Renormalised multiple zeta values which respect quasi-shuffle relations

Dominique MANCHON (based on joint work with Sylvie PAYCHA)

December 18, 2009

This note is a condensed report of a joint work with Sylvie PAYCHA [MP2], where details and proofs can be found. We propose a definition of multiple zeta values with integer arguments of any sign, which fulfill the quasi-shuffle relations. They are derived from a character Φ of some quasi-shuffle Hopf algebra with values in the meromorphic functions of a complex variable z, obtained from a suitable regularisation procedure: following Connes and Kreimer, the renormalised values are given by the positive part of the Birkhoff decomposition of Φ evaluated at z = 0. The multiple zeta values thus defined are moreover rational at nonpositive arguments.

Acknowledgements

I thank Kurusch Ebrahimi-Fard and Michael E. Hoffman for crucial references and details about quasi-shuffle products, and Herbert Gangl for checking the table of double zeta values at nonpositive arguments with a PARI routine.

Many thanks to Li Guo for various interesting discussions and for bringing to our attention and commenting for us his own work with Bin Zhang ([GZ], [GZ2]) which also uses a Birkhoff factorisation to renormalise multiple zeta functions. Comments sent by Shlomo Sternberg and Hoang Ngoc Minh are also appreciated.

I have greatly enjoyed the nice and stimulating atmosphere of the conference, and I would like to thank Sylvie Paycha for her careful reading of this note before it reached its final form. Finally I would like to thank the referee for useful remarks and suggestions.

Work partly supported by Agence Nationale de la Recherche, projet Modunombres.

1 The quasi-shuffle Hopf algebra

We recall here the definition of the quasi-shuffle Hopf algebra and the shuffle Hopf algebra built on a commutative (not necessary unital) algebra A, as well as the explicit construction by M. Hoffman ([H2]) of an isomorphism between these two Hopf algebras.

Definition 1 Let k, l, r ∈ N with k + l − r > 0. A (k, l)-quasi-shuffle of type r is a surjective map π from {1, . . . , k + l} onto {1, . . . , k + l − r} such that π(1) < · · · < π(k) and π(k + 1) < · · · < π(k + l). We shall denote by mix sh(k, l; r) the set of (k, l)- quasi-shuffles of type r. The elements of mix sh(k, l; 0) are the ordinary (k, l)-shuffles. Quasi-shuffles are also called mixable shuffles or stuffles. We denote by mix sh(k, l) the set of (k, l)-quasi-shuffles (of any type).

Let (A, •) a commutative (not necessarily unital) algebra. Let Δ be the deconcatenation coproduct on T (A) = � k≥0 A^{⊗k}, let ⋆_• the product on T (A) defined by:

(v_1 ⊗ · · · ⊗ v_k) ⋆_• (v_{k+1} ⊗ · · · ⊗ v_{k+l}) = � π∈mix sh(k,l)

w^π_1 ⊗ · · · ⊗ w^π_{k+l−r} ,

with : w^π_j = � i∈{1,...,k+l},π(i)=j

v_i.

(the product above is the product • of A, and contains only one or two terms). Remark 1 When the multiplication • of the algebra A is set to 0, the quasi-shuffle product ⋆_• reduces to the ordinary shuffle product ∐∐ .

Theorem 1 (M. Hoffman, [H2] theorems 3.1 and 3.3) • � T (A), ⋆_•, Δ � is a commutative connected filtered Hopf algebra.

• There is an isomorphism of Hopf algebras :

exp : � T (A), ∐∐ , Δ

�_∼ −→ � T (A), ⋆_•, Δ � . M. Hoffman gives a detailed proof in a slightly more restricted context [H2], which can easily be adapted in full generality (see also [EG]). Hoffman’s isomorphism is explicitly built as follows: let P(n) be the set of compositions of the integer n, i.e. the set of sequences I = (i_1, . . . , i_k) of positive integers such that i_1 + · · · + i_k = n. For any u = v_1 ⊗ · · · ⊗ v_n ∈ T (A) and any composition I = (i_1, . . . , i_k) of n we set:

I[u] := (v_1 • · · · • v_{i1} ) ⊗ (v_{i1 +1} • · · · • v_{i1 +i2} ) ⊗ · · · ⊗ (v_{i1 +···+ik−1 +1} • · · · • v_n).

We then further define:

exp u = � I=(i_1 ,··· ,i_k )∈P(n) 1 i_1! · · · i_k!

I[u].

Moreover ([H2], Lemma 2.4), the inverse log of exp is given by :

log u = � I=(i_1 ,··· ,i_k )∈P(n)

(−1)^{n−k} i_1 · · · i_k

I[u].

For example for v_1, v_2, v_3 ∈ A we have :

exp v_1 = v_1 , log v_1 = v_1,

exp(v_1 ⊗ v_2) = v_1 ⊗ v_2 + 1 2 v_1 • v_2 , log(v_1 ⊗ v_2) = v_1 ⊗ v_2 − 1 2 v_1 • v_2,

exp(v_1 ⊗ v_2 ⊗ v_3) = v_1 ⊗ v_2 ⊗ v_3 + 1 2 (v_1 • v_2 ⊗ v_3 + v_1 ⊗ v_2 • v_3) + 1 6 v_1 • v_2 • v_3,

log(v_1 ⊗ v_2 ⊗ v_3) = v_1 ⊗ v_2 ⊗ v_3 − 1 2 (v_1 • v_2 ⊗ v_3 + v_1 ⊗ v_2 • v_3) + 1 3 v_1 • v_2 • v_3.

We now choose as commutative algebra A the space of sequences spanned by σ_s : n → n^{−s}, s ∈ C. This algebra can also be seen as the space of functions on [1, +∞[ spanned by the functions σ_s : t → t^{−s}, s ∈ Z (we identify by a small abuse of notations the function σ_s and its restriction to the positive integers). The product • on A will be chosen as the ordinary commutative product of functions, or its opposite.

2 Chen sums and multiple zeta functions

We introduce the truncated Chen sums, which are linear forms on H = T (A) defined by:_{N,Chen} � ≤ f_1 ⊗ · · · ⊗ f_k := � 1≤n_k ≤···≤n_1≤N

f_1(n_1) · · · f_k(n_k) (1)

in its “weak inequality version”, and by:

N,Chen � < f_1 ⊗ · · · ⊗ f_k := � 1≤n_k <···<n_1<N

f_1(n_1) · · · f_k(n_k) (2)

in its “strict inequality version”for any f_1, . . . f_k ∈ A. Provided it exists we call the limit when N → +∞ a Chen sum. The multiple zeta functions (in both “weak inequality” and “strict inequality” versions) are defined for Re s_1 > 1 and Re s_i ≥ 1 for i = 2, · · · , k by the following convergent Chen sums:

ζ(s_1, · · · , s_k) :=

Chen�

≤ σ_{s1} ⊗ · · · ⊗ σ_{sk} = � 1≤n_k ≤n_{k−1}≤···≤n_1

n^{−sk}_k · · · n^{−s1}_1 (3)

ζ(s_1, · · · , s_k) :=

Chen�

< σ_{s1} ⊗ · · · ⊗ σ_{sk} = � 1≤n_k <n_{k−1}<···<n_1

n^{−sk}_k · · · n^{−s1}_1 . (4)

We have the following relations between both versions (see [H]):

ζ(a_1, . . . , a_k) = � I=(i_1 ,··· ,i_r )∈P(k)

ζ(b^I_1, . . . b^I_r ),

ζ(a_1, . . . , a_k) = � I=(i_1 ,··· ,i_r )∈P(k)

(−1)^{k−r}ζ(b^I_1, . . . b^I_r) (5)

with b^I_s := a_{i1 +···+is−1+1} +· · ·+a_{i1+···+is} . The quasi-shuffle relations between multiple zeta functions can be presented as follows:

Theorem 2 1. Consider the commutative algebra (A, •) where • is the opposite of the ordinary product. For any f_1, · · · , f_k ∈ A, for any N ∈ N, the truncated Chen sums fulfill the following relations:

N,Chen � ≤ (f_1⊗· · ·⊗f_k) ⋆_• (g_1⊗· · ·⊗g_l) = � � N,Chen � ≤ f_1 ⊗ · · · ⊗ f_k � � � � N,Chen � ≤ g_1 ⊗ · · · ⊗ g_l � � . (6)

2. Whenever the Chen sums converge as N → ∞, in the limit we have:

Chen�

≤ (f_1 ⊗· · ·⊗f_k) ⋆_• (g_1 ⊗· · ·⊗g_l) = � � Chen�

≤ f_1 ⊗ · · · ⊗ f_k � � � � Chen�

≤ g_1 ⊗ · · · ⊗ g_l � � . (7) 3. The same statements hold with the strict inequality version provided • is now the ordinary product without minus sign.

Proof:

1. The domain:

P_{k,l} := {n_1 > · · · > n_k ≥ 1} × {n_{k+1} > · · · > n_{k+l} ≥ 1} ⊂ (N − {0})^{k+l} is partitioned into: P_{k,l} = � π∈mix sh(k,l)

P_π,

where the domain P_π is defined by:

P_π = {(n_1, . . . , n_{k+l}) / n_{πm} > n_{πp} if m > p and π_m ≠ π_p, and n_m = n_p if π_m = π_p}. As we must replace strict inequalities by weak ones, let us consider the “closures” P_π := {(n_1, . . . , n_{k+l}) / n_{πm} ≥ n_{πp} if m ≥ p and n_m = n_p if π_m = π_p}.

which then overlap. By the inclusion-exclusion principle we have: P_{k,l} = � 0≤r≤min(k,l)

(−1)^r � π∈mix sh(k,l;r)

P_π , (8)

where we have set:

P_{k,l} := {n_1 ≥ · · · ≥ n_k ≥ 1} × {n_{k+1} ≥ · · · ≥ n_{k+l} ≥ 1} ⊂ (N − {0})^{k+l} Each term in equation (8) must be added if r is even, and removed if r is odd. Considering the summation of f_1 ⊗ · · · ⊗ f_{k+l} over each P_π, this decomposition immediately yields the equality: � � � 1≤n_k ≤···≤n_1 ≤N

f_1(n_1) · · · f_i(n_k) � � � � � 1≤n_{k+l}≤···≤n_{k+1}≤N

f_{k+1}(n_{k+1}) · · · f_{k+l}(n_{k+l}) � �

= N,Chen � ≤ � π∈mix sh(k,l)

f^π, (9)

where f^π = f^π_1 ⊗ · · · ⊗ f^π_{k+l−r} is the tensor product of expressions defined by: f^π_j = •

i∈{1,··· ,k+l}, π(i)=j

f_i.

The quasi-shuffle relations (6) are then a reformulation of equality (9) using the commutative algebra (A, •).

2. Taking the limit as N → ∞ provides the last statement of the theorem. 3. The proof is similar, using the domains P_π rather than the “closures” P_π. As there are no overlappings the signs disappear in Formula (8). ⊔⊓

3 Regularised Chen sums

We introduce on the algebra A the Riesz regularisation procedure which associates to any element of A an holomorphic family of elements of A. It is defined by:

R(σ_s)(z) = σ_{s+z} . (10)

The regularisation R naturally extends to a morphism on the tensor algebra T (A) via:

~R(f_1 ⊗ · · · ⊗ f_k) := R(f_1) ⊗ · · · ⊗ R(f_k). (11)

This regularisation is also compatible with the shuffle product. Twisting it with the Hoffman isomorphism exp gives us a regularisation procedure ~R^∗ = exp ∘ ~R ∘ log compatible with the quasi-shuffle product: indeed, using the multiplicativity of R̃ w.r.to the shuffle product we have:

R̃^⋆(σ ⋆_• τ) = exp ∘R̃ ∘ log (σ ⋆_• τ)

= exp ∘R̃ (log(σ) ∐∐ log(τ))

= exp � R̃ ∘ log(σ)_{∐∐} R̃ ∘ log(τ) �

= � exp ∘R̃ ∘ log(σ) � ⋆_• � exp ∘R̃ ∘ log(τ) � = R̃^⋆(σ) ⋆_• R̃^⋆(τ).

Theorem 3 For any σ ∈ H = T (A) the Chen sums

Chen�

≤ ~R^∗(σ)(z) and^{Chen} � < ~R^∗(σ)(z)

are holomorphic for Re z sufficiently large, and extend to the whole complex plane as meromorphic functions of the variable z.

Sketch of proof: The proof is carried out by induction on the depth of the iterated sum, i.e. the degree of σ in the tensor algebra. The degree 1 case is nothing more than the analytic continuation of the Riemann Zeta function, which can be set up by means of the Euler-MacLaurin formula (see [MP2]). The result in any degree relies on similar properties for Chen integrals (see [MP2] and also [MP]), the bridge between Chen integrals and Chen sums being provided by an iterated use of the Euler-MacLaurin formula.

In fact this result is proven in [MP2] in the more general context of classical pseudo-differential symbols on R^d, allowing higher-dimensional analogues of multiple zeta functions. We briefly report on this point in Section 7. ⊔⊓

The space of meromorphic functions will be denoted by M(C). We refer to the meromorphic functions obtained by means of Theorem 3 as regularised Chen sums,

which we denote by

Chen − � ≤ ~R^∗(σ)(z) and^{Chen}− � < ~R^∗(σ)(z) respectively. By virtue of the

compatibility of the regularisation procedure ~R^∗ with the quasi-shuffle product, and by analytic continuation of the quasi-shuffle relations, we have:

Proposition 1 : The map

A → M(C)

σ → − � R(σ)(z) := fp_{N→+∞} N� k=1 σ_z (k)

extends to multiplicative maps

Ψ^R( resp. Ψ^{′R}) : (T (A) , ⋆_•) → M(C) σ → Chen − � ≤ R̃^⋆(σ)(z) � resp.^{Chen}− � < R̃^⋆(σ)(z)�

where • stands for the ordinary product · for Ψ^{′R}, and stands for the opposite of the ordinary product for Ψ^R. In other words,

Ψ^R (σ_1 ⊗ · · · ⊗ σ_k ) (z) :=

Chen − � ≤ R̃^⋆ (σ_1 ⊗ · · · ⊗ σ_k ) (z)

Ψ^{′R} (σ_1 ⊗ · · · ⊗ σ_k ) (z) :=

Chen − � < R̃^⋆ (σ_1 ⊗ · · · ⊗ σ_k ) (z)

satisfy the quasi-shuffle relations:

Ψ^R(σ ⋆_• τ) = Ψ^R(σ) · Ψ^R(τ),

Ψ^{′R}(σ ⋆_• τ) = Ψ^{′R}(σ) · Ψ^{′R}(τ)

which hold as equalities of meromorphic functions, and where • stands for ∓· as above.

Remark 2 The results of this paragraph remain valid modulo a small restriction if we replace the Riesz regularisation procedure by more general regularisations: for example, for any holomorphic function λ : C → C one can use the regularisation R_λ defined by:

R_λ(σ_s)(z) = σ_{s+λ(z)}. (12)

One can show that the corresponding regularised Chen sums admit an analytic continuation to {z ∈ C, λ^′(z) ≠ 0}. A particular example of this situation is given by λ(z) = λ_μ := z +μz^2 where μ is a constant. The corresponding regularisation R_{λμ} will be denoted by R_μ. The corresponding regularised Chen sums are then meromorphic on C − {−1/2μ}. In particular they are meromorphic in a neighbourhood of 0.

4 Renormalised Chen sums

The regularised Chen sums introduced in the previous paragraph define a character of the quasi-shuffle Hopf algebra H = (T (A), ⋆_•) (where • = ∓. is minus or plus the ordinary product of functions). We can now apply the Birkhoff-Connes-Kreimer decomposition to it:

Theorem 4 The map A → C σ → fp_{z=0} − � R(σ)(z),

where fp_{z=0} stands for the constant term in the Laurent expansion at z = 0, extends to a multiplicative map:

ψ^R( resp. ψ^{′R}) : (T (A) , ⋆_•) , −→ C σ → Ψ^R_+ (σ)(0) � resp. Ψ^{′R}_+ (σ)(0) �

defined from the Birkhoff decomposition of Ψ^R(σ)(z) =^{Chen}− � ≤ R̃⋆ (σ) (z) (resp. Ψ′^R(σ)(z) =

Chen − � < R̃⋆ (σ) (z)) with respect to the minimal subtraction scheme. It coincides with the

ordinary Chen sums

�_{Chen} ≤ (resp.

�_{Chen}

< ) when the latter converge. Here • stands for the product ∓· as in Proposition 1.

Proof: Let us prove the weak inequality case: The Birkhoff decomposition [CK], [M] for the minimal substraction scheme reads: Ψ^R = � Ψ^R_−

�_{∗−1} ∗ Ψ^R_+ with • = −·. Since Ψ^R_+ is multiplicative on (T (A) , ⋆_•), it obeys the quasi-shuffle relation:

Ψ^R_+ (σ ⋆_• τ) (z) = Ψ^R_+ (σ)(z) Ψ^R_+ (τ)(z) (13) which holds as an equality of meromorphic functions holomorphic at z = 0. Setting ψ^R := Ψ^R_+ (0), and applying the quasi-shuffle relations (13) at z = 0 yields ψ^R (σ ⋆_• τ) = ψ^R(σ) ψ^R(τ). (14) The tensor products σ = σ_{s1} ⊗ · · · ⊗ σ_{sk} where Re s_1 > 1 and Re s_i ≥ 1, i = 2, · · · , k span a right co-ideal of T (A). The restriction of Ψ^R to this right co-ideal takes values in functions which are holomorphic at z = 0. In that case it follows by construction that:

ψ^R (σ) = Ψ^R_+ (σ)(0) = Ψ^R(σ)(0) =

Chen − � ≤ σ. The strict inequality case can be derived similarly setting • = ·. ⊔⊓

On the grounds of this result we set the following definition:

Definition 2 For any σ ∈ T (A), the renormalised Chen sums of σ (in both weak and strict inequality versions) are defined by:

Chen,R − � ≤ σ := ψ^R(σ),

Chen,R − � < σ := ψ^{′R}(σ).

By (14) we have:_{Chen,R} − � ≤ σ ∗_• τ =

Chen,R − � ≤ σ Chen,R − � ≤ τ (15)

for • = −·, and similarly for the strict inequality versions with. • = ·

5 Quasi-shuffle relations for renormalised multiple zeta functions

Recall that multiple zeta functions ζ(s_1, · · · , s_k) and ζ(s_1, · · · , s_k) defined above converge whenever Re s_1 > 1 and Re s_2 ≥ 1, · · · , Re s_k ≥ 1 in which case they obey quasi-shuffle relations. In this section, we implement the renormalisation procedure described in the previous paragraph to extend them to other integer values of s_i while preserving the quasi-shuffle relations.

Let W be the R-vector space freely spanned by sequences (u_1, . . . , u_k) of real numbers. Let us define the quasi-shuffle product on W by: (u_1, . . . , u_k)⋆(u_{k+1}, . . . , u_{k+l}) = � 0≤r≤min(k,l)

(−1)^r � π∈mix sh(k,l;r)

(u^π_1 , . . . , u^π_{k+l−r}), (16)

with: u^π_j = � i∈{1,...,k+l},π(i)=j

u_i.

(the sum above contains only one or two terms). Define a map u → σ_u from W to T (A) by:

σ_{(u1 ,...,uk )} := σ_{u1} ⊗ · · · ⊗ σ_{uk} . Then σ_u ⋆_• σ_v = σ_{u⋆v} .

The same holds with • = · provided we drop the signs (−1)^r in equation (16) defining the quasi-shuffle product on W .

We now apply the results of the previous section to extend the usual quasi-shuffle relations to non converging sums. Given a real number μ, we consider the holomorphic regularisation R_μ defined in Remark 2.

Theorem 5 For any real number μ, and any s_1, · · · , s_k ∈ C the renormalised multiple zeta values

ζ^μ(s_1, · · · , s_k) := ψ^{Rμ} (s_1, · · · , s_k), ζ^μ(s_1, · · · , s_k) := ψ^{′Rμ} (s_1, · · · , s_k) with ψ^{Rμ} , ψ^{′Rμ} as in Definition 2, have the following properties:

1. They verify the quasi-shuffle relations: ζ^μ(u ⋆ v) = ζ^μ(u) ζ^μ(v) (17) when the quasi-shuffle product ⋆ is defined by (16), and: ζ^μ(u ⋆ v) = ζ^μ(u) ζ^μ(v) (18) when the quasi-shuffle product ⋆ is defined by (16) with signs (−1)^r removed.

2. ζ^μ(s) = ζ^μ(s) = fp_{z=0} − � k^{−s−fμ (z)} for any s ∈ C,

3. for any positive integer k, and whenever Re s_1 > 1 and Re s_j ≥ 1 for 2 ≤ j ≤ k,

ζ^μ(s_1, · · · , s_k) = � 0<s_1≤···≤n_k

n^{−s1}_1 · · · n^{−sk}_k = ζ(s_1, · · · , s_k),

ζ^μ(s_1, · · · , s_k) = � 0<s_1<···<n_k

n^{−s1}_1 · · · n^{−sk}_k = ζ(s_1, · · · , s_k)

independently of μ.

Proof: The proof follows from Theorem 4 applied to R^μ instead of the Riesz regularisation R. ⊔⊓

This is the unique extension of ordinary multiple zeta functions to integer arguments s_i ≥ 1 which verifies the three properties of Theorem 5. Indeed, the expressions ζ^μ(s_1, · · · , s_k) and ζ^μ(s_1, · · · , s_k) converge whenever s_1 > 1 since by assumption, all the s_i are no smaller than 1. When they converge, they obey the quasi-shuffle relations (17) and (18) respectively. The uniqueness of the extension to the case s_1 = 1 then follows by induction on the length k from the quasi-shuffle relations (17) which “push” the leading term s_1 = 1 whenever it arises, away from the first position and therefore expresses divergent expressions in terms of convergent expressions. This provides the uniqueness of the extension of Riemann multiple zeta functions to regularised multiple zeta functions satisfying quasi-shuffle relations, once the value θ at the argument 1 is imposed; see [H], [W], [Z]. Here it is the parameter μ that plays the role of this constant θ.

More precisely we can easily compute, e.g. by means of the Euler-MacLaurin formula:

θ = ζ^μ(1) = fp_{z=0} fp_{N→+∞} N� k=1 k^{−1−z−μz2}

= − fp_{z=0} 1 z 1 1 + μz

(N^{−z−μz2} − 1)

= −μ.

The other mutiple zeta values with 1 on the left are then computed by means of the quasi-shuffle relations, for example:

ζ^μ(1, 2) = −μζ(2) − ζ(2, 1) − ζ(3).

6 Multiple zeta values at nonpositive arguments

Let us sum up the steps of the procedure we implemented to get renormalised values of multiple zeta functions ζ^μ(s_1, . . . , s_k) which obey quasi-shuffle relations.

1. Using a holomorphic regularisation R^μ we built meromorphic maps

z →^{Chen}− � ≤ ~Rμ^∗ (σ_{s1} ⊗ · · · ⊗ σ_{sk} ) which obey the quasi-shuffle relations as identi-

ties between meromorphic functions.

2. The poles of these meromorphic functions might add superfluous contributions to the finite part and thereby spoil the quasi-shuffle relations when taking finite parts. A Birkhoff factorisation at z = 0 was therefore implemented to take care of these extra terms by introducing counterterms. The resulting renormalised multiple zeta values ζ^μ(s_1, · · · , s_k) indeed obey the quasi-shuffle relations.

Since the meromorphic maps^{Chen}− � ≤ ~Rμ^∗ (σ_{s1} ⊗ · · · ⊗ σ_{sk} ) obtained from the holomor-

phic perturbation turn out to be holomorphic for non negative integers s_i, Birkhoff factorisation is superfluous^1 and will only lead to the same finite parts corresponding to ordinary limits as z → 0:

ζ^μ(s_1, . . . , s_k) = fp_{z=0} ~R^{μ∗} (σ_{s1} ⊗ · · · ⊗ σ_{sk} ) = lim_{z→0} ~R^{μ∗} (σ_{s1} ⊗ · · · ⊗ σ_{sk} ) .

We show in [MP2] that for any nonpositive integers s_1, . . . , s_k the multiple zeta values ζ(s_1, . . . , s_k) obtained from Riesz regularisation R (i.e. for μ = 0) are rational numbers.

The treatment of the strict inequality version ζ(s_1, . . . , s_k) is completely similar, but we stick to the weak inequality version as it is more easy to handle for an iterated use of the Euler-MacLaurin formula, which is the key ingredient to prove the rationality by induction on the depth. Along the same lines we also outline an algorithm to compute effectively the renormalised multiple zeta values at nonpositive arguments obtained with the Riesz regularisation. For double zeta values at nonpositive arguments we obtain the following formula:

ζ(−a, −b) = 1 b + 1 b+1� s=0 � b + 1 s � B_sζ(−a−b+s−1)+ζ(−a)ζ(−b)+(−1)^{a+1} a!b!

2(a + b + 2)!

B_{a+b+2}.

(19) In terms of Bernoulli numbers, this is equivalent to:

ζ(−a, −b) = 1 b + 1 b+1� s=0 (−1)^{a+b−s+1} a + b − s � b + 1 s � B_sB_{a+b+2−s} +

(−1)^{a+b} (a + 1)(b + 1)

B_{a+1}B_{b+1}

+ (−1)^{a+1} a!b!

2(a + b + 2)!

B_{a+b+2}. (20)

1We refer to [M]; here the tensor algebra is built over the algebra A^+ := {t → t^s, s ≥ 0}.

One can then establish a table of values ζ(−a, −b) for a, b ∈ {0, · · · , 6}:

ζ(−a, −b) a = 0 a = 1 a = 2 a = 3 a = 4 a = 5 a = 6

b = 0 3 8 1 12 7 720 − 1 120 − 11 2 520 1 252 1 224

b = 1 1 24 1 288 − 1 240 − 19 10 080 1 504 41 20 160 − 1 480

b = 2 − 7 720 − 1 240 0 1 504 113 151 200 − 1 480 − 307 166 320

b = 3 − 1 240 1 840 1 504 1 28 800 − 1 480 − 281 332 640 1 264

b = 4 11 2 520 1 504 − 113 151 200 − 1 480 0 1 264 117 977 75 675 600

b = 5 1 504 − 103 60 480 − 1 480 1 1232 1 264 1 127 008 − 691 65 520

b = 6 − 1 224 − 1 480 307 166 320 1 264 − 117 977 75 675 600 − 691 65 520 0

Remark 3 The formula for ζ(−a, −b) coincides with the proposal of [AET] at the end of their paper (denoted by ζ^∗(−b, −a) with their notations). This coincidence does not hold in depth ≥ 3 because of the incidence of the Hoffman isomorphism Exp [MP2]. If a + b is odd and b ≠ 0, all terms in equation (19) vanish except the one with s = 1. This yields: ζ(−a, −b) = − 1 2 ζ(−a − b), (21)

a fact also established by L. Guo and B. Zhang by different means [GZ]. We also have for odd a :

ζ(−a, 0) = −ζ(−a). (22) The values for ζ(−a, −a) are forced by the quasi-shuffle relations, and hence coincide with those computed in [GZ]. Values of ζ(−a, −b) disagree however for a + b even and a, b distinct. This shows that the quasi-shuffle relations are not sufficient to fully determine multiple zeta values at nonpositive arguments.

7 A higher-dimensional analogue

Considering the d-dimensional vector space R^d endowed with the supremum norm |(x_1, . . . x_d)| := sup_i |x_i| one can consider the d-dimensional analogue of multiple zeta functions:

ζ_d(s_1, . . . , s_k) := � p_1 ,...,p_k ∈Z^d, 0<|p_k |<···<|p_1 |

|p_1|^{−s1} · · · |p_k|^{−sk} . (23)

The sum above converges whenever Re s_1 > d and Re s_j ≥ d, j = 2, . . . , k. We proved in [MP2], using as commutative algebra A an algebra of radial pseudo-differential symbols endowed with a suitable product •, that:

1. Higher-dimensional multiple zeta functions ζ_d can be renormalised along the same lines as above. The higher-dimensional analogues of the quasi-shuffle relations are reflected in the fact that this procedure gives a character of the associated quasi-shuffle Hopf algebra.

2. Riesz-Regularised renormalised higher-dimensional multiple zeta values at nonpositive arguments are again rational numbers.

3. Higher-dimensional renormalised multiple zeta fuctions are linear combinations (with positive integer coefficients) of “usual” renormalised multiple zeta fuctions. As an example we have:

ζ_1(s) = 2ζ(s), ζ_2(s) = 8ζ(s, 0) + 8ζ(s), ζ_3(s) = 48ζ(s, 0, 0) + 56ζ(s, 0) + 26ζ(s).

References

[BGV] N. Berline, E. Getzler, M. Vergne, Heat kernels and Dirac operators, Grundlehren der mathematischen Wissenschaften 298, Springer Verlag (1992)

[AET] S. Akiyama, S. Egami, Y. Tanigawa, Analytic continuation of multiple zeta functions and their values at nonpositive integers, Acta Arthm. 98, 107-116 (2001).

[C1] P. Cartier, Fonctions polylogarithmes, nombres polyzeta et groupes prounipotents, Séminaire Bourbaki, Astérisque n. 282 (2002) 137–173

[C2] P. Cartier, An introduction to zeta functions, in “ From number theory to physics”, ed. M. Walschmidt, P. Moussa, J.-M. Luck, C. Itzykson Springer Verlag (1992).

[CM] A. Connes, M. Marcolli, From Physcs to Number theory via Noncommutative Geometry Frontiers in number theory, physics, and geometry. I, 269–347, Springer, Berlin, 2006

[CEMP] C. Costermans, H.N. Minh, J.Y. Enjalbert, M. Petitot, Structure and asymptotic expansion of multiple harmonic sums, ISSAC Proceedings, Beijing, 24-27 July 2005.

[CK] A. Connes, D. Kreimer, Hopf algebras, Renormalisation and Noncommutative Geometry, Comm. Math. Phys. 199 (1988) 203-242 .

[EG] K. Ebrahimi-Fard, L. Guo, Mixable Shuffles, Quasi-shuffles and Hopf Algebras J. Algebraic Combin. 24, no. 1 (2006) 83–101

[EGK] K. Ebrahimi-Fard, L. Guo, D. Kreimer, Integrable renormalization I: the ladder case, J. Math. Phys. 45, (2004) 3758–3769; Integrable renormalization II: the general case, Ann. Inst. H. Poincaré 6 (2004) 369–395.

[EGGV] K. Ebrahimi-Fard, J. Gracia-Bondia, L. Guo, J. Varilly, Combinatorics of renormalization as matrix calculus, Phys. Lett. B. 19 (2006), 552-558.

[ENR] M. Espie, J-Ch. Novelli, G. Racinet, Formal computations about multiple zeta values, IRMA Lect. Math. Theor. Phys. 3, Berlin (2003).

[GZ] L. Guo and B. Zhang, Renormalization of multiple zeta values, J. Algebra (to appear), arxiv:math.NT/0606076 (2006).

[GZ2] L. Guo and B. Zhang, Differential Birkhoff decomposition and the renormalization of multiple zeta values, J. Number Theory (to appear) arxiv:0710.0432 (2007).

[GSW] V. Guillemin, S. Sternberg, J. Weitsman, The Ehrart function for symbols, Surveys in Differential Geometry. Special memorial volume dedicated to S. S. Chern (2006). arXiv:math.CO/0601714v1.

[Ha] G. Hardy, Divergent series, Oxford University Press, 1967.

[H] M. Hoffman, Multiple harmonic series, Pacific J. Math. 152 (1992) 275–290;

The algebra of multiple harmonic series, Journ. Algebra 194 (1997) 477–495 , The Hopf algebra structure of multiple harmonic sums, arXiv:math.QA/0406589 (2004).

[H2] M. Hoffman, Quasi-shuffle products, J. Algebraic Combin. 11, 49-68 (2000)

[Ka] Ch. Kassel, Quantum groups, Graduate Texts in Mathematics, 155, Springer- Verlag, New York, 1995.

[K] D. Kreimer, Chen’s iterated integral represents the operator product expansion, Adv. Theo. Math. Phys.3 (1999)

[KSW1] Y. Karshon, S. Sternberg, J. Weitsman, The Euler-Maclaurin formula for simple integral polytopes, Proc. Natl. Acad. Sci. USA 100, no.2 (2003). 426-433.

[KSW2] Y. Karshon, S. Sternberg, J. Weitsman, Euler-MacLaurin with remainder for a simple integral polytope, Duke Math. Journ. 130, no.3 (2005) 401-434.

[KV] M. Kontsevich, S. Vishik, Determinants of elliptic pseudo-differential operators, Max Planck Institut preprint, 1994.

[L] M. Lesch, On the non commutative residue for pseudo-differential operators with log-polyhomogeneous symbols, Ann. of Global Anal. and Geom. 17 (1998) 151– 187.

[M] D. Manchon, Hopf algebras, from basics to applications to renormalisation, Rencontres Mathématiques de Glanon, and arXiv:math. QA/0408405.

[Mi] H.N. Minh, Des propriétés structurelles des polylogarithmes aux aspects algorithmiques des sommes harmoniques multiples, Notes de l’exposé du 12/01/06 au groupe de travail “Polylogarithmes et Polyzeta”, Université Paris VII.

[MMP] Y. Maeda, D. Manchon, S. Paycha, Stokes’ formulae on classical symbol valued forms and applications, preprint arXiv:math.DG/0510454 (2005).

[MP] D. Manchon, S. Paycha, Shuffle relations for regularised integrals of symbols Comm. Math. Phys 270 (2007) 13-31

[MP2] D. Manchon, S. Paycha, Chen sums of symbols and renormalised multiple zeta values, submitted, arxiv:math/0702135 (2007).

[P] S. Paycha, From heat-operators to anomalies; a walk through various regularization techniques in mathematics and physics, Emmy Nöther Lectures, Göttingen, 2003 (http://www.math.uni-goettingen.de); Anomalies and regularisation techniques in mathematics an physics, Lecture Notes, Preprint, Colombia, 2003 (http://www.lma.univ-bpclermont.fr/ paycha/publications/html).

[PS] S. Paycha, S. Scott, A Laurent expansion for regularised integrals of holomorphic symbols, Geom. and Funct. Anal. (2) 17 (2007) 491-536

[W] M. Waldschmidt, Valeurs zeta mutiples. Une introduction. Journal de Théorie des Nombres de Bordeaux 12 (2000) 581–595.

[Z] D. Zagier, Values of zeta functions and their applications, in “First European Congress of Mathematics”, Vol. II, 497–512, Birkhaüser, 1994; Multizeta values (manuscript).

[Zh] J. Zhao, Analytic continuation of multiple zeta functions, Proc. Amer. Math.

Soc. 128, 1275-1283 (2000).

[Zh2] J. Zhao, renormalization of multiple q-zeta values, arXiv:math.NT/0612093 (2006)

[Zu] V.V. Zudilin, Algebraic relations for multiple zeta values, Russ. Math. Surveys 58:1 (2003) 3–32.