui ⊗An Ui±1 ⊗An Ui ≅ Ui,

Ui ⊗An Uj = 0 if ∣i − j∣ > 1.

Proof. For ∣i − j∣ > 1, Ui ⊗An Uj vanishes because the same is true for Pi ⊗An jP by
Lemma 5.2. Use Lemma 5.2 again to calculate:

Ui ⊗An Ui = Pi ⊗Z iP ⊗An Pi ⊗Z iP (2) ≅ Pi ⊗Z (Z(i)⊕ZXi)⊗Z iP (2)
≅ Pi ⊗Z iP (2)⊕ Pi ⊗Z iP = Ui(1)⊕Ui(−1)

Ui ⊗An Ui±1 ⊗An Ui = Pi ⊗Z iP ⊗An Pi±1 ⊗Z i±1P ⊗An Pi ⊗Z iP (3)
≅ Pi ⊗Z Z(i∣i ± 1)⊗Z Z(i ± 1∣i)⊗Z iP (3)
≅ Pi ⊗Z iP (1) = Ui

where we omitted brackets in tensor products with several factors and the corresponding
isomorphisms moving them around.

Using relations of the Temperley-Lieb algebra, one easily checks that there is a rep-
resentation Brn+1 Ð→ TL∗n+1 of the Artin braid group on n + 1 strands into the group
of invertible elements in the Temperley-Lieb algebra defined via σi ↦ 1− vui. Note that
1 − v−1ui is the inverse of 1 − vui in the Temperley-Lieb algebra TLn+1. This serves as
motivation for the following definitions. Define grade-preserving An-bimodule homo-
morphisms:

βi ∶ Pi ⊗Z iP Ð→ An,
x⊗ y z→ xy
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5 Faithfulness of the categorification

γi ∶ An Ð→ Pi ⊗Z iP (2).

1z→

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(i + 1∣i)⊗ (i∣i + 1) +Xi ⊗ (i) + (i)⊗Xi if i = 1,
(i − 1∣i)⊗ (i∣i − 1) + (i + 1∣i)⊗ (i∣i + 1) +Xi ⊗ (i) + (i)⊗Xi if 1 < i < n,
(i − 1∣i)⊗ (i∣i − 1) +Xi ⊗ (i) + (i)⊗Xi if i = n.

Now consider the following complexes of An-bimodules:

R′
i ∶= ( 0Ð→ An

γiÐ→ Ui(1)Ð→ 0)

Ri ∶= (0Ð→Ui(−1) βiÐ→ An Ð→ 0)

where in both complexes An sits in cohomological degree 0. The Ri, R′
i for 1 ⩽ i ⩽ n and

arbitrary tensor products of them will be called Khovanov complexes.
The following theorem shows that Ri and R′

i are mutually quasi-inverse complexes of
An-bimodules for all 1 ⩽ i ⩽ n and that the Ri (resp. Ri’) satisfy the braid relations (see
[KS02, Proposition 2.4 and Theorem 2.5] for the full proof or [AK09, Theorem 1.10] for
a partial proof):

Theorem 5.4. There are isomorphisms in the homotopy category Kb(Aen-grmod) of
bounded complexes of graded An-bimodules:

Ri ⊗Ri±1⊗Ri ≅ Ri±1 ⊗Ri ⊗Ri±1,
Ri⊗Rj ≅ Rj ⊗Ri if ∣i − j∣ > 1,

Ri ⊗R′
i ≅ An ≅ R′

i ⊗Ri.

Note that the second relation in Theorem 5.4 already holds in the abelian category of
bounded complexes of graded An-bimodules.
After fixing for each braid σ ∈ Brn+1 a word in the generators σi and their inverses

σ−1
i for 1 ⩽ i ⩽ n and assigning the corresponding composition of the Ri and R′

i to σ, we
get a weak action of Brn+1 on Kb(An-grmod). More explicitly, we map σi to Ri and σ−1

i

to R′
i. A criterion by Deligne (see [Del97]) shows that this weak action can be upgraded

to an action.
Note that each Ri as well as each R′

i induces an endofunctor on Kb(An-grpmod), the
homotopy category of bounded complexes of finitely generated graded projective An-
modules. In other words, they send a complex of finitely generated graded projective
An-modules to a complex of finitely generated graded projective An-modules. Thus the
same holds for compositions of the Ri and R′

i. Therefore, the weak action of the braid
group Brn+1 can be restricted to Kb(An-grpmod).

Theorem 5.5. The action of Brn+1 on Kb(An-grmod) (resp. Kb(An-grpmod)) is faith-
ful.

Since this theorem is at the heart of the proof of the faithfulness of the 2-braid group
in type A, we want to at least sketch the proof in the next section.
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5.1.2 Sketch of proof of Theorem 5.5

As Kb(An-grpmod) is a full subcategory of Kb(An-grmod), it suffices to show the result
for this subcategory. The goal is to relate this action to the action of the braid group
Brn+1 viewed as mapping class group of the (n+ 1)-punctured disc on isotopy classes of
simple curves which have marked points as endpoints, but not in their interior. Since
the proof itself could probably fill a master’s thesis on its own, we will just quickly recall
all definitions and constructions needed to understand the proof and explain the main
idea.

Definition 5.6. Let M be an oriented, topological manifold (possibly with non-empty
boundary ∂M). Let Q be a finite (possibly empty) subset of the interior M ○ of M . A
self-homeomorphism of the pair (M,Q) is an orientation-preserving homeomorphism of
M fixing ∂M pointwise and Q setwise. Two self-homeomorphisms f0, f1 of (M,Q) are
called isotopic if they can be included in a family {ft}t∈[0,1] of self-homeomorphisms of
(M,Q) such that the map M × [0,1] →M , (m, t) ↦ ft(m) is continuous. The mapping
class group M(M,Q) of (M,Q) is defined to be the group of isotopy classes of self-
homeomorphisms of (M,Q) with multiplication given by composition.

For the braid group we have the following well-known result (see for example [KT08,
Section 1.63] or [FM12, Section 9.3.1] for a proof):

Theorem 5.7. For n ⩾ 1 let D2 ⊂ R2 be the unit disc with a fixed orientation, say the
counterclockwise orientation of R2, and Qn be a set of n points in the interior of D2.
Then the following holds:

Brn ≅M(D2,Qn)

What is the image of the standard generator σi ∈ Brn under the isomorphism above?
In order to explicitly give a representative of this isotopy class, we need to introduce the
notion of a half-twist:

Definition 5.8. Let (M,Q) be as above. A spanning arc α on (M,Q) is a subset of M
homeomorphic to [0,1] and disjoint from ∂M∪Q except at its endpoints which should lie
in Q. Two spanning arcs on (M,Q) are called isotopic if there is a self-homeomorphism
of (M,Q) that maps one spanning arc to the other and is isotopic to the identity.
The half-twist τα associated to α is a self-homeomorphism of (M,Q) defined as follows:

Identify a small neighborhood U of α (that does not contain any other marked points
except for the endpoints of α) with the open unit disc {z ∈ C ∣ ∣z∣ < 1} so that α is
identified with the closed interval [−1/2,1/2] on the real axis and the orientation in M
corresponds to the counterclockwise orientation in C. Let τ̃α be the homeomorphism on
the open unit disc sending z ∈ C to −z if ∣z∣ ⩽ 1/2 and to exp(−2πi∣z∣)z otherwise. Via
the identification τ̃α induces a homeomorphism of U which can be extended with the
identity on M ∖U to obtain τα.
Note that the class of τα in M(M,Q) does not depend on the choice of U .

We will need the following basic properties of half-twists (see [KT08, section 1.6.2]).
The second one tells us that it makes sense to speak of the half-twist associated to
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Figure 2: The action of τ̃α on a transversal curve:
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an isotopy class of a spanning arc as long as we are only interested in its class in the
mapping class group.
Lemma 5.9. Let (M,Q) be a pair as above.
(i). If f ∶ (M,Q) Ð→ (M,Q) is a self-homeomorphism and α is a spanning arc on

(M,Q), then f(α) is a spanning arc on (M,Q) and

τf(α) = fταf−1 in M(M,Q)

(ii). If two spanning arcs α, α′ on (M,Q) are isotopic, then τα = τα′ in M(M,Q).
For the braid group Brn+1 consider the unit disc D2 ⊂ R2. Assume for simplicity that

the n + 1 marked points in Qn+1 are all aligned on the x-axis as in the picture below.
Then consider the following collection of spanning arcs:

1 2 3 4 . . . n n + 1

c1 c2 c3 cn

Under the isomorphism above σi is sent to the isotopy class of the half-twist associated
to ci. Using Theorem 5.7 we see that Brn+1 acts naturally on isotopy classes of spanning
arcs on (D2,Qn+1). Consider the vertical dashed lines e1, e2, . . . en orthogonal to c1, c2,
. . . cn:

1 2 3 4 . . . n n + 1

e1 e2 e3 en
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Given an isotopy class γ of a spanning arc, we can choose a representative c in minimal
position relative to the system of intervals e1, . . . , en, in the sense that the number of
intersection points of c with each of the ei is the minimal possible among all curves
in the isotopy class γ. A representative c′ of γ is in minimal position relative to the
system of intervals e1, . . . , en, if c′ does not form a bigon with any of the ei’s, i.e. if
there is not an embedded disc in D2 (without marked points in its interior!) whose
boundary is the union of an arc of c′ and an arc of ei for any i intersecting in exactly two
points. Starting with an arbitrary representative we can always obtain a representative
in minimal position after a sequence of simplifications by removing the bigons one by
one:

Ô⇒

To an isotopy class γ of spanning arcs we assign a complex P (γ) of projective An-
modules as follows:

(i). Let c be a minimal representative of γ. The vertical intervals e1, . . . , en cut c into
segments. Assign to each intersection point of the spanning arc c with the vertical
line ei the label i. Forget about the segments containing the endpoints of c.

(ii). Orient every segment bounded by the vertical lines ei−1 and ei clockwise around
the marked point i.

(iii). By pulling the remaining arc with these additional decorations out of the disk, we
obtain an oriented graph on vertices decorated with labels in {1, . . . , n}. Group
the vertices of this graph in non-empty levels {−k, . . . ,0} in such a way that every
edge starting in a vertex in level i ends in a vertex in level i + 1. Draw this graph
in the plane so that all vertices of one level are drawn below each other and the
orientations of all edges point to the right.

(iv). To this oriented graph on decorated vertices we now associate a bounded complex of
projective An-modules: Assign Pi to each vertex labelled i. The levels correspond
to the cohomological degree (up to a global shift). Thus take the direct sum
of all projective modules corresponding to vertices in one level as the module in
the corresponding cohomological degree. Define the differential as the sum of
contributions from each arrow. To an arrow from i to i ± 1 (resp. i) assign the
An-module homomorphism Pi → Pi±1 (resp. Pi → Pi) given by right multiplication
with (i∣i ± 1) (resp. Xi).

Neither did we specify the overall cohomological grading shift for P (γ), nor did we
keep track of the internal grading of the projective modules in order to view P (γ) as a
complex of graded projective An-modules (all these information can be found in [KS02]).
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• It is not hard to see that P (γ) does not depend on the choice of minimal repre-
sentative c in γ.

• In step (i) it is important that even though we may forget about both segments
adjacent to an intersection point, we still retain the intersection point. Therefore
we get for example for the isotopy class [ci] the complex P ([ci]) = (0 → Pi → 0)
up to overall cohomological and internal grading shift.

• By looking at the possible different components of the differential we see that none
of the components is injective and that sequences of the form Pi+1

(i+1∣i)Ð→ Pi
(i∣i−1)Ð→

Pi−1 viewed as complexes in Kb(An-grmod) are exact in the middle (similarly for
increasing indices), but any other composition of two non-zero components of the
differential is not exact in the middle term. Thus if the minimal representative c of
γ has more than one intersection point with the ei’s, the associated complex P (γ)
viewed as a complex in Kb(An-grmod) has cohomology in more than one degree.

• Note that the underlying undirected graph obtained in step (iii) is always con-
nected. Thus it suffices to fix the internal grading shift of one indecomposable
projective module. Then the grading shifts of all other indecomposable projective
modules are determined by the requirement that all components of the differential
are grade preserving.

The following theorem shows that the action of a braid σ ∈ Brn+1 on a projective
module Pi for 1 ⩽ i ⩽ n can be read off the action of σ on the isotopy class [ci]. Note that
by slight abuse of notation we identify the element σ ∈ Brn+1 with the corresponding
endofunctor on Kb(An-grpmod) and with the corresponding element in M(D2,Qn+1)
and hope that the suitable meaning is clear from the context. See [KS02, Theorem 4.3]
for a proof of the following result:

Theorem 5.10. For all 1 ⩽ i ⩽ n and σ ∈ Brn+1 the complex P (σ.[ci]) is homotopy
equivalent to σ.Pi.

In order to prove that the action of Brn+1 on Kb(An-grpmod) is faithful, assume
that we have a non-trivial braid σ ∈ Brn+1 such that σ induces the identity func-
tor on Kb(An-grpmod). Then in particular we have that σ.Pi is isomorphic to Pi in
Kb(An-grpmod) for all 1 ⩽ i ⩽ n.
Since σ.Pi is isomorphic to Pi, Theorem 5.10 implies that P (σ.[ci]) and Pi viewed as

complexes inKb(An-grmod) have isomorphic cohomology, in particular only cohomology
in exactly one degree. Therefore we see that σ.[ci] is the isotopy class of a spanning arc
connecting i and i + 1 such that a minimal representative of σ.[ci] intersects ei exactly
once, but no other ej for j ≠ i. The only isotopy class satisfying these properties is the
class of ci. It follows that σ fixes the isotopy class [ci]. Note that if σ.Pi ≅ Pi held only
for one i, σ could still interchange i and i+1 as elements of Qn+1. But since we have this
isomorphism for all 1 ⩽ i ⩽ n, it follows that σ is a pure braid, i.e. induces the identity
as permutation on Qn+1.
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5 Faithfulness of the categorification

We claim that σ is central. It suffices to show that σ commutes with all the σi’s for
1 ⩽ i ⩽ n. Recall that σi corresponds to τ[ci] in the mapping class group M(D2,Qn+1).
From Lemma 5.9 it follows:

σ.[ci] = [ci] Ô⇒ τ[ci] = τσ.[ci] = σ−1τ[ci]σ in M(D2,Qn+1)

Therefore σ commutes with all the σi’s for 1 ⩽ i ⩽ n.
Now, we need the following well-known result about the center of the braid group (see

[KT08, Theorem 1.24] for a proof):

Theorem 5.11. If n ⩾ 3, the center Z(Brn) of the braid group is an infinite cyclic group
generated by θn = ∆2

n, where

∆n = (σ1σ2⋯σn−1)(σ1σ2⋯σn−2) ⋯ (σ1σ2)σ1 ∈ Brn

Recall that ∆n is obtained from the trivial braid 1n by a half-twist achieved by keeping
the top of the braid fixed and turning over the row of the lower ends by an angle of π.
See fig. 3 for a picture of ∆5.

Figure 3: The braid ∆5

Since σ is central, it is a power of the full-twist θn+1. Using the inductive form of θ:

θn+1 = ιn(θn)γn,

where ιn ∶ Brn → Brn+1 is the natural inclusion that simply adds an additional strand
on the right and γn+1 = σnσn−1⋯σ1σ1σ2⋯σn ∈ Brn+1 (see fig. 4 for a picture of γ5), one
checks using Corollary 5.14 that

θn+1.P1 = P1[2n](−2n − 2)

which contradicts our assumption!

5.1.3 Relation to the reduced Burau representation of Brn+1

In this section we will study what the action of Brn+1 on Kb(An-grpmod) descends
to on the level of Grothendieck groups. We will work in this section in the scalar
extension AR

n ∶= R⊗Z An. Note that all the constructions and results of the last section
can easily be transferred to this setting by replacing abelian groups by R-vector spaces.
The next result is a standard consequence of the Krull-Schmidt theorem in the category
An-grpmod:

71



5 Faithfulness of the categorification

Figure 4: The braid γ5

Lemma 5.12. Any finitely generated, graded, projective AR
n-module P is a direct sum of

copies of Pi(j) for various 1 ⩽ i ⩽ n and j ∈ Z. For all 1 ⩽ i ⩽ n and j ∈ Z the multiplicity
of Pi(j) in P is an invariant of P .

As before, we equip K0(AR
n-grpmod) with the structure of a Z[v, v−1]-module via

v[X] = [X(1)]. The last lemma shows that {[P1], [P2], . . . , [Pn]} gives a basis of the
Z[v, v−1]-module K0(AR

n-grpmod). In the following we always describe the case 1 < i < n,
for the cases i = 1 (resp. i = n) forget about the equation involving i−1 (resp. i+1). The
next two results which follow from explicit calculations using Lemma 5.2 describe the
action of a generator σi or a braid σ ∈ Br+(W,S) on an indecomposable graded projective
An-module Pj:

Lemma 5.13. There are isomorphisms in Kb(An-grpmod)

σi(Pi) ≅ Pi[1](−2),

σi(Pi±1) ≅ (0Ð→ Pi(−1) ⋅(i∣i±1)Ð→ Pi±1 Ð→ 0),
σi(Pj) ≅ Pj if ∣i − j∣ > 1,

where Pi±1 sits in cohomological degree 0 in the middle complex.

Corollary 5.14. There are isomorphisms in Kb(An-grpmod):

σ1σ2σ1(P1) ≅ P2(−3)[2],
σ2σ1σ1σ2(P1) ≅ P1(−2)[2].

Both results extend to Kb(AR
n-grpmod). For all 1 ⩽ i ⩽ n the endofunctor given by the

action of σi on AR
n-grpmod induces a Z[v, v−1]-module endomorphism of K0(AR

n-grpmod),
which we will by slight abuse of notation also denote by σi. By taking the Euler char-
acteristic, we get from the last result on the level of Grothendieck groups:

σi([Pi]) = −v−2[Pi],
σi([Pi±1]) = [Pi±1] − v−1[Pi],
σi([Pj]) = [Pj] if ∣i − j∣ > 1.
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5 Faithfulness of the categorification

Therefore the action of σi in the basis ([P1], [P2], . . . , [Pn]) is given by the following
matrix where the marked submatrix is characterized by rows and columns corresponding
to ([Pi−1], [Pi], [Pi+1]):

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1
⋱

1
0

1 0 0
−v−1 −v−2 −v−1

0 0 1
1

⋱0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

Let ψ(r)
n+1 ∶ Brn+1 → GLn+1(Z[t, t−1]) be the (reduced) Burau representation as intro-

duced in [KT08, chapter 3.3]. In the basis (v[P1], . . . , (−1)i−1vi[Pi], . . . , (−1)n−1vn[Pn])
we get for the action of σi:

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1
⋱

1
0

1 0 0
v−2 −v−2 1
0 0 1

1
⋱0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

which we recognize as (ψrn+1)t(σi), the transpose of the image of σi under the reduced
Burau representation of Brn+1 (after substituting t for v−2).

Corollary 5.15. The action of Brn+1 on the category Kb(AR
n-grpmod) gives a weak

categorification of the reduced Burau representation of Brn+1.

The compatibility of the Burau representation with the natural inclusions ιn ∶ Brn →
Brn+1 in the sense that ψn+1(ιn(σ)) = ( ψn(σ) 0

0 1 ) for all n ∈ N and σ ∈ Brn implies
ker(ψn) ⊆ ker(ψn+1). Thus if ψn is not faithful for some n ∈ N, then ψm is not faithful
for all m ⩾ n. Recall the following theorem (see [Big99] for a proof for n = 5 and [KT08,
chapter 3.2] for a proof for n = 6)):

Theorem 5.16. ker(ψn) ≠ {1} for n ⩾ 5.

Since ker(ψrn) = ker(ψn), it follows that the reduced Burau representation ψrn is not
faithful for n ⩾ 5 either. The most remarkable about all of this is though that the weak
categorification of the reduced Burau representation is faithful (see Theorem 5.5).
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5 Faithfulness of the categorification

5.1.4 Faithfulness of the 2-braid group in type A

The goal of this section is to use the action of Brn+1 on Kb(An-grmod) from the last
section to construct a “2-representation” of the 2-braid group in type A which implies
its faithfulness.
Choose n ⩾ 3. Denote by A the additive monoidal subcategory of Aen-mod generated

by the Ui for 1 ⩽ i ⩽ n and their grading shifts with bimodule homorphisms of all
degrees as morphisms. Let A1 be the graded version of A, so A1 is a full additive graded
monoidal subcategory of Aen-grmod generated by the Ui for 1 ⩽ i ⩽ n. Objects in A1 are
direct sums of tensor products of copies of the Ui’s and morphisms are grade-preserving.
As before we will work in type An with the Coxeter system (Sn+1, S) where Sn+1 is the

symmetric group and S is the set of simple transpositions in Sn+1. Fix the realization
presented in item (iii) from Example 2.17 over K = Z and consider the corresponding
diagrammatic category D. We will construct a functor G0 ∶ D → A which induces a
functor G ∶ Kb(Kar(D1)) → Kb(Kar(A1)) matching the Rouquier and the Khovanov
complexes associated to a braid word up to perverse shift.
Since D is a strict monoidal category given by generators and relations, to construct

G0 it suffices to define it on the generating objects and morphisms and to check that all
relations are satisfied in A.
In this section use blue for si, red for an adjacent simple reflection (i.e. si+1 or si−1)

and green for a distant simple reflection (i.e. sj with ∣i − j∣ > 1). G0 sends a generating
object si in S to Ui and can be defined on the generating morphisms as in table 6 where
the following An-bimodule homomorphisms occur:

αi ∶ Ui Ð→ Ui(−1)⊕Ui(1)
≅Ð→ Ui ⊗An Ui of degree − 1,

(i)⊗ (i) z→ (0, (i)⊗ (i)) z→ (i)⊗ (i)⊗ (i)⊗ (i)

δi ∶ Ui ⊗An Ui
≅Ð→ Ui(−1)⊕Ui(1)Ð→ Ui of degree − 1.

(i)⊗Xi ⊗ (i)⊗ (i)z→ ((i)⊗ (i),0) z→ (i)⊗ (i)
(i)⊗ (i)⊗ (i)⊗ (i)z→ (0, (i)⊗ (i)) z→ 0

εi ∶ An Ð→An

1 z→

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(−1)i+1(2X1 +X2) if i = 1,
(−1)i+1(2Xi +Xi−1 +Xi+1) if 1 < i < n,
(−1)i+1(2Xn +Xn−1) if i = n.

The following results show that there possibly is some freedom in these definitions.

Lemma 5.17. The space of An-bimodule homomorphisms:

(i). Ui → An of degree 1 is isomorphic to Zβi,

(ii). An → Ui of degree 1 is isomorphic to Zγi,
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5 Faithfulness of the categorification

(iii). Ui → Ui ⊗An Ui of degree −1 is isomorphic to Zαi,

(iv). Ui ⊗An Ui → Ui of degree −1 is isomorphic to Zδi,

(v). An → An of degree 2 is isomorphic to ⊕1⩽i⩽nZXi, where we identify Xi with left
or right multiplication with Xi which gives an An-bimodule homomorphism as all
paths of length ⩾ 3 are killed in An.

Proof. Note that Ui is generated by (i) ⊗ (i) in degree −1 and An is generated by 1 in
degree 0. An An-bimodule homomorphism Ui → An of degree 1 has to send (i)⊗ (i) to
a path of length 0 starting and ending in (i), the only such path is (i). Therefore βi is
unique up to scalar.
A grade-preserving An-bimodule homomorphism f ∶ An → Ui(1) = Pi ⊗ iP (2) has

to send 1 to a sum of elements of the form x ⊗ y where x (resp. y) is a path ending
(resp. starting) in (i) and where the sum of the lengths of x and y is 2. Assume that
1 < i < n. Thus f(1) = a1Xi ⊗ (i) + a2(i) ⊗Xi + a3(i − 1∣i) ⊗ (i∣i − 1) + a4(i + 1∣i) ⊗ (i∣i +
1) + a5(i − 1∣i) ⊗ (i∣i + 1) + a6(i + 1∣i) ⊗ (i∣i − 1) for some a1, . . . , a6 ∈ Z. In addition,
the image has to satisfy af(1) = f(1)a since 1 is central in An. Using this relation for
a = (i + 1∣i) and a = (i − 1∣i) shows a5 = 0 = a6. In addition, the relation for a = Xi

gives us: Xif(1) = f(Xi) = f(1)Xi. Splitting Xi up provides additionally the following
relation: (i∣i−1)f(1)(i−1∣i) = f((i∣i−1∣i)) = f(Xi) = f((i∣i+1∣i)) = (i∣i+1)f(1)(i+1∣i).
Finally, those two relations imply a1 = a2 = a3 = a4. Thus f is a scalar multiple of γi.
The cases i = 1 and i = n work exactly analogously only that the possible sum for f(1)
is a linear combination of three terms.
From Lemma 5.3 it follows that Ui ⊗An Ui is isomorphic to Ui(1) ⊕ Ui(−1). Since

the degree −2 piece of Ui(1) ⊕ Ui(−1) consists only of Z(i) ⊗ (i) ⊆ Ui(1) (Ui(−1) is
concentrated in non-negative degrees), an An-bimodule homomorphism Ui → Ui ⊗An Ui
of degree −1 is unique up a scalar.
On the other hand, an An-bimodule homomorphism Ui ⊗An Ui → Ui of degree −1 has

to send the generator of Ui(1) in degree −2 to an element of degree −3 in Ui. Since Ui
is concentrated in degrees ⩾ −1, the map has to be zero on the direct summand Ui(1).
The generator of its complement Ui(−1) in degree 0 has to be mapped to an element of
degree −1 in Ui. As the degree −1 piece of Ui consists of Z(i)⊗ (i), the claim follows.
For the last part, note that the degree 2 piece of An is exactly ⊕1⩽i⩽nZXi and each

Xi is a central element as it kills all paths of positive length.

Table 6: Definition of G0 on generating morphisms in D
z→ (−1)i+1βi ∶ Ui → An of degree 1

z→ γi ∶ An → Ui of degree 1
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5 Faithfulness of the categorification

z→ (−1)i+1αi ∶ Ui → Ui ⊗An Ui of degree −1

z→ δi ∶ Ui ⊗An Ui → Ui of degree −1

αsi z→ εi ∶ An → An of degree 2

z→ 0 as Ui ⊗An Uj = 0 for ∣i − j∣ > 1

z→ 0

Theorem 5.18. G0 ∶ D → A is a well-defined monoidal functor sending the empty
sequence in S to An, the monoidal identity in A, si in S to Ui and a sequence r1r2 . . . rk
in S of length k ⩾ 2 to (G0(r1r2 . . . rk−1))⊗An G0(rk).
For two sequences w and w′ in S the coherence morphism G0(w) ⊗An G0(w′) ≅→

G0(ww′) is given by either a chosen sequence of associator morphisms moving all paren-
theses of the right block corresponding to G0(w′) to the left to match the configuration
of parentheses on the right hand side or a left or right unitor depending on whether w
or w′ is the empty sequence in S.

Proof. Let us consider the assignment on objects as described in the theorem and on
generating morphisms as follows:

z→ biβi ∶ Ui → An of degree 1

z→ ciγi ∶ An → Ui of degree 1

z→ aiαi ∶ Ui → Ui ⊗An Ui of degree −1

z→ diδi ∶ Ui ⊗An Ui → Ui of degree −1

αsi z→ An → An, 1↦ ∑nj=1 f
i
jXj of degree 2

z→ 0 as Ui ⊗An Uj = 0 for ∣i − j∣ > 1

z→ 0

where ai, bi, ci, di, f ij ∈ Z for all 1 ⩽ i, j ⩽ n. We want to check which restrictions the
relations in D impose on the choice of these scalars.
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5 Faithfulness of the categorification

Let us for example consider one part of eq. (8). After replacing the caps and cups
with with the corresponding composition of trivalent vertices and dots, we get:

3

2

1

= =

where on the left hand side we just marked three different levels at which we will give
the intermediate result of the calculation. Next, we calculate which morphism the com-
position on the left hand side is mapped to under the assignment defined above:

(i)⊗ (i)z→ ci[Xi ⊗ (i) + (i)⊗Xi]⊗ (i)⊗ (i) (at level 1)
z→ aici[Xi ⊗ (i)⊗ (i)⊗ (i) + (i)⊗ (i)⊗ (i)⊗Xi]⊗ (i)⊗ (i) (at level 2)
z→ aicidi(i)⊗ (i)⊗ (i)⊗ (i) (at level 3)
z→ aibicidi(i)⊗ (i)

where at level 1 the other two summands in the image of γi(1) vanish because they do
not have a path ending in (i) in the right tensor factor and the tensor product in the
middle is taken over An and thus all paths can freely slide across. This calculation shows
that eq. (8) imposes the relation aibicidi = 1.
Let us illustrate this technique with one more equation, say eq. (21). Assume for

simplicity of notation that i < n and that red encodes si+1. Rewrite eq. (21) as follows:

− =
1

2

Observe that the image of Bsi+1BsiBsi+1 is Ui+1UiUi+1 which is generated as An-bimodule
by (i + 1)⊗ (i + 1)⊗ (i + 1∣i)⊗ (i∣i + 1)⊗ (i + 1)⊗ (i + 1). The map corresponding to the
left hand side under the assignment given above maps this generator to −bi+1(i + 1∣i)⊗
(i∣i + 1)⊗ (i + 1)⊗ (i + 1). For the right hand side we calculate:

(i + 1)⊗ (i + 1)⊗ (i + 1∣i)⊗ (i∣i + 1)⊗ (i + 1)⊗ (i + 1)
↦ bi(i + 1)⊗Xi+1 ⊗ (i + 1)⊗ (i + 1) (at level 1)
↦ di+1bi(i + 1)⊗ (i + 1) (at level 2)
↦ di+1bici(i + 1∣i)⊗ (i∣i + 1)⊗ (i + 1)⊗ (i + 1)

where for a similar reason as above the other summands in the image of γi(1) vanish in
the last step. This gives the relation di+1bici = −bi+1. If i > 1, the relation di−1bici = −bi−1
is imposed as well.
Note that eqs. (4) and (5) do not impose any restrictions. Equation (15) follows from

the fact that δiαi = 0. The relations eq. (18), eq. (19) and all relations in table 4 are
satisfied because the 2ms,t-valent vertex is killed for all s, t ∈ S. Equation (20) holds
because its domain becomes isomorphic to the zero object in A.
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The following table summarizes the imposed restrictions on the choice of the scalars.
eq. (6) ⇒ cidi = 1 for all 1 ⩽ i ⩽ n
eq. (7) ⇒ aibi = 1 for all 1 ⩽ i ⩽ n
eq. (8) ⇒ aibicidi = 1 for all 1 ⩽ i ⩽ n
eq. (9) ⇒ aibidi = di for all 1 ⩽ i ⩽ n
eq. (10) ⇒ aicidi = ai for all 1 ⩽ i ⩽ n
eq. (11) ⇒ bicidi = bi for all 1 ⩽ i ⩽ n
eq. (12) ⇒ aibici = ci for all 1 ⩽ i ⩽ n
eq. (16) ⇒ f ii = 2bici, f ii±1 = bici, f ik = 0 for all ∣i − k∣ > 1
eq. (17) ⇒ f ii = 2bici, f i±1

i = −bici, f ik = 0 for all ∣i − k∣ > 1
eq. (21) ⇒ di±1bici = −bi±1 for suitable i

Thus any solution to the following set of equations gives a well-defined functor:

aibi = 1 for all 1 ⩽ i ⩽ n
cidi = 1 for all 1 ⩽ i ⩽ n
bici = −bi+1ci+1 for all 1 ⩽ i < n
f ii = 2bici for all 1 ⩽ i ⩽ n

f ii±1 = bici for suitable i
f ik = 0 for all ∣i − k∣ > 1

The solution ai = bi = (−1)i+1, ci = di = 1, f ii = (−1)i+12, f ii±1 = (−1)i+1 and f ik = 0 for
∣i − k∣ > 1 gives the functor presented in table 6.

Since G0 is preserves the degrees of all morphisms, it induces an additive, monoidal
functor G1 ∶ D1 → A1. From Lemma 2.33 it follows that G1 gives an additive, monoidal
functor G2 ∶ Kar(D1) → Kar(A1), which descends to G ∶ Kb(KarD1) → Kb(Kar(A1))
as it is additive.

Corollary 5.19. There is a well-defined additive, monoidal functor G ∶Kb(Kar(D1))→
Kb(Kar(A1)) which sends Fsi to Ri[−1](1) and Esi to R′

i[1](−1) and thus matches the
Rouquier and the Khovanov complex associated to a braid word in Brn+1 up to perverse
shift.

Corollary 5.20 (Faithfulness of the 2-braid group in type A).
Let (W,S) be a Coxeter group of type An for n ⩾ 3. For two distinct braids σ ≠ β ∈
Br(W,S) the corresponding Rouquier complexes Fσ and Fβ in the 2-braid group are non-
isomorphic.

5.2 Results by Brav & Thomas in types A, D and E

In section 5.1.4 we constructed a monoidal functor from the diagrammatic replacement
for the category of Soergel bimodules in type An to the Karoubi envelope of the graded
additive monoidal category generated by the Ui for 1 ⩽ i ⩽ n over the zig-zag ring
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An. This functor killed all 2ms,t-valent vertices, but still provided enough information
to prove the faithfulness in type A. Since the 2ms,t-valent vertices encode precisely
the braid relations and any two reduced expressions of a given element in a Coxeter
group can be transformed into each other by just using the braid relations, the last
section shows that somehow the parts of the Rouquier complexes consisting only of
indecomposable Soergel bimodules which are indexed by a unique reduced expression
still contain enough information to prove the faithfulness of the 2-braid group in type A.
This serves as motivation for the techniques applied in this section: We will categorify
a cell module corresponding to a left cell inside the two-sided cell of all elements with a
unique reduced expression and reconstruct the Garside normal form of a braid from the
action of the braid on this categorified cell module.

5.2.1 Cells in Hecke algebras

In this section, we quickly review cells in Hecke algebras and recall some basic results.
Most of the results in this section can be found in [Wil03], where they are proven for
type A. It is not hard to verify that the proofs work in the general case with minor
changes as well.
Let R be a ring and let H be a unitary R-algebra which is free as a left module over

R with basis {Ci ∣ i ∈ I}. Define a relation ←Ð
L

(resp. ←Ð
R

) on I via:
i←Ð

L
j (resp. i←Ð

R
j) if there exists an element a ∈H such that Ci occurs with

non-zero coefficient in aCj (resp. Cja)
Define i ←Ð

LR
j if i ←Ð

L
j or i ←Ð

R
j holds. Note that these relations are reflexive as H is

unitary. Since these relations are in general not transitive, define the left (resp. right
or two-sided) cell preorder, denoted by ≤

L
(resp. ≤

R
or ≤

LR
), as the transitive closure of ←

L

(resp. ←
R

or ←
LR

). In other words, we have i ≤
L
j if there exists a sequence i = i1 ←Ð

L
i2 ←Ð

L

. . . ←Ð
L
ik = j in I. Using these preorders we define equivalence classes on I as follows:

Set i ∼
L
j if both i ≤

L
j and j ≤

L
i hold. Similarly for ∼

R
and ∼

LR
. The equivalence classes

of ∼
L
(resp. ∼

R
) are called left (resp right) cells and those of ∼

LR
are the two-sided cells.

The preorders ≤
L
, ≤
R
and ≤

LR
induce partial orders on the set of the corresponding cells.

In order to decide whether i ≤
L
j the following lemma is useful (see [Wil03, Proposition

4.1.1] for a proof):

Lemma 5.21. Let G be a generating set of H as an R-algebra. Then i ≤
j
if and only if

there exists a sequence i = i1, i2, . . . ik = j such that for all 1 ⩽ l ⩽ k − 1 the basis element
Cil occurs with a non-zero coefficient in glCil+1 for some gl ∈ G.

There is a similar criterion for ≤
R
(resp. ≤

LR
) by allowing only right multiplication (resp.

multiplication on either side) with elements in G.
Write i <

L
j if i ≤

L
j and j ≰

L
i. If follows that {i ∈ I ∣ i <

L
j} are the elements of I that

are smaller than j in the left cell preorder, but do not lie in the same left cell. For a
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left (resp. right) cell C, write j ≤
L
C (resp. j ≤

R
C) if there exists some i ∈ C such that

j ≤
L
i (resp. j ≤

R
i). We use the same notation for a two-sided cell as well and extend

this notation to the relation <
J
for J ∈ {L,R,LR}. Let H(≤

L
i) (resp. H(<

L
i)) be the

R-span of all basis elements Cj sucht that j ≤
L
i (resp. j <

L
i). From the definition of

the left cell preorder it is immediate that H(≤
L
i) and H(<

L
i) are left ideals in H. In

addition, we have H(<
L
i) ⊆ H(≤

L
i). Therefore, the quotient H(≤

L
i)/H(<

L
i) defines a

left H-module which is free as left R-module with R-basis Cj for j ∼
L
i. This is the cell

module associated to the left cell {j ∈ I ∣ j ∼
L
i}. Analogously, we can define a right

H-module (resp. an (H,H)-bimodule) corresponding to a right (resp. two-sided) cell of
H.
From now on, we will focus on cells in the Hecke algebra H. Since all standard basis

elements are invertible, the standard basis does not yield an interesting cell structure
on H as all elements lie in the same left, right or two-sided cell. Therefore we will
restrict ourselves to cells with respect to the Kazhdan-Lusztig basis which are far more
interesting as we will see. Using Lemma 5.21 we will deduce a new definition of the
cell preorders with respect to the Kazhdan-Lusztig basis by considering {Hs ∣ s ∈ S}
as generating set of H and rewriting the multiplication formulas from Lemma 1.12 and
Corollary 1.14.

Definition 5.22. For x, y ∈W we say that x is joined to y and write x— y if µ(x, y) ≠ 0.

For w ∈ W denote the left (resp. right) descent set of w by L(w) = {s ∈ S ∣ sw < w}
(resp. R(w) = {s ∈ S ∣ ws < w}). Using Proposition 1.16 we get for w ∈ W and s ∈ S
such that sw > w:

∑
y— w

s.t. sy<y

µ(y,w)Hy =Hsw + ∑
y<w s.t.
sy<y

µ(y,w)Hy

which can be used to rewrite the left-handed multiplication formula from Corollary 1.14
as follows:

HsHw =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

v−1Hw if s ∈ L(w),
−vHw +∑ y— w

s.t. s∈L(y)
µ(y,w)Hy if s ∉ L(w). (27)

From this we see that for y ≠ w ∈W the Kazhdan-Lusztig basis element Hy occurs with
a non-zero coefficient in HsHw for some s ∈ S if and only if y — w and L(y) ⊈ L(w).
Similarly, we get that for y ≠ w ∈W the Kazhdan-Lusztig basis element Hy occurs with a
non-zero coefficient in HwHs for some s ∈ S if and only if y— w and R(y) ⊈R(w). From
Lemma 5.21 it follows that these relations generate the left (resp. right) cell preorder
with respect to the Kazhdan-Lusztig basis.

Proposition 5.23. Let x, y ∈ W . Consider the cell preorders on H with respect to the
Kazhdan-Lusztig basis. Then the following holds:

(i). x ≤
L
y if and only if there exists a sequence x = x1 — x2 — . . . — xk = y in W such

that L(xi) ⊈ L(xi+1) for all 1 ⩽ i < k.

80



5 Faithfulness of the categorification

(ii). x ≤
R
y if and only if there exists a sequence x = x1 — x2 — . . . — xk = y in W such

that R(xi) ⊈R(xi+1) for all 1 ⩽ i < k.

(iii). x ≤
LR

y if and only if there exists a sequence x = x1 — x2 — . . . — xk = y in W

such that L(xi) ⊈ L(xi+1) or R(xi) ⊈R(xi+1) for all 1 ⩽ i < k.

The proof of the following result can be found in [Wil03, Corollary 4.5.2]:

Corollary 5.24. Let x, y ∈ W . We have x ≤
L
y if and only if x−1 ≤

R
y−1. Hence x ∼

L
y if

and only if x1 ∼
R
y−1.

From this characterization of the cell preorders we see that the corresponding cells
can be visualized in a graph-theoretic way: Consider the graph Γ(W,S) whose vertices are
the elements of W and whose edges are the subsets of W of the form {x, y} for x— y.
Each edge {x, y} is labelled by µ(x, y) which is usually omitted if it is 1.
Given a left cell L ⊂ W with respect to the Kazhdan-Lusztig basis, the graph Γ(W,S)

encodes all information necessary to define the corresponding left cell module: The left
cell module HL is the free Z[v, v−1]-module on the basis {ew ∣ w ∈ L} with Z[v, v−1]-
module endomorphisms τs on HL defined via:

τs(ew) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

v−1ew if s ∈ L(w),
−vew +∑ y∈L

s.t. w— y
and s∈L(y)

µ(y,w)ey if s ∉ L(w) (28)

such that the mapping H → EndZ[v,v−1]−mod(HL), Hs ↦ τs gives a well-defined morphism
of Z[v, v−1]-algebras. (Note that the definition of τs already implies the quadratic relation
satisfied byHs in H.) The reader should compare the last formula with eq. (27) to see the
similarities. Generalizing this further leads to the notion of a W -graph which encodes in
a graph-theoretic way all information needed to define a left (resp. right or bi-) module
over the Hecke algebra by specifying the action of the standard basis.
Note that any left (resp. right or two-sided) cell gives rise to a left (resp. right or

bi-) module of the braid group Br(W,S) via the group homomorphism Ψ ∶ Br(W,S) →H,
s↦Hs. As described above the action of the braid group on the cell module can easily
be read off using the graph Γ(W,S).
This undirected graph Γ(W,S) gives rise to two directed graphs Γ̃L(W,S) (resp. Γ̃R(W,S)) on

the vertex set W and with edge set EL (resp. ER) where for I ∈ {L,R} the edge set EI
contains the subset {(x, y)} if and only if {x, y} ∈ E and I(x) ⊈ I(y). Each directed edge
(x, y) is still labelled by µ(x, y). So in other words, to obtain EL we erase every edge
in E for which the left descent sets of their endpoints coincide and replace all the other
edges by one or two directed edges between the same endpoints with the same label.
From this definition it follows immediately that we have a directed edge (x, y) from x
to y in Γ̃L(W,S) if and only if Hx occurs with non-zero coefficient in HsHy for some s ∈ S
(and in particular x ≤

L
y). Therefore the left (resp. right cells) are given by the strongly
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connected components in Γ̃L(W,S) (resp. Γ̃R(W,S)), while the two-sided cells correspond
to the strongly connected components on the graph with vertex set W and edge set
EL ∪ ER. It is easy to see that when contracting the strongly connected components
in the corresponding graph one obtains a directed version of the Hasse diagram of the
corresponding cell poset (which is directed towards larger cells).
The following result relates the cell preorders to the descend sets (see [Wil03, Propo-

sition 4.5.3] or [KL79, Proposition 2.4] for a proof):

Proposition 5.25. Let x, y ∈W .

(i). If x ≤
L
y then R(x) ⊇R(y). Hence R is constant on left cells.

(ii). If x ≤
R
y then L(x) ⊇ L(y). Hence L is constant on right cells.

Let C be the set of all elements in W ∖ {id} with a unique reduced expression and
set Cs ∶= {w ∈ C ∣ ws < w}. Obviously the sets Cs for s ∈ S form a partition of C. The
following two results can be found in [Lus83, Proposition 3.8]:

Proposition 5.26. Assume (W,S) to be irreducible. When considering the cell structure
on H induced by the Kazhdan-Lusztig basis, the following holds:

(i). Cs is a left cell in H for all s ∈ S.

(ii). C is a two-sided cell in H.

To visualize the left cell Cs for s ∈ S define an undirected graph Γs: The vertex set
is given by Cs and the edge set contains an edge {x, y} if x−1y lies in S. Define a map
πs ∶ Cs → S by sending an element w ∈ Cs to the unique element in its left descent set
L(w).

Lemma 5.27. Assume (W,S) to be irreducible. Then following statements about Γs for
s ∈ S hold:

(i). Γs is a tree.

(ii). πs defines an isomorphism between Γs and the Coxeter graph of (W,S) if and only
if the latter is a tree and simply-laced.

(iii). For x, y ∈ Cs the subset {x, y} is an edge of Γs if and only if L(x) ≠ L(y) and
µ(x, y) ≠ 0. In this case we have µ(x, y) = 1.

(iv). For t ∈ S such that ms,t = 3 there exists an isomorphism of graphs Γs ≅ Γt such
that the following triangle commutes:

Γs ≅ //

πs ��

Γt

πt��
S
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Item (iii) implies that if (W,S) is simply-laced, then Γs is the induced subgraph of
Γ(W,S) on the vertex set Cs.
The proof of item (i) shows that Γs is contractible to the vertex s ∈ Cs. Therefore we

know how to construct Γs inductively. We start with the vertex s and suppose that we
have constructed the induced subgraph Γs,k of Γs on all vertices that can be connected
to s by a path of length ⩽ k. Start with Γ′

s,k = Γs,k. For all leaves w ∈ V (Γs,k) (i.e.
vertices with only one adjacent edge) and for all reflections r adjacent to πs(w) in the
Coxeter graph of (W,S) check whether rw still has a unique reduced expression. If
this is the case, then add the vertex rw together with an edge {rw,w} to Γ′

s,k. After
having checked for all leaves w the reflections adjacent to the unique element πs(w) in
the Coxeter graph, set Γs,k+1 = Γ′

s,k and continue with k + 1.

Corollary 5.28. If (W,S) is irreducible then, πs ∶ Cs → S is surjective.

Proof. Since (W,S) is irreducible, its Coxeter graph is connected. For any simple reflec-
tion t ∈ S consider a shortest path from s to t in the Coxeter graph. Let k be its length.
From the inductive construction of Γs it follows that Γs,k contains a vertex with {t} as
its left descend set, which implies the claim.

Note that for an element w ∈W with a unique reduced expression w = s1s2 . . . sl and
a reflection r ∈ S adjacent to s1 in the Coxeter graph of (W,S) the element rw has a
unique reduced expression if and only if either mr,s1 > l+1 or the first mr,s1 −1 letters of
s1s2 . . . sl do not form an alternating product s1rs1 . . . .
See section 6 for many examples of these graphs Γs for various Coxeter groups.

5.2.2 Consequences of the multiplication and the Hom-formula for Cs and its
left cell module

In this section we want to show that there is particularly nice choice of s ∈ S for the left
cell Cs, calculate all the Kazhdan-Lusztig polynomials for the elements in Cs and draw
some conclusions using Soergel’s Hom-formula.
As an easy consequence of the left handed multiplication formula from eq. (27) and

item (iii) from Lemma 5.27, we get that the graph Γs encodes all information necessary
for the left cell module corresponding to Cs:

Lemma 5.29. For w ∈ Cs and r ∈ S we have in H(≤
L
Cs)/H(<

L
Cs):

HrHw =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(v + v−1)Hw if r ∈ L(w)
∑ y∈Cs s.t. r∈L(y)

and {y,w}∈E(Γs)
Hy if r ∉ L(w)

Similarly, Corollary 1.14 implies:

Lemma 5.30. If (W,S) is of simply laced type, then for w = s1s2 . . . sk the unique rex
of w ∈ Cs we have in H:

Hw =Hw =Hs1
Hs2

. . .Hsk
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If (W,S) is of non-simply laced type, then choose s ∈ S among the unique pair {s, t} ⊆ S
with ms,t ⩾ 4. In that case, each element w ∈ Cs can be uniquely written as w = w2w1

where w1 = k̂s = . . . ts (an alternating product of k terms) for some k ∈ Z lies in the
parabolic subgroup generated by {s, t} and w2 has a unique rex w2 = s1s2 . . . sk in which
neither s nor t occurs. In addition, we have in H:

Hw =Hw2
Hw1

=Hw2
Hw1

=Hs1
Hs2

. . .Hsk
Hw1

From now on, we assume that if (W,S) is of non-simply laced type, then s ∈ S is
chosen among the unique pair {s, t} ⊆ S with ms,t ⩾ 4.

Lemma 5.31. Under the choices made above, all elements in Cs are rationally smooth.
In other words, for w ∈ Cs and y ⩽ w we have: hy,w = vl(w)−l(y).

Proof. For all elements lying in the parabolic subgroup generated by {s, t}, the result
is well-known (see [Eli13, Claim 2.1]) as this is simply a dihedral group. Choose w ∈ Cs
that does not lie in this parabolic subgroup.
By induction, we may assume that we haven proven the statement for all w′ ∈ Cs such

that w′ < w. Let πs(w) = r ∈ S. Set w′ = rw < w and choose y ⩽ w. Ese the inductive
formula for the Kazhdan-Lusztig polynomials from Lemma 1.15:

hy,w = hry,rw + vcyhy,rw − ∑
y⩽z<rw s.t.

rz<z

µ(z, rw)hy,z

=
⎧⎪⎪⎨⎪⎪⎩

hry,rw if ry < y,
vhy,rw if ry > y.

= vl(w)−l(y)

where the sum ∑µ(z, rw)hy,z vanishes as r does not occur in rw any more and thus
there cannot be an element z < rw with r ∈ L(z). In addition, we used y ≰ rw (resp.
ry ≰ rw) if ry < y (resp. if ry > y) and thus hy,rw = 0 (resp. hry,rw = 0) for basically the
same reason. In the last step we simply plugged in the Kazhdan-Lusztig polynomials
for w′ = rw which is by induction rationally smooth.

Lemma 5.32. Let x, y ∈ Cs. Choose w ∈W the unique maximal element such that w < x
and w < y. Then Hom●

B(Bx,By) is concentrated in degrees ⩾ l(x) + l(y) − 2l(w) and is
of dimension 1 in degree l(x) + l(y) − 2l(w). Moreover, the morphisms are concentrated
in even (resp. odd) degrees if l(x) − l(y) is even (resp. odd). In particular, there are
non-zero degree one morphisms between Bx and By if and only if x and y are connected
by an edge in Γs.

Proof. First note that w lies in Cs and that it is the unique maximal subexpression
shared by the unique reduced expressions of x and y. (In the simply laced case it is the
first vertex the two paths from x to s and from y to s share.) Then simply calculate
with respect to the standard pairing:

(Hx,Hy) = ε(Hx−1Hy)
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= ε
⎛
⎜
⎝
⎛
⎝ ∑z−1⩽x−1

vl(x)−l(z)Hz−1
⎞
⎠
⎛
⎝∑z⩽y

vl(y)−l(z)Hz

⎞
⎠
⎞
⎟
⎠

= ∑
z⩽w

vl(x)+l(y)−2l(z)

where we used Lemma 1.13 to deduce that x−1 is rationally smooth and to show that
ω(Hx) =Hx−1 using ω = ι ○ (−). In addition, in the last step we used Lemma 1.11.
The smallest power is vl(x)+l(y)−2l(w) and the coefficient in front of it is 1. Applying

Soergel’s Hom-formula from Theorem 2.21 yields the result. The graded rank shows that
depending on the parity of l(x) − l(y) all generators are in either even or odd degree.
Due to our choice of grading on R, this implies that all morphisms are concentrated in
even (resp. odd) degrees if l(x) − l(y) is even (resp. odd).

It should be noted that for x, y ∈W the parity vanishing of Hom●
B(Bx,By) is a more

general fact that holds without the assumption of x and y being rationally smooth.

5.2.3 A categorification of the left cell module corresponding to Cs

The goal of this section is to construct a categorification of the left cell module cor-
responding to Cs. In order to do so, we will need some results that show that the
Grothendieck group behaves well with respect to suitable quotients and subcategories.

Lemma 5.33. Let C be an essentially small Krull-Schmidt category and X a subclass
of the indecomposable objects, closed under isomorphism. Let J be the 2-sided ideal of
all morphisms factoring through a finite direct sum of objects in X. Then the following
holds:

(i). C/J is a Krull-Schmidt category.

(ii). Let B be a set of representatives of all isoclasses of indecomposable objects in C.
A Z-basis of K0(C/J) is given by B ∖X.

(iii). The functor C → C/J is additive and induces the following isomorphism of abelian
groups on the level of Grothendieck groups:

K0(C) /⟨[M] ∣M ∈X⟩ Ð→ K0(C/J)

Assume in addition that C is graded, monoidal and that X is closed under grading
shifts. Furthermore, assume that no indecomposable object Y is isomorphic to one of
its grading shifts Y (m) for m ∈ Z. Let B be a set of representatives of all isoclasses
of indecomposable objects in C up to grading shift. Assume that B ∩X is the union of
all two-sided cells belonging to a lower set in the two-sided cell preorder of K0(C) with
respect to the Z[v, v−1]-basis B. Then the following holds:

(i). C/J is a graded, monoidal category.
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(ii). A Z[v, v−1]-basis of K0(C/J) is given by B ∖X.

(iii). The functor C → C/J is a strict monoidal functor and the isomorphism above is an
isomorphism of Z[v, v−1]-algebras.

Proof. In C/J the objects are still the objects of C and on the level of morphisms we have
HomC/J(Y,Z) = HomC(Y,Z)/J(Y,Z) for any two objects Y,Z ∈ C. Let f be a morphism
in C. We will denote by slight abuse of notation the class of f in C/J by f + J.
First, we show i): It follows from the definition of a 2-sided ideal, that C/J is still

a category with well-defined composition on the level of representatives induced by the
composition in C.
Recall that an additive category is a preadditive category with zero object and a

biproduct for any pair of objects (see for example [ML98, Chapter VIII.2]). Since all
Hom-spaces in C are abelian groups, the corresponding quotients by subgroups giving
the Hom-spaces in C/J are still abelian groups. The bilinearity of the composition
is also inherited from C. The zero object 0 in C is up to isomorphism characterized
by the property that HomC(Y,0) and HomC(0, Y ) are both the trivial group for all
Y ∈ C. This remains true after taking the quotient with respect to the 2-sided ideal
J. Thus one can take simply the same object as zero object in C/J. Next, we want to
show that a biproduct exists in C/J for any pair of objects Y,Z. Simply consider the
biproduct Y ⊕Z in C, coming together with the following structural maps ιY ∶ Y → Y ⊕Z,
ιZ ∶ Z → Y ⊕Z, prY ∶ Y ⊕Z → Y , prZ ∶ Y ⊕Z → Z satisfying prY ιY = idY , prZ ιZ = idZ and
ιY prY +ιZ prZ = idY ⊕Z . Since composition is defined on representatives, these identities
are still satisfied by the classes of the structural maps in C/J. Let us check that Y ⊕ Z
still satisfies the universal property of a coproduct in C/J. The proof for the universal
property of a product is dual. Given any maps f + J ∶ Y → T and g + J ∶ Z → T , there
exists a unique map h ∶ Y ⊕ Z → T in C such that hιY = f and hιZ = g. The class h + J
is the map we are looking for. It remains to verify that it is still the unique morphism
Y ⊕Z → T in C/J such that (h + J)(ιY + J) = f + J and (h + J)(ιZ + J) = g + J. Assume
that h̄ + J is another map satisfying these two identities, then we simply calculate:

h̄ + J = (h̄ + J)(idY ⊕Z +J) = (h̄ + J)(ιY prY +ιZ prZ +J)
= (h̄ + J)(ιY + J)(prY +J) + (h̄ + J)(ιZ + J)(prZ +J)
= f prY +g prZ +J = ⋅ ⋅ ⋅ = h + J

Thus we have proven that C/J is an additive category.
Observe that an object Y in C is isomorphic to 0 in C/J if and only if idY factors through

a finite direct sum of objects in X. By using the Krull-Schmidt theorem (see [Kra12,
Proposition 3.2.1]) and the fact that Krull-Schmidt categories have split idempotents
(see [Kra12, Lemma 3.2.2]) we see that this is also equivalent to Y being a finite direct
of objects in X. For an indecomposable Y in C that is not contained in X, it follows
that idY ∉ J(Y,Y ). Thus J(Y,Y ) ⊂ EndC(Y,Y ) is a proper ideal and contained in the
unique maximal ideal. This implies that the endomorphismring of an indecomposable
not in X still is local in C/J. Therefore C/J is a Krull-Schmidt category.
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Next, we prove ii): Recall that indecomposables in X become isomorphic to 0 in
C/J and thus are no longer indecomposables. Therefore the statement follows from
Theorem 2.23.
Finally, we cover part iii): The quotient functor is by construction additive and

induces a surjective group homomorphism from K0(C) → K0(C/J) which factors over
K0(C) /⟨[M] ∣ M ∈ X⟩. The resulting map is an isomorphism of abelian groups by our
above characterization of an object becoming isomorphic to 0 in C/J.
Now, we will come to the second part. From now on we will work with the additional

assumptions given in the theorem.
First, we show i): In order to see that the monoidal functor on C induces a well-

defined bifuntor C/J × C/J → C/J it suffices to check that for a morphism f ∶ Y1 → Z1 in
C factoring through a finite direct sum of objects in X and a morphism g ∶ Y2 → Z2 the
tensor product f ⊗ g ∶ Y1 ⊗ Y2 → Z1 ⊗Z2 and the one with the roles of f and g switched
factors through a finite direct sum of objects in X. This is the case as for any object M
in X and N in C the tensor products M ⊗N and N ⊗M decompose into finite direct
sums of objects in X because B∩X is the union of all the two-sided cells of a lower set in
the two-sided cell preorder in K0(C). C/J inherits the monoidal identity, the associator,
the left and right unitor from C.
The autoequivalence giving the grading shift on C also descends to C/J as X is closed

under grading shifts.
Next, we prove ii): Theorem 2.23 implies that the set of all grading shifts of objects

in B ∖X gives a basis of K0(C/J) as no indecomposable object Y is isomorphic to one
of its grading shifts Y (m) for m ∈ Z. By setting v[M] = [M(1)] it follows that B ∖X
gives a Z[v, v−1] basis of K0(C/J).
Part iii) follows immediately from the definitions and our assumptions because the

multiplication in the Grothendieck rings is induced by the tensor product in the corre-
sponding categories.

Lemma 5.34. Let C be an essentially small (graded) Krull-Schmidt category (such that
no indecomposable object Y is isomorphic to one of its grading shifts Y (m) for m ∈ Z).
Let B be a subset of the representatives of all isoclasses of indecomposable objects in C
(up to grading shift). Consider the full additive (graded) subcategory CB of C generated by
all objects isomorphic to an object in B, also denoted by ⟨M ∣M ∈ B⟩⊕ (resp. ⟨M ∣M ∈
B⟩⊕,(−) ). Then the following holds:

(i). CB is a (graded) Krull-Schmidt category.

(ii). B is a Z- (resp. Z[v, v−1]-) basis of K0(CB).

(iii). The functor CB ↪ C induces the following isomorphism of Z- (resp. Z[v, v−1]-)
modules on the level of Grothendieck-groups:

K0(CB) Ð→ ⟨[M] ∣M ∈ B⟩ ⊂ K0(C)

Proof. The first part follows immediately from the definitions. The second part is a
consequence of Theorem 2.23. In the graded case take as S all objects in B and their
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grading shifts. This gives a Z-basis as no indecomposable object Y is isomorphic to one
of its grading shifts Y (m) for m ∈ Z. By setting v[M] = [M(1)], we see that B gives
a Z[v, v−1]-basis. For the last part, simply note that B can be completed to a Z (resp.
Z[v, v−1])-basis of K0(C) and thus the result follows.

From now on, fix one of the first two realizations from Example 2.17 defined over R.
We will apply the results above to the corresponding category of Soergel bimodules B.
Consider in W the set C̃ of all elements that do not admit a unique reduced expression.
Note that C̃ is the union of all two-sided cells belonging to a lower set in the two-sided
cell preorder of H with respect to the Kazhdan-Lusztig basis as the Hasse diagram of
the two-sided cell preorder in H can be pictured as follows:

{id}

C

all two-sided cells in C̃

. . .

In order to see this, use the characterization of the two-sided cell preorder from Propo-
sition 5.23. Let J be the two-sided ideal of all morphisms in B factoring through a finite
direct sum of objects in the class {M ∈ B ∣ M ≅ Bw(k) for some w ∈ C̃ and k ∈ Z}.
Lemma 5.33 shows that the quotient category B/J, which will also be denoted by
B /⟨Bw ∣ w ∈ C̃⟩⊕, (−), is a graded monoidal Krull-Schmidt category.
Inside this category we will study the full additive graded subcategory Cs = ⟨Bw ∣ w ∈

Cs⟩⊕,(−). From Lemma 5.34 we see that Cs is still a graded Krull-Schmidt category
and that K0(Cs) is a free Z[v, v−1]-module with {[Bw] ∣ w ∈ Cs} as basis. In addi-
tion, K0(Cs) sits inside K0(B/⟨Bw ∣ w ∈ C̃⟩⊕, (−)) which by Lemma 5.33 is isomorphic to
K0(B)/K0(B)( <

LR
C) as a Z[v, v−1]-algebra.

Note that for any element y ∈ Cs and x ∈W such that x ≤
L
y, Proposition 5.25 implies

that x either lies in C̃ or in Cs. Therefore the set {<
L
Cs} is contained in { <

LR
C}. Due

to H(<
L
Cs) ⊆ H( <

LR
C), the following square can be completed:

H(≤
L
Cs) �

� //

����

H

����
H(≤

L
Cs)/H(<

L
Cs) �

� //H/H( <
LR
C)

which shows that the left cell module corresponding to Cs is isomorphic to the submodule
spanned by {Hw ∣ w ∈ Cs} inside H/H( <

LR
C).

Everything carries over to H without any problems due to the following reasons:
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5 Faithfulness of the categorification

• All ideals in K0(B) considered so far are generated by classes of perverse indecom-
posables.

• Soergel’s categorification theorem states that K0(B) and H are isomorphic as
Z[v, v−1]-algebras.

• Soergel’s conjecture implies that the basis of K0(B) given by the classes of perverse
indecomposable Soergel bimodules is matched with the Kazhdan-Lusztig basis of
H under this isomorphism.

Therefore we get:

K0(Cs) ≅ // ⟨[Bw] ∣ w ∈ Cs⟩ �
� //

≅
��

K0(B)/K0(B)( <
LR
C)

≅
��

H(≤
L
Cs)/H(<

L
Cs) ≅ // ⟨Hw ∣ w ∈ Cs⟩ �

� //H/H( <
LR
C)

Note that for any Soergel bimodule X ∈ B we have an additive endofunctor on Cs given
by X ⊗ (−) because Cs is a left cell in K0(B) and we have killed all indecomposables
indexed by some element <

L
Cs in B / < Bw ∣ w ∈ C̃ >⊕, (−). This endofunctor descends

to the Z[v, v−1]-module endomorphism on K0(Cs) given by left multiplication with [X].
Therefore we have shown:

Theorem 5.35. K0(Cs) is isomorphic to the left cell module H(≤
L
Cs)/H(<

L
Cs) cor-

responding to Cs translating the action of K0(B) on K0(Cs) into the action of H on
H(≤

L
Cs)/H(<

L
Cs).

Next, we will define an action of 2−Br on Kb(Cs). Since we killed all indecomposable
Soergel bimodules indexed by an element in {<

L
Cs} (and their grading shifts) in Cs,

Kb(Cs) can be viewed as a module category over the monoidal category Kb(B) (i.e.
there exists a bifunctor Kb(B) × Kb(Cs) → Kb(Cs) induced by the tensor product of
the corresponding complexes together with an associator and a left unitor satisfying
the usual coherence conditions). Restricting this action of Kb(B) on Kb(Cs) to 2 − Br
yields our action. In particular, the action of Br(W,S) on Kb(B) descends to Kb(Cs).
More explicitly, for σ ∈ Br(W,S) we get an autoequivalence of Kb(Cs) via Fσ ⊗ (−). This
yields a group homomorphism Br(W,S) → Iso(Aut(Kb(Cs))), where Iso(Aut(Kb(Cs)))
are the isomorphism classes of autoequivalences on Cs, and we will show that this group
homomorphism is faithful.

5.2.4 Proof of faithfulness in the simply laced types

For the rest of the section, assume that (W,S) is an irreducible Coxeter group of finite,
simply laced type. Fix s ∈ S. Item (ii) in Lemma 5.27 shows that Cs is in bijection with
S via πs. Therefore write tw for the unique element in Cs such that L(tw) = {t}.
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5 Faithfulness of the categorification

In section 5.2.3 we have shown that Cs provides a categorification of the left cell
module corresponding to Cs. Note that Cs is an R-linear Krull-Schmidt category such
that all endomorphism spaces in Cs are finite-dimensional R-algebras and thus all the
results from section 3.2 are applicable (in particular it makes sense to speak of a minimal
complex in Kb(Cs)).
Analogously to section 4.1, we can define a non-degenerate t-structure on Kb(Cs),

which we will use in this section to show the faithfulness of the 2-braid group in types
A, D and E.
Before we start with the preparations for the proof, we want to check that the action

of Br(W,S) on Kb(Cs) behaves as expected:

Lemma 5.36. In Kb(Cs) we have for r, t ∈ S:

Fr(Btw
) ≅

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(B
tw

(−1)→ 0) if r = t,
(B

rw → B
tw

(1)) if {rw, tw} is an edge in Γs,
(0→ B

tw
(1)) otherwise.

where in all three complexes the term on the left sits in cohomological degree 0 and all
maps between indecomposable Soergel bimodules are non-zero.

Proof. Let tw be the unique reduced expression of tw. From Lemma 5.30 it follows
using Soergel’s conjecture that B

tw
= BS(tw). Thus FrBtw

is a complex of the form
(0 → BrBtw

φ→ B
tw

(1) → 0) where BrBtw
sits in cohomological degree 0 and φ is the

class of
idBS(tw)

in Cs. In the diagram we used blue for r.
If r = t, then Soergel’s conjecture together with the left handed multiplication formula

imply that BrBrw is isomorphic to B
rw(1) ⊕ B

rw(−1). Equation (7) shows that the
inclusion of B

rw(1) into BrBrw followed by φ is an isomorphism. Thus a Gaussian
elimination with respect to this component yields the result.
From now on assume r ≠ t. Write tw = t uw with uw < tw.
If r and t commute, then BrBtw

≅ BrtBuw dies in Cs as Brt is indexed by a Coxeter
element with a non-unique reduced expression.
Finally, if {rw, tw} is an edge in Γs, we need to distinguish two cases. If r ≠ u, then we

have r tw is the unique reduced expression of rw and thus by Lemma 5.30 and Soergel’s
conjecture it follows that BrBtw

is isomorphic to B
rw. In this case φ is non-zero as it

does not factor through a direct sum of indecomposable Soergel bimodules indexed by
words in C̃. If r = u, then write rw = rz with z < rw. In this case we get:

BrBtw
≅ BrBtBrBz ≅ (Brtr ⊕Br)Bz

≅ BrBz ≅ Brw
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5 Faithfulness of the categorification

Again the term BrtrBz dies in Cs because Brtr is indexed by a word with two reduced
expressions. Let ι ∶ Br → BrBtBr be the the class of the inclusion as given in eq. (25).
Precomposing φ with ι⊗ idBz gives the class of the following map

idBrw

where we used red for t. Again, the class of this map is obviously non-zero in Cs.

Corollary 5.37. Kb(Cs) gives a categorification of H(≤
L
Cs)/H(<

L
Cs) viewed as Br(W,S)-

module via the group homomorphism Ψ ∶ Br(W,S) → H. In other words, for σ ∈ Br(W,S)
and w ∈ Cs the class [Fσ(Bw)] coincides with Ψ(σ).Hw in H(≤

L
Cs)/H(<

L
Cs) under

the isomorphism form Theorem 5.35 where the class of the complex is taken to be the
alternating sum of the classes in each cohomological degree (as described in the paragraph
preceding Lemma 4.18).

A similar calculation as in Lemma 5.36 shows:

Lemma 5.38. For r, t ∈ S with mr,t = 3 we have:

FtrBtw
≅ B

rw(1)[−1]

Definition 5.39. Let F ∈Kb(Cs) be a perverse complex and w ∈W . An indecomposable
Soergel bimodule Bw is called an anchor of F if HomKb(Cs)(F,Bw(m)[−m]) is non-zero
for some m ∈ Z.

We will extend this important definition to non-perverse complexes as follows:

Definition 5.40. Let 0 ≠ F ∈ Kb(Cs) and k ∈ Z be maximal such that pHk(F ) is non-
zero. For w ∈W we say that Bw is an anchor of F if HomKb(Cs)(F,Bw(m − k)[−m]) is
non-zero for some m ∈ Z.

The following result shows that being the anchor of a complex is equivalent to being
the anchor of its highest non-zero perverse cohomology group.

Lemma 5.41. Let 0 ≠ F ∈Kb(Cs) and k ∈ Z be maximal such that pHk(F ) is non-zero.
Then the following statements are equivalent:

(i). Bw is an anchor of F .

(ii). Bw is an anchor of pHk(F ).

Proof. Consider the following distinguished triangle in Kb(Cs)

pτ⩽k−1F Ð→ F Ð→ pτ⩾kF
[1]Ð→

where the term on the right hand side is by assumption isomorphic to pHk(F )[−k].
Apply HomKb(Cs)(−,Bw(m − k)[−m]) and consider the following part of the long exact
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5 Faithfulness of the categorification

sequence:
. . . // HomKb(Cs)((pτ⩽k−1F )[1],Bw(m − k)[−m]) // HomKb(Cs)(pHk(F )[−k],Bw(m − k)[−m])

��
. . . HomKb(Cs)(pτ⩽k−1F,Bw(m − k)[−m])oo HomKb(Cs)(F,Bw(m − k)[−m])oo

The Hom-vanishing condition of a t-structure implies that there cannot be any non-zero
morphisms from pτ⩽k−1F (resp. (pτ⩽k−1F )[1]) to Bw(m − k)[−m] ∈ Kb(Cs)⩾k and thus
both Hom-spaces on the left hand side vanish. It follows that the vertical morphism in
the diagram above is an isomorphism which finishes the proof.

Proposition 5.42. Let F ∈ Kb(Cs) be a perverse complex. For t ∈ S the following
statements are equivalent:

(i). B
tw

is an anchor of F .

(ii). There exists m ∈ Z and a minimal complex F ′ isomorphic to F in Kb(Cs) such that
B
tw

(m) occurs as direct summand in mF ′ and all components of the differential
ending in this copy of B

tw
(m) are 0.

(iii). pH1(FtF ) ≠ 0.

Proof. i) ⇒ ii): Without loss of generality, we may assume that F itself is a minimal
complex. Choose m ∈ Z such that HomKb(Cs)(F,Btw

(m)[−m]) does not vanish. Decom-
pose mF = B

tw
(m)⊕k ⊕C(m) for some perverse Soergel bimodule C in which B

tw
does

not occur. Since F and B
tw

(m)[−m] both are minimal perverse complexes, we have:
HomKb(Cs)(F,Btw

(m)[−m]) = HomCb(Cs)(F,Btw
(m)[−m]). By assumption we thus have

a map of chain complexes of the following form:

. . . // m−1F

��

dm−1
// B

tw
(m)⊕k ⊕C(m) dm+1

//

( f1, f2, ..., fk, 0 )
��

m+1F

��

// . . .

. . . // 0 // B
tw

(m) // 0 // . . .

where fi = ri id with ri ∈ R for all 1 ⩽ i ⩽ k and at least one of them is non-zero. After
reordering of the summands we may assume that r1 is non-zero. The differentials dm−1

and dm+1 can be written as:

dm−1 =

⎛
⎜⎜⎜⎜⎜⎜⎜
⎝

d1
d2
⋮
dk
d

⎞
⎟⎟⎟⎟⎟⎟⎟
⎠

,

dm+1 = (d̃1, d̃2, . . . , d̃k, d̃) .
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5 Faithfulness of the categorification

Next, consider the minimal chain complexes F ′:

. . . // m−1F

⎛
⎜⎜⎜⎜
⎝

0
d2
⋮
dk
d

⎞
⎟⎟⎟⎟
⎠
// B

tw
(m)⊕k ⊕C(m)

( 1
r1
d̃1, d̃2−

r2
r1
d̃1, ..., d̃k−

rk
r1
d̃1, d̃ )

// m+1F // . . . .

In order to check that it is a chain complex one needs the identity ( f1, f2, ..., fk, 0 )○dm−1 = 0
which is given by the commutativity of the left square in our given morphism of chain
complexes. Another calculation shows that the morphism of chain complexes F → F ′

which is the identity outside cohomological degree m and given by the following matrix
in degree m:

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

f1 f2 f3 . . . fk 0
0 id 0 . . . 0

0 ⋱ 0 ⋮
⋮ 0 id 0

0 id 0
0 . . . 0 id

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

is an isomorphism.
ii) ⇒ iii): Let F ′ ∈ Kb(Cs) be a minimal complex as in ii). Since F is isomorphic to

F ′ we get that pH1(FtF ) is also isomorphic to pH1(FtF ′). Let m ∈ Z be such that a
copy of B

tw
(m)[−m] occurs as summand in mF ′ with no non-zero incoming differential

components. When tensoring with Ft this copy gives a summand B
tw

(m−1)[−m] which
cannot be cancelled by any Gaussian eliminations by our assumptions. This shows that
pH1(FtF ′) does not vanish.
iii) ⇒ i): Since tw ∈ Cs is the unique element with t tw < tw, it follows that all

indecomposable Soergel bimodules occuring in pH1(FtF ) are copies of B
tw

up to perverse
shift. Parity vanishing (see Lemma 5.32) implies that there are not any non-zero degree
1 endomorphisms of B

tw
. It follows that pH1(FtF ) decomposes into a direct sum of

perversely shifted copies of B
tw
. Since pH1(FtF ) does not vanish, we can findm ∈ Z and a

non-zero morphism from pH1(FtF ) to B
tw

(m)[−m] inKb(Cs). As pHk(FtF ) vanishes for
all k ∉ {0,1}, this non-zero morphism shows that HomKb(Cs)(FtF,Btw

(m−1)[−m]) is not
zero. From the fact that Et is right adjoint to Ft it follows that HomKb(Cs)(F,EtBtw

(m−
1)[−m]) does not vanish. The dual version of Lemma 5.36 shows that EtBtw

(m−1)[−m]
is isomorphic to B

tw
(m)[−m] in Kb(Cs) and thus the claim follows.

As a consequence of Lemma 5.41 and the proof of the direction iii) ⇒ i) in the last
result, we get:

Corollary 5.43. Let F ∈ Kb(Cs) be a complex, t ∈ S and k ∈ Z maximal such that
pHk(F ) ≠ 0. Then the following statements are equivalent:

(i). B
tw

is an anchor of F .

(ii). Let k̃ ∈ Z be maximal such that pHk̃(FtF ) ≠ 0. Then k̃ equals k + 1.
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5 Faithfulness of the categorification

If this is the case, there exist m1,m2, . . .ml ∈ Z for l ⩾ 1 such that

pHk+1(FtF ) ≅
l

⊕
i=1
B
tw

(mi)[−mi] ≠ 0

By going back and checking the proofs of Corollary 4.21 and Lemma 4.16, we see that
they apply to our setting as well. As a consequence we get:

Corollary 5.44. Let F ∈ Kb(Cs) be a complex and t ∈ S. Let k ∈ Z (resp. k̃ ∈ Z) be
maximal such that pHk(F ) ≠ 0 (resp. pHk̃(FtF ) ≠ 0).
If B

tw
is not an anchor of F , then k̃ = k.

The main goal of this section is to prove the following theorem:

Theorem 5.45. Let σ = wmwm−1 . . .w1 ∈ Br+(W,S) be a non-trivial braid in Garside
normal form. Set B =⊕w∈Cs Bw. Then the following holds:

(i). If k is maximal such that pHk(Fσ(B)) is non-zero, then k =m.

(ii). Let Cσ
s be the set of Coxeter elements in Cs indexing an anchor in pHm(Fσ(B)).

Then πs induces a bijection between Cσ
s and L(wm).

Proof. To simplify notation, we will identify W with the set of reduced braids ϕ(w) ⊂
Br+(W,S) and we will state explicitly if a certain identity only holds in the Coxeter group.
We will prove by simultaneous induction on m and on l(wm) the following three

statements from which the theorem follows:

a) pHk(Fσ(B)) = 0 for k >m.

b) For all t ∈ L(wm) the indecomposable Soergel bimodule B
tw

is an anchor of Fσ(B).

c) Any anchor Bw of Fσ(B) satisfies πs(w) ∈ L(wm).

The proof strategy actually is as follows: We do an induction on m and in the base
case as well as in the inductive step we do an induction on l(wm). Since the inductive
step for the induction on l(wm) does not depend on whether we are in the base case or
the inductive step for the induction on m, we bundle these cases together.
In the case m = 1 and wm = t ∈ S all statements above follow immediately from

Lemma 5.36. Suppose that the statements above hold for any positive braid with fewer
Garside factors than σ or with m Garside factors and shorter final (i.e. wm) Garside
factor than σ.
For simplicity of notation set β = wm−1wm−2 . . .w1. Since being a Garside normal form

can be checked locally (see Proposition 3.6), β is in Garside normal form.
We first prove a):
Case 1: m > 1, wm = r ∈ S. By induction on the number of Garside factors we

know that pHk(Fβ(B)) = 0 for k > m − 1. Applying Fr, the left handed multiplication
formula from Corollary 1.14 implies that the grading of any indecomposable Soergel

94



5 Faithfulness of the categorification

bimodule gets shifted up at most by 1 (compare with Corollary 4.21). It follows that
pHk(Fσ(B)) = 0 for k >m.
Case 2: m ⩾ 1, l(wm) > 1. Write wm = tu with t ∈ S and l(u) = l(wm) − 1 ⩾ 1. By

induction on the length of the final Garside factor, we know that the maximal k such
that pHk(Fuβ(B)) ≠ 0 satisfies k ⩽m. Since tu > u in the Coxeter group, it follows that
t ∉ L(u). Again by induction on the length of the final Garside factor, we can apply
c) to conclude that B

tw
is not an anchor of pHk(Fuβ(B)). Proposition 5.42 shows that

pHk+1(Fσ(B)) ≅ pH1(Ft pHk(Fuβ(B))) vanishes.
Next, we will consider b) and c) and prove both of them at the same time in case 1.
Case 1: m > 1, wm = t ∈ S. Lemma 3.7 shows that R(wm) ⊆ L(wm−1). Thus t lies in
L(wm−1). By induction on the number of Garside factors, we may apply b) to see that
B
tw

is an anchor of Fβ(B). Let k ∈ Z be maximal such that pHk(Fβ(B)) is non-zero. In
addition, induction on the number of Garside factors applied to a) implies that k ⩽m−1.
Corollary 5.43 shows that pHk+1(Fσ(B)) is non-zero and that the indecomposable Soergel
bimodules occurring in pHk+1(Fσ(B)) are indexed by tw. Since this is the only element
in L(wm), b) and c) hold in this case.
Case 2: m ⩾ 1, l(wm) > 1.
First, we show c) by showing its contrapositive. Fix r ∈ S ∖L(wm). We want to show

that B
rw is not an anchor of Fσ(B). Write wm = tz with t ∈ S and l(z) = l(wm) − 1 ⩾ 1

in the Coxeter group. It follows that t ≠ r.
Case 2.1: rt = tr. This implies that r does not lie in the left descend set of z. Let

k be maximal such that pHk(Fzβ(B)) is not zero. By induction on the length of the
final Garside factor, it follows that neither B

rw nor B
tw

is an anchor of pHk(Fzβ(B)).
Therefore HomKb(Cs)(Fzβ(B),B

rw(n−k)[−n]) vanishes for all n ∈ Z. Lemma 5.36 shows
that FtBrw is isomorphic to B

rw(1)[−1]. Applying the autoequivalence Ft to both terms
of the Hom-space above implies that HomKb(Cs)(Fσ(B),B

rw(n−k)[−n]) still vanishes for
all n ∈ Z. Using Corollary 5.44 for t shows that pHk(Fσ(B)) is still the highest non-zero
perverse cohomology group. Therefore we see that B

rw is not an anchor of Fσ(B).
Case 2.2: rt ≠ tr, r ∉ L(z). By induction on the length of the final Garside factor, nei-

ther B
rw nor B

tw
is an anchor in Fzβ(B). Let k be maximal such that pHk(Fzβ(B)) is not

zero. Therefore HomKb(Cs)(Fzβ(B),B
rw(n − k)[−n]) vanishes for all n ∈ Z. Lemma 5.36

shows that FtBrw is isomorphic to

. . .Ð→ 0Ð→ B
tw
Ð→ B

rw(1)Ð→ 0Ð→ . . .

where B
tw

sits in cohomological degree 0. Applying Ft to both terms of the Hom-space
yields:

HomKb(Cs)(Fσ(B), (B
tw
→ B

rw(1))(n − k)[−n]) = 0
for all n ∈ Z. It follows that B

rw cannot be an anchor of Fσ(B) as any non-zero
map from Fσ(B) to B

rw(n − k)[−n] for some n ∈ Z would induce a non-zero map to
(B

tw
→ B

rw(1))(n − 1 − k)[−n + 1] by post-composition with the class of the following
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non-zero map in Kb(Cs):

. . . // 0 //

��

0 //

��

B
rw(n − k) //

id
��

0 //

��

. . .

. . . // 0 // B
tw

(n − k − 1) // B
rw(n − k) // 0 // . . .

where B
rw(n − k) sits in cohomological degree n. Indeed, first use Corollary 5.44 for t

to see that pHk(FσB) still is the highest non-zero perverse cohomology group of FσB.
Then note that the composition of any representative of the non-zero map Fσ(B) →
B
rw(n − k)[−n] in Kb(Cs) with the morphism of cochain complexes pictured above is

non-zero in Cb(Cs). Finally, use the following chain of isomorphisms

HomCb(Cs)(pHk(FσB), (B
tw
→ B

rw(1))(n − 1 − k)[−n + 1])
≅ HomKb(Cs)(pHk(FσB), (B

tw
→ B

rw(1))(n − 1 − k)[−n + 1])
≅ HomKb(Cs)(Fσ(B), (B

tw
→ B

rw(1))(n − 1 − k)[−n + 1])

where in the second step we used the isomorphism from the proof of Lemma 5.41 and
in the first step we assumed that pHk(FσB) is a minimal complex and thus by Soergel’s
conjecture all homotopies between minimal perverse complexes vanish. We conclude
that B

rw is not an anchor of Fσ(B).
Case 2.3: rt ≠ tr, wm = tr. Let k be maximal such that pHk(Frβ(B)) is non-zero.

We know from the cases m ⩾ 1 and wm = r that pHk(Frβ(B)) is a direct sum of
perversely shifted copies of B

rw. Therefore, by Lemma 5.36 pHk(Fσ(B)) is a direct
sum of extensions of perversely shifted copies of the indecomposable perverse complexes
(B

tw
→ B

rw(1)) and B
tw

in which B
rw never is an anchor.

Case 2.4: rt ≠ tr, r ∈ L(z) and l(wm) > 2. Write wm = tru with l(u) = l(wm)−2 ⩾ 1. As
r ∉ L(wm), it follows that t ∉ L(u). Let k be maximal such that pHk(Fuβ(B)) is non-zero.
By induction on the length of the final Garside factor, B

tw
is not an anchor in Fuβ(B).

Therefore HomKb(Cs)(Fuβ(B),B
tw

(n − k)[−n]) vanishes for all n ∈ Z. Applying the
autoequivalence Ftr to both terms in the Hom-space and using that FtrBtw

is isomorphic
to B

rw(1)[−1] by Lemma 5.38 shows that HomKb(Cs)(Fσ(B),B
rw(n−k)[−n]) is zero for

all n ∈ Z. Induction on the length of the Garside factor together with Corollary 5.44
imply that pHk(Fσ(B)) is still the highest non-zero perverse cohomology group of Fσ(B).
Therefore B

rw is not an anchor of Fσ(B).
Finally, we prove b): Fix r ∈ L(wm) and write wm = rtz with t ∈ S, l(z) = l(wm) − 2

and z possibly trivial. Observe that r ≠ t. We want to show that B
rw is an anchor in

Fσ(B).
Case 2.1: rt = tr. By induction on the length of the final Garside factor, B

rw is an
anchor of Frzβ(B). Let k be maximal such that pHk(Frzβ(B)) is not zero. By definition
of an anchor, there exists some n ∈ Z such that HomKb(Cs)(Frzβ(B),B

rw(n − k)[−n])
does not vanish. Applying the autoequivalence Ft and using that FtBrw is isomorphic
to B

rw(1)[−1] by Lemma 5.36, it follows that HomKb(Cs)(Fσ(B),B
rw(n+ 1−k)[−n− 1])

is non-zero. By induction on the length of the Garside factor applied to c), we know
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that Bt is not an anchor of Frzβ(B). Therefore, Corollary 5.44 shows that no new non-
zero highest perverse cohomology group is created when applying Ft and thus B

rw is an
anchor of Fσ(B).
Case 2.2: rt ≠ tr, r ∉ L(z). By induction on the length of the final Garside factor,

B
tw

is an anchor of Ftzβ(B). Let k be maximal such that pHk(Ftzβ(B)) is not zero. By
definition of an anchor, there exists some n ∈ Z such that HomKb(Cs)(Ftzβ(B),B

tw
(n −

k)[−n]) does not vanish. Again we apply the autoequivalence Fr. Lemma 5.36 shows
that FrBtw

is isomorphic to:

. . .Ð→ 0Ð→ B
rw Ð→ B

tw
(1)Ð→ 0Ð→ . . .

where B
rw sits in cohomological degree 0. Since z is minimal in its left ⟨r, t⟩-coset, it

follows that t ∉ L(wm). By c) we know that B
tw

is not an anchor of Fσ(B). Therefore the
non-zero map from Fσ(B) to (B

rw → B
tw

(1))(n−k)[−n] cannot have a zero component
to B

rw(n − k)[−n]. Thus post-composition with the non-zero map

. . . // 0 //

��

B
rw(n − k) //

id
��

B
tw

(n + 1 − k) //

��

0 //

��

. . .

. . . // 0 // B
rw(n − k) // 0 // 0 // . . .

in Kb(Cs) shows that HomKb(Cs)(Fσ(B),B
rw(n−k)[−n]) does not vanish. As before, we

conclude that B
rw is an anchor of Fσ(B).

Case 2.3: rt ≠ tr, r ∈ L(z). Write wm = rtru = trtu for some u ∈W with l(u) = l(wm)−
3 and u possibly trivial. By induction on the length of the final Garside factor, we know
that B

tw
is an anchor of Ftuβ(B). Let k be maximal such that pHk(Ftuβ(B)) is not zero.

By definition of an anchor, there exists some n ∈ Z such that HomKb(Cs)(Ftuβ(B),B
tw

(n−
k)[−n]) does not vanish. Since FtrBtw

is isomorphic to B
rw(1)[−1] by Lemma 5.38 we

can apply the autoequivalence Ftr to get a non-zero map from Fσ(B) to B
rw(n + 1 −

k)[−n−1]). Induction applied to c) together with Corollary 5.44 show that pHk(Fσ(B))
is still the highest non-zero perverse cohomology group of Fσ(B). Therefore B

rw is an
anchor of Fσ(B).

From this we will easily deduce our main result:

Theorem 5.46. The action of Br(W,S) on Kb(Cs) is faithful.

Proof. Let ρ ∶ Br(W,S) → Iso(Aut(Kb(Cs))) be the group homomorphism corresponding
to the action of Br(W,S) on Kb(Cs) where Iso(Aut(Kb(Cs))) is the group of isomorphism
classes of autoequivalences on Kb(Cs). Due to Lemma 3.8 it is enough to show the
injectivity for its restriction ρ+ to the braid monoid Br+(W,S). We will show that for
any positive braid σ ∈ Br+(W,S) its Garside normal form and thus σ itself can fully be
recovered from the action of σ and its subwords on Kb(Cs). Set B ∶=⊕w∈Cs Bw.
Consider Fσ(B) and its highest non-zero perverse cohomology group pHm(Fσ(B)).

Theorem 5.46 implies that the number of Garside factors of σ ism. Let σ = wmwm−1 . . .w1
be the Garside normal form of σ. To simplify notation, set β = wm−1 . . .w1.
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5 Faithfulness of the categorification

To determine a reduced expression of wm we will proceed as follows: Let B
tw

be an
anchor in pHm(Fσ(B)). Theorem 5.46 shows that t lies in L(wm). Write wm = tu
with l(u) < l(wm). Since the Rouquier complexes satisfy up to isomorphism the braid
relations, we know: EtFσ ≅ Fuβ. Now consider the action of Fuβ on B. If pHm(Fuβ(B))
is zero, then u = 1, uβ has a Garside normal form with m−1 Garside factors and wm = t.
Otherwise we repeat the argument above to find an element in the left descent set of u.
After a finite number of steps we have reconstructed a reduced expression wm = s1s2 . . . sk
with s1 = t.
By repeating the whole process we will eventually find all Garside factors of σ and we

know their order. Thus we have determined σ itself.

The following result is an immediate consequence as the faithful action from Theo-
rem 5.46 factors over the 2-braid group.

Corollary 5.47 (Faithfulness of the 2-braid group in types A, D and E).
Let (W,S) be a Coxeter group of type A, D or E. For two distinct braids σ ≠ β ∈
Br(W,S) the corresponding Rouquier complexes Fσ and Fβ in the 2-braid group are
non-isomorphic.
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6 Folding of Coxeter diagrams

6 Folding of Coxeter diagrams
In this section we want to explain a very beautiful way of obtaining embeddings of
non-simply laced Coxeter groups of finite type into simply laced Coxeter groups of finite
type. The section is based on results from [Lus83]. The content of this section originated
in the attempt to relate the two categorifications associated to the special left cells of
a simply-laced and a non-simply laced Coxeter group introduced in section 5.2.1 using
the techniques of this section. Let us first recall some basic facts about Coxeter groups.
A product of all simple reflections is called a Coxeter element. The element itself

depends on the order of the simple reflections, but since all Coxeter elements are con-
jugate (see [Bou68, Proposition 1 in Ch. 5, §6.1]), the order of a Coxeter element is an
invariant of the Coxeter group. It is called the Coxeter number. See the following table
for the classification of finite irreducible Coxeter groups and their Coxeter numbers.

Type Coxeter graph Coxeter number h

An s1 s2
. . .

sn
n + 1

BCn
s1 s2 s3

. . .
sn

4 2n

Dn

s1

s2

s3 s4
. . .

sn 2n − 2

E6 s1 s2

s3

s4

s5 s6 12

E7 s1 s2

s3

s4

s5 s6 s7 18

E8 s1 s2

s3

s4

s5 s6 s7 s8 30

F4
s1 s2 s3 s4

4 12

H3
s1 s2 s3

5 10
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6 Folding of Coxeter diagrams

H4
s1 s2 s3 s3

5 30

I2(p)
s1 s2

p
p

In the following we will need a particular Coxeter element c which we obtain from
two-colouring the Coxeter graph, say in black and white, such that neighbouring vertices
don’t get the same colour. Then let cw (resp. cb) be the product of all simple reflections
corresponding to white (resp. black) vertices. Note that by our choice all the simple
reflections occuring in cw commute with each other. The same is true for the simple
reflections in cb. Then set c ∶= cbcw. We will call c the distinguished Coxeter element
corresponding to the two-colouring of the Coxeter graph.
For example in type A5 we obtain the Coxeter element c = (s2s4)(s1s3s5) with cb = s2s4

and cw = s1s3s5 from the following two-colouring of the Coxeter graph:

s1 s2 s3 s4 s5
.

We will need the following result:

Proposition 6.1. Let (W,S) be a finite irreducible Coxeter group of rank N = ∣S∣.
Denote the Coxeter number of (W,S) by h. Fix a two-colouring of its Coxeter graph in
black and white. Let c = cbcw ∈ W be the corresponding distinguished Coxeter element
and w0 be the unique maximal element in W . Then the following statements hold:

(i). l(w0) = hN
2 .

(ii). If h is even, then w0 = ch/2 = cbcwcb . . . gives a reduced expression for w0 where the
product is an alternating product of h terms.

(iii). If h is odd, then w0 = c(h−1)/2cb = cwc(h−1)/2 = cbcwcb . . . cb = cwcbcw . . . cw give reduced
expressions for w0 where both products are alternating products of h terms.

Proof. We will sketch the proof as the result may not be standard and the proof is pretty.
By considering the geometric representation ofW , which is faithful (see [Bou68, Corol-

lary 2 in Ch. V §4.4]), we may assume that W is a reflection group acting on a finite
dimensional, real vector space V with basis {αs ∣ s ∈ S} and symmetric bilinear form
B ∶ V × V → R defined via B(αs, αt) = − cos( π

ms,t
). Let H be the corresponding finite

set of reflection hyperplanes and C = {v ∈ V ∣ B(v,αs) > 0 ∀s ∈ S} be the fundamental
chamber.
The proof relies on the construction of the Coxeter plane which is described in [Hum90,

Section 3.17] or [Bou68, Ch. V §6.2]. The second part of [Bou68, Theorem 1 in Ch. V
§6.2] states ∣H∣ = hN

2 and implies i) as the length of the longest element is given by the
cardinality of the set of reflections {wsw−1 ∣ w ∈ W,s ∈ S} which is in bijection with H.
Therefore we will focus on ii) and iii).
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6 Folding of Coxeter diagrams

Under our assumptions there exist two linearly independent vectors vb and vw in V
such that the plane P spanned by vb and vw is stable under cb and cw, cb∣P (resp. cw∣P )
is the reflection about Rvb (resp. Rvw) and the intersection of C with P consists of all
strictly positive linear combinations of vb and vw (i.e. it is the interior of the convex
cone spanned by vb and vw). See [Bou68, Lemma 2 in Ch. V §6.2] for the proof.
P is called the Coxeter plane. It follows that c∣P is a rotation of P by 2π

h and that the
subgroup W ′ of W generated by cb and cw is a dihedral subgroup of order 2h. It is easy
to see that ch/2 (resp. c(h−1)/2cb = cwc(h−1)/2) if h is even (resp. odd) is the unique element
in W ′ mapping P ∩ C to −(P ∩ C) because we know the action of W ′ on P . Since W
acts simply transitively on the set of chambers (see [Bou68, Theorem 1 in Ch. V §3.2])
and w0 is the unique element sending C to −C, the equalities in ii) and iii) follow. To
see that these expression are reduced use l(c) = N for ii) and l(cb) = l(cw) = N

2 if h is
odd.

Let us fix the following notation: Let (W,S) be a finite, irreducible Coxeter group of
non-simply laced type. Fix s ∈ S among the unique pair {s, t} ⊆ S with ms,t ⩾ 4. Let
Γs be the graph defined in the paragraph preceding Lemma 5.27. and let (W̃ , S̃) be a
Coxeter group whose Coxeter graph is isomorphic to Γs. Fix an isomorphism between
the Coxeter graph of (W̃ , S̃) and Γs and let η ∶ S̃ ≅→ Cs be the induced bijection on the
vertex sets. Note that W̃ is a finite, irreducible Coxeter group of simply-laced type by
Lemma 5.27 as Γs is finite in that case. Choose s̃ ∈ S̃ arbitrarily. Denote by Cs ⊂ W
(resp. Cs̃ ⊂ W̃ ) the left cell of all elements with a unique reduced expression and fixed
right descent set {s} (resp. {s̃}). Let πs ∶ Cs → S (resp. πs̃ → S̃) be the map sending
an element w to the unique reflection in L(w). The following diagram summarizes the
set-theoretic maps we have at hand:

Cs

πs

��

Cs̃
πs̃≅
��

S S̃

η
≅

``

For r ∈ S set Br ∶= η−1 ○ π−1
s (r) and br ∶= ∣Br∣. Corollary 5.28 implies that br ⩾ 1 for all

r ∈ S. In addition, we have a partition of S̃ = ∐r∈S Br. Define a map θ ∶ W → W̃ via
r ↦ ∏t∈Br t. Before we prove that θ gives a well-defined group homomorphism, let us
consider an example.
Example 6.2. Consider the situation when (W,S) is a dihedral group of order 2m, i.e.
of type I2(m):

s t

m . Then Γs looks as follows:

s ts sts
. . .

m̂ − 1s

where k̂s = . . . sts is an alternating product of k terms. This is isomorphic to the Coxeter
graph of type Am−1. Choose (W̃ , S̃) to be the symmetric group Sm with the set of simple
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6 Folding of Coxeter diagrams

transpositions S̃ = {si = (i, i + 1) ∣ 1 ⩽ i <m}. Fix the isomorphism between the Coxeter
graph of type Am−1 and Γs that sends si to îs. Visualize the map πs as follows:

s ts

sts 4̂s
⋮

m̂ − 2s m̂ − 1s

πs

s t

m

if m is odd, s ts

sts 4̂s
⋮

m̂ − 3s m̂ − 2s

m̂ − 1s

πs

s t

m

if m is even.

We see that the map θ ∶W → W̃ defined above sends s to s1s3s5 . . . (the product of all
simple transpositions with an odd index) and t to s2s4s6 . . . (the product of all simple
transpositions with an even index). In order to prove that θ gives a well-defined group
homomorphism, we have to show that the order of θ(s)θ(t) in Sm divides m. The
relation θ(s)2 = id (resp. θ(t)2 = id) follows immediately from the fact that the simple
transpositions occuring in θ(s) (resp. θ(t)) commute with each other. We claim that
θ(s)θ(t) is anm-cycle, namely (1,2,4, . . . ,m−3,m−1,m,m−2,m−4, . . . ,5,3) ifm is odd
and (1,2,4, . . . ,m−4,m−2,m,m−1,m−3, . . . ,5,3) if m is even (both in cycle notation).
In order to see this visually, represent the corresponding permutation as braid diagram
without distinction between under and over crossings. Here are the pictures for m = 7
and m = 8 (where we stacked the diagram corresponding to θ(s) on top of the one for
θ(t)):

1

1

2

2

3

3

4

4

5

5

6

6

7

7

1

1

2

2

3

3

4

4

5

5

6

6

7

7

8

8

Closing the diagram up (as for braids) gives only one circle showing that the permutation
consists of a single m cycle. This implies that θ is a well-defined group homomorphism.
Let us go back to the general situation. Note that by construction the following holds:
(i). For all r ∈ S the set Br ⊆ S̃ consists of reflections that commute pairwise.

(ii). For all t ≠ u ∈ S the induced subgraph of the Coxeter graph of (W̃ , S̃) on the set
η−1 ○ π−1

s ({t, u}) consists of:
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∐A1 if mt,u = 2,
∐A2 if mt,u = 3,
Amt,u−1 if mt,u ⩾ 4.
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6 Folding of Coxeter diagrams

The first property implies (as in the example) that θ(r)2 = 1 for all r ∈ S. Now let r, u ∈ S.
The second property implies that if r and u commute, then θ(r) and θ(u) commute as
all reflections involved commute with each other. If mr,u ⩾ 3, then the dihedral case
considered in Example 6.2 shows that θ(r)θ(u) has order mr,u as well. Therefore we
have proven:

Proposition 6.3. θ ∶W → W̃ extends to a well-defined group homomorphism.

Next, we want to show that θ is always injective, we will do this by showing a strictly
stronger property:

Definition 6.4. Let (W,S) and (W̃ , S̃) be arbitrary Coxeter systems. A group homo-
morphism τ ∶W → W̃ is called a Bruhat embedding if τ(r) ≠ 1 for all r ∈ S and for any
reduced expression w = s1s2 . . . sk of an element w ∈ W we have l(τ(w)) = ∑ki=1 l(τ(si))
with respect to the length function in W̃ .

Note that not every injective group homomorphism between Coxeter groups is a
Bruhat embedding. Consider for example the injective group homomorphism S3 → S5
defined via s1 ↦ s1s4 and s2 ↦ s2s4. On the other hand, any Bruhat embedding is
obviously injective.
Before we prove that θ is a Bruhat embedding, we need to calculate Γs for all non-

simply laced Coxeter groups and therefore classify the possible maps θ which we are
considering:

Type Coxeter graph Γs and Γt (if not isomorphic as graphs)

BCn
s1 s2 s3

. . .
sn

4

s1s2 s2 s3s2
. . .

snsn−1 . . . s2

s2s1s2 s3s2s1s2
. . .

snsn−1 . . . s2s1s2

s1

s1s2s1

s2s1

s3s2s1
. . .

snsn−1 . . . s1

F4
s1 s2 s3 s4

4

s1s2

s1s2s3s2

s2

s2s3s2

s3s2 s4s3s2
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6 Folding of Coxeter diagrams

H3
s1 s2 s3

5

s1s2

s1s2s1s2

s2

s2s1s2

s3s2

s3s2s1s2

H4
s1 s2 s3 s4

5

s1s2

s1s2s1s2

s2

s2s1s2

s3s2

s3s2s1s2

s4s3s2

s4s3s2s1s2

See table 10 for the possible types (W,S) and (W̃ , S̃) can have and observe that in
all the cases (W,S) and (W̃ , S̃) have the same Coxeter number!

if (W,S) is of type . . . , then (W̃ , S̃) is of type . . . .
BCn A2n−1 or Dn+1
F4 E6
H3 D6
H4 E8
I2(p) Ap−1

Table 10: Possible Types of (W,S) and (W̃ , S̃)

Fix a two-colouring of the Coxeter graph of (W,S), say in black and white. This
induces a two-colouring of the Coxeter graph of (W̃ , S̃) in black and white by giving the
colour of r ∈ S to to all simple reflections in Br (which is possible as they commute).
Indeed, this gives a well-defined colouring of the Coxeter graph of (W̃ , S̃) as if two
reflections r, r′ ∈ S̃ are adjacent, then the reflections πs(η(r)) and πs(η(r′)) are adjacent
in the Coxeter graph of (W,S) and thus have different colours. Associated to these two-
colourings we have the distinquished Coxeter elements c = cbcw ∈W and c̃ = c̃bc̃w ∈ W̃ and
it follows that θ(c) = c̃, θ(cb) = c̃b and θ(cw) = c̃w. SinceW and W̃ have the same Coxeter
number it follows from Proposition 6.1 that θ maps the special reduced expression of the
longest element w0 ∈ W associated to the distinguished Coxeter element to the special
reduced expression of the longest element w̃0 ∈ W̃ . Now, we can prove our next results:

Proposition 6.5. θ ∶ W → W̃ is a Bruhat embedding. In particular, θ is injective and
maps reduced expressions in W to reduced expressions in W̃ .

Proof. Since W is irreducible, we know that πs is surjective by Corollary 5.28 and thus
θ(r) ≠ 1 for all simple reflections r ∈ S.
Observe that if s1s2 . . . sk = t1t2 . . . tk are two reduced expressions that can be trans-

lated into each other by the use of a single braid relation, then ∑ki=1 bsi = ∑ki=1 bti because
for mt,u odd we have bu = bt as can for example be seen from the explicit graphs.
Assume that θ is not a Bruhat embedding. Then there exists a reduced expression

w = s1s2 . . . sk of an element w ∈W such that l(θ(w)) < ∑ki=1 bsi .
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6 Folding of Coxeter diagrams

Since W is finite, we can find a finite sequence of elements (ti)li=1 in S such that
titi−1 . . . t1w > ti−1ti−2 . . . t1w for all 1 ⩽ i ⩽ l and tltl−1 . . . t1w = w0. Therefore we have a
reduced expression tltl−1 . . . t1s1s2 . . . sk for w0 in W . Since θ maps a rex of w0 to a rex of
w̃0 and the braid relations don’t affect the sum of b’s associated to a reduced expression,
we get:

l(w̃0) =
l

∑
i=1
bti +

k

∑
i=1
bsi .

From this, we conclude:
l

∑
i=1
bti =

l

∑
i=1
l(θ(ti)) ⩾ l(θ(tltl−1 . . . t1w)) − l(θ(w)) = l(θ(w0)) − l(θ(w))

> l(w̃0) −
k

∑
i=1
bsi =

l

∑
i=1
bti

which is obviously a contradiction!

Remark 6.6. If (W,S) is of type H3 (or H4), then W̃ is of type D6 (resp. E8). In both
of these cases, the embedding θ ∶W → W̃ constructed above exactly doubles the length.
Lemma 6.7. For all w ∈W the following holds:

R(θ(w)) = ∐
r∈R(w)

Br

L(θ(w)) = ∐
r∈L(w)

Br

Proof. We will only prove the statement about the right descent sets as the other one is
proven similarly.
First, we prove ∐r∈R(w)Br ⊆ R(θ(w)). Let r ∈ R(w). Then there exists a reduced

expression of w ending in r. Since θ sends reduced expressions to reduced expressions and
all the reflections in Br commute with each other, applying θ to this reduced expression
shows that for any r̃ ∈ Br there exists a reduced expression of θ(w) ending in r̃. Thus
Br is contained in R(θ(w))
Now, assume that there exists a simple reflection r̃ ∈R(θ(w)) ∖∐r∈R(w)Br. Since we

have the following partition S̃ = ∐r∈S Br, there exists an r ∈ S such that r̃ ∈ Br. Due to
r ∉ R(w), it follows that wr > w, but we also have l(θ(wr)) < l(θ(w)) + l(θ(r)) because
θ(w) has r̃ which occurs in θ(r) in its right descent set. This contradicts the fact that
θ is a Bruhat embedding.

Next, we want to show that θ ∶ W → W̃ lifts to a map between the braid groups
Θ ∶ Br(W,S) → Br(W̃ ,S̃). Recall that we have a group homomorphism πW ∶ Br(W,S) →W
together with a set-theoretic section ϕW ∶ W → Br(W,S) and similar maps πW̃ and ϕW̃
for W̃ . The situation is summarized by the following diagram:

Br(W,S)

πW
		

Θ // Br(W̃ ,S̃)

πW̃
��

W
θ //

ϕW

JJ

W̃

ϕW̃

KK
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Define Θ on r ∈ S via Θ(r) = ϕW̃ ○ θ ○ πW (r). As the image of ϕW̃ is contained in
Br+(W̃ , S̃), we can use the exact same definition on the simple reflection for a monoid
homomorphism Θ+ ∶ Br+(W,S) → Br+(W̃ ,S̃).

Proposition 6.8. Θ ∶ Br(W,S) → Br(W̃ ,S̃) (resp. Θ+ ∶ Br+(W,S) → Br+(W̃ ,S̃)) extends to
a well-defined group (resp. monoid) homomorphism. In addition, Θ+ preserves the
Garside normal form. In other words, let σ = wmwm−1 . . .w1 ∈ Br+(W,S) be a positive
braid in Garside normal form, then Θ+(σ) = Θ(wm)Θ(wm−1) . . .Θ(w1) is the Garside
normal form in Br+(W̃ ,S̃).

Proof. From the presentation of the braid group (resp. monoid), we see that it is enough
to define Θ (resp. Θ+) on the simple reflections and to check that the images satisfy the
braid relations.
Recall that we have for u, v ∈W with l(uv) = l(u) + l(v) the following equalities:

l(θ(u)) + l(θ(v)) = l(θ(uv)) (because θ is a Bruhat embedding)
⇒ ϕW̃ θ(u)ϕW̃ θ(v) = ϕW̃ θ(uv)

Let r, u ∈ S be generators of Br(W,S) with mr,u < ∞. Calculate for a product of mr,u

terms:

ϕW̃ θπW (r)ϕW̃ θπW (u)ϕW̃ θπW (r) . . . = ϕW̃ (θπW (r)θπW (u)θπW (r) . . . )
= ϕW̃ (θ(πW (r)πW (u)πW (r) . . . ))
= ϕW̃ (θ(πW (rur . . . )))
= ϕW̃ (θ(πW (uru . . . ))) = . . .
= ϕW̃ θπW (u)ϕW̃ θπW (r)ϕW̃ θπW (u) . . .

where in the first step we used the multiplicativity of ϕW̃ on reduced expressions and
the second and third step follow from the fact that θ and πW are group homomorphisms.
Now, we will prove by induction on the Garside length that Θ+ preserves the Garside

normal form. Let σ = wmwm−1 . . .w1 ∈ Br+(W,S) be a positive braid in Garside normal
form. Suppose m = 1. The same arguments as above and a similar calculation shows
that any reduced braid in Br+(W,S) is mapped to a reduced braid in Br+(W̃ ,S̃). Next,
assume m > 1 and that Θ+ preserves the Garside normal form of any positive braid with
fewer than m Garside factors. Recall from Proposition 3.6 that the Garside normal form
may be checked locally. Set β = wm−1wm−2 . . .w1 and it follows that this is the Garside
normal form of β. By induction, we know that Θ+(β) = Θ+(wm−1)Θ+(wm−2) . . .Θ+(w1)
is in Garside normal form. In order to conclude that this gives the Garside normal
form of Θ+(σ) when adding the term Θ+(wm) on the left, it suffices by Lemma 3.7 to
check that: R(θπW (wm)) ⊆ L(θπW (wm−1)). Since we started with the Garside normal
form of σ, we have again by Lemma 3.7 R(πW (wm)) ⊆ L(πW (wm−1)), which implies by
Lemma 6.7 that:

R(θπW (wm)) = ∐
r∈R(πW (wm))

Br ⊆ ∐
r∈L(πW (wm−1))

Br = L(θπW (wm−1)).
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Corollary 6.9. Θ ∶ Br(W,S) → Br(W̃ ,S̃) and Θ+ ∶ Br+(W,S) → Br+(W̃ ,S̃) are injective.

Proof. In Proposition 6.8 we have shown that Θ+ preserves the Garside normal form
und thus it is injective. Be construction of Θ and Θ+ as well as the fact that the braid
monoid embeds into the braid group we have the following commutative diagram:

Br+(W,S)� _

��

� � Θ+
// Br+(W̃ ,S̃)� _

��
Br(W,S)

Θ // Br(W̃ ,S̃)

from which the injectivity of Θ follows using Lemma 3.8.

6.1 Possible approaches to the faithfulness of the 2-braid group in
finite non-simply laced type

The results in the last section were developed in an attempt to relate the categorified
left cell modules Cs and Cs̃. The isomorphism Cs̃

πs̃Ð→
≅
S̃

ηÐ→
≅
Cs induces an isomorphism

of Z[v, v−1]-modules HCs
(W,S) ≅ HCs̃

(W̃ ,S̃) which is in general not compatible with the Hecke
algebra module structures on both left cell modules (due to the quadratic relations). In
the light of the results from section 5.2.2 we believe that it may be possible though to
construct a functor Kb(Cs)⩾0∩Kb(Cs)⩽0 →Kb(Cs̃)⩾0∩Kb(Cs̃)⩽0. This functor would allow
us to connect the braid group action of Br(W,S) on Kb(Cs) to the braid group action
of Br(W,S) on Kb(Cs̃) via Θ ∶ Br(W,S) → Br(W̃ ,S̃). This could be one possible approach
to generalize Theorem 5.45 to all Coxeter systems of finite type, but it appears to be
difficult.
Another approach would be to transfer the proof strategy from Theorem 5.45 to the

finite non-simply laced case which would definitely necessitate a lot more different case
distinctions though.
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