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Abstract

This paper describes a numerical method to simulate delamination growth in layered composite structures within the

framework of fracture mechanics in large displacement. It is based on the search for the stationary points of the total

energy of the structure, defined as the sum of the mechanical energy and the fracture energy associated with the del-

amination growth. The resulting non-linear problem is solved by Newton’s method. The expressions for the first and

second derivatives of energy with respect to a crack front displacement are derived analytically. Numerical examples are

presented for specimens loaded in mode I and show the influence of the geometrical parameters on the growth. � 2002

Elsevier Science B.V. All rights reserved.
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1. Introduction

Composites laminates are widely used in both civil and military aircraft structures leading to weight
saving. However, study of the behaviour of such materials has shown that they are more damage sensitive
than metallic material especially to delamination due to edge effect or low velocity impact [1]. In order to
improve the performance of composite structures, advances must be made in the prediction of delamination
growth and the evaluation of residual strength. The aim of this paper is to extend a delamination model
valid for the plate in small displacement [2] or large displacement [3] to the case of curved structures as
shells.

Two kinds of approach are commonly used to study delamination growth, (i) the damage mechanics
approach in which the interface enclosing the delamination is modelled by a damageable material. Del-
amination is obtained when the damage variable reaches its maximum value [4–7] and (ii) the fracture
mechanics approach which the present work is part. In such an approach, the delamination characteristic
are the stress intensity factors [8–10] and more generally the local energy release rate computed using either
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the virtual crack closure technique [11–13] or the so-called h-method proposed by Destuynder [14] and
recently extended to a boundary integral equation framework by Bonnet [15]. The h-method allows the
expressions of the energy derivatives with respect to the front displacement to be derived analytically.

To our knowledge, few numerical studies are devoted to delamination growth simulation, within the
framework of fracture mechanics. Most of them use of local Griffith’s criterion [16]: the local energy release
rate G is compared to the critical value Gc and the points of the front where G > Gc are moved along the
normal to the front. The incremental law is either empirical and the iterative process is stopped when
G6Gc everywhere along the front [17,18], or derived from the theory of thermodynamics of continuum
media [19]. As explained in [2], this local approach must be given up in complex situations for which a
global method similar to those of [20–22] is more convenient. Such methods are based on the minimization
of the total energy E defined as the sum of the mechanical energy and a fracture energy associated to the
delamination growth. For a fixed level of loading, if the delamination growth is stable, it is assumed that the
front location at arrest is a stationary point for E. The resulting non-linear problem is then solved using
Newton’s method.

In the case of a shell structure the situation is more complex because the delamination front is not
moving in a plane but in a curved surface x of the Euclidean space [23]. For this reason, in order to derive
the mechanical energy in respect to the evolution of the crack front, we need to express first the formulation
in a local reference frame associated to x [24]. It is made in Section 2. The expressions of the energy de-
rivatives are then derived in Section 3. This allows to apply in Section 4 the delamination growth model
previously developed in the case of plane delaminations. The numerical approximation is presented in
Section 5. Finally, numerical examples are studied in Section 6 and the influence of the geometrical pa-
rameters on the growth is highlighted. To our knowledge, beyond the few works concerning delamination
in curved structure, no one has been studied this influence. Let us mention (i) the experimental works of
Ozdil Carlsson [25] and Davies et al. [26] who determined the critical energy release rate associated to a
crack in composite cylindrical structures; (ii) the theoretic works of Storackers and Larsson [27] who
studied the behaviour of a cylindrical structure with a circular delamination and the works of Rankin et al.
[28] who studied the behaviour of cracks in stiffened fuselage shells.

2. Problem statement

Let us consider, in the Euclidean space E3 referred to the orthonormal frame (O;~ee1;~ee2;~ee3) a cantilever
layered shell X of constant thickness 2h having a delamination at an interface x parallel to its mid-surface
(see Fig. 1 for notations). The structure is fixed on the part Cu � oX where oX is the boundary of X and is
submitted to the surface loads f 2 ðL2ðCf ÞÞ3 on Cf � oX such that Cu \ Cf ¼ ;. It is assumed that (i) the
neighbourhood of the delamination front cf is unloaded, (ii) the loading is proportional i.e. f ¼ kt where k
is the loading factor and t is a fixed loading, (iii) the total energy E of the shell is the sum of the mechanical
energy J and a fracture energy D associated with the delamination propagation

Eðu; cf Þ ¼ Jðu; cf Þ þ Dðu; cf Þ: ð1Þ

The functionals J and D depend generally on both the displacement field u and the front location cf .
Nevertheless, in order to concentrate our study essentially on the curvilinear aspect of the structure and of
the delamination, we will assume that the functional D is independent of the displacement field u. On this
subject, we refer the reader to the recent work of [29].

The model of delamination growth is stated as follows: let the delamination front c0f � x at starting and
the loading magnitude f be known and unchanged during propagation; it is assumed that the unknown
front at arrest cf and the displacement field u ensure the stationarity of Eðu; cÞ seen as a functional of two
variables;
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ðu; cf Þ? such that Eðu; cf Þ ¼ min
ðv;cÞ

Eðv; cÞ 8v 2 V ; 8c 2 S; ð2Þ

where V and S will be specified later.

2.1. The elasticity problem: global reference frame

2.1.1. Mechanical energy Jðu; cf Þ
A Lagrangian formulation is used to describe the large displacements motion of the structure and it

is assumed that the elastic materials are of the St. Venant–Kirchhoff type. The constitutive equations are
then linear relations between the Green–Lagrange strain tensor cðuÞ and the second Piola–Kirchhoff stress
tensor r

r ¼ R : cðuÞ; cðuÞ ¼ 1
2
ðF t 
 F � I3Þ; F ¼ I3 þru; ð3Þ

where R is the fourth order material stiffness tensor and let S be its inverse; F, the gradient of the trans-
formation x! xþ uðxÞ; I3, the identity tensor of E3 and ru ¼ ðoui=oxjÞ, i; j ¼ 1; . . . ; 3. Then, the me-
chanical energy of the structure is written as

Jðu; cf Þ ¼
1

2

Z
Xðcf Þ

Trðr 
 cðuÞÞdX � k
Z

Cf

t 
 udC; ð4Þ

where Tr is the trace operator. The minimum of J, and E, with respect to u is then characterized by the
following variational problemR

X TrðS : r 
 sÞdX ¼
R

X Trðs 
 cðuÞÞdX 8s 2 RðXÞ;R
X Trðr 
 F t 
 ov=oxÞdX ¼ k

R
Cf
t 
 vdC 8v 2 V ðXÞ;

�
ð5Þ

with V ðXÞ ¼ fv 2 ðW 1;4ðXÞÞ3=vjCu ¼ 0g and RðXÞ ¼ ðL2s ðXÞÞ9 [30]. We assume that the formulation (5) has
at least one solution (u; r). In order to prevent interpenetration, the space V ðXÞ of the admissible dis-
placement fields should be reduced to

Fig. 1. Representation of the delaminated structure in the global ðx1; x2; x3Þ and local ðf1; f2; f3Þ reference frames.
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VgðXÞ ¼ fv 2 ðW 1;4ðXÞÞ3=vjCu ¼ 0=gðvÞP 0 on xd � xg ð6Þ

where the function gðuÞ describes the displacement gap at any point of the delaminated part xd � x.

2.1.2. Fracture energy Dðcf Þ
According to the Griffith’s assumption, it is assumed that the fracture energy associated with delam-

ination propagation is proportional to the increment of the delaminated area. If cx1
d ¼ x1 � x1

d is the
undelaminated part of the interface at starting and cxd the current part, the fracture energy is defined as

Dðcf Þ ¼ Gc

Z
cx1

d

dx

 
�
Z

cxd

dx

!
: ð7Þ

Gc is the critical energy release rate assumed constant along cf .

2.2. The elasticity problem: local reference frame

In order to derive easily the total energy with respect to the crack front displacement, we express the
problem in a local reference frame associated to the delaminated interface x. In the following, the repeated
summation convention is used: latin i, j, k, . . . (resp. greek a; b; . . .) indices and exponents take their values
in the set f1; 2; 3g ðresp. f1; 2gÞ.

2.2.1. Local description of the structure
Let us assume that the delaminated interface is defined by an injective mapping / : x̂x 2 R2 ! E3 such

that:

8x ¼ ðx1; x2; x3Þ 2 x; 9fa ¼ ðf1; f2Þ 2 x̂x; x ¼ /ðfaÞ; ð8Þ
the tangent space at x to x is then defined by the vectors (assumed linearly independents) ~aaa ¼ oa/. The
unit normal~aa3 to x at x is then defined as~aa3 ¼ ð~aa1 ^~aa2Þ=ðk~aa1 ^~aa2kÞ (^ is the exterior product). The vectors
ð~aaa;~aa3Þ form the covariant basis at x. Let X̂X be the open set defined as

X̂X ¼ x̂x�� � hI; hS½; ð9Þ
where hI and hS are the thickness of the lower and upper delaminated parts of X respectively ðhI þ hS ¼ 2hÞ,
and let be f ¼ ðfa; f3Þ 2 X̂X, then the domain X admits the following parametric description at x:

X ¼ x 2 E3=x
n

¼ /ðfaÞ þ f3~aa3; f 2 X̂X
o
: ð10Þ

We note aab ¼~aaa~aab the covariant components of the metric tensor, bab ¼~aa3~aaa;b the covariant components of
the curvature tensor. The associated contravariant basis ð~aaa;~aa3Þ is then defined as aa ¼ aabab and ~aa3 ¼~aat3.
We choose to express the displacement field ~uu in the contravariant bases

~uuðxÞ ¼ uiðxÞ~eei ¼ uiðfÞ~aaiðfÞ ¼ ~̂uûuuðfÞ; ð11Þ
and the two times contravariant stress tensor r such that

rðxÞ ¼ rijðxÞ~eei �~eej ¼ rijðfÞ~aaiðfÞ �~aajðfÞ ¼ r̂rðfÞ: ð12Þ
We refer the reader to [30] for the complete description.

2.2.2. Mechanical energy ĴJðu; ĉcf Þ and fracture energy D̂Dðĉcf Þ
After a straightforward computation, the variational formulation (5) takes the following form (see

Appendix A for details and notations):
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R
X̂X TrðS : r 
 sÞ ¼

R
X̂X Trðs 
 cðuÞÞ 8s 2 RðX̂XÞ;R

X̂X Trðr 
 F 
 ðd 
 eðv̂vÞÞtÞ ¼ k
R

ĈCf
t̂t 
 v̂v

ffiffiffiffiffiffi
jgj

p
dC 8v̂v 2 V ðX̂XÞ;

(
ð13Þ

where the components of the tensor S are generally functions of the coordinates f, even in the case of
isotropic materials. In this formulation, the delamination front cf has a planar representation ĉcf 2 R2 such
that /ðĉcf Þ ¼ cf which permits us to apply the method used in the plane case [2,3]. The associated energy is
expressed as

ĴJðu; ĉcf Þ ¼
1

2

Z
X̂Xðcf Þ

Trðr 
 cðuÞÞdX̂X � k
Z

ĈCf

t̂t 
 ûu
ffiffiffiffiffiffi
jgj

p
dĈC; ð14Þ

whereas the fracture energy (7) becomes

D̂Dðĉcf Þ ¼ Gc

Z
c
x̂x1
d

ffiffiffiffiffiffi
jgj

p
dx̂x

0
@ �

Z
cx̂xd

ffiffiffiffiffiffi
jgj

p
dx̂x

1
A: ð15Þ

3. Energies derivatives

In the following, the tensors are functions of the local coordinates f and we note u for u and r for r the
displacement field and the strain tensor.

3.1. The h-method

We now have to write the stationarity of E with respect to ĉcf . As it is assumed that the delamination
front ĉcf remains at the interface x̂x � R2 during propagation, the virtual kinematics of the delamination
front can be described by a plane vector field hðfÞ ¼ ðh1ðfÞ; h2ðfÞ; 0Þ where the covariant components ha are
regular functions defined in X̂X with support Sh restricted to a small neighbourhood of ĉcf such that
Sh \ ĈCf ¼ ;. If the front intersects the boundary of x̂x (see Fig. 2), h must satisfy the kinematical condition

h 
 m ¼ 0 on Sh \ ox̂x; ð16Þ
where m is the unit normal. Let g be a dimensionless small parameter. It is associated to the field h a family
of mappings

Fg : f 2 X̂X ! fg 2 X̂Xg; fg ¼ f þ ghðfÞ: ð17Þ
Let ðu; rÞ and ðug; rgÞ be the solution of problem (13) set in X̂X and X̂Xg respectively for the same loading
factor k. The first and second derivatives of the energy E with respect to the front displacement in the h
direction are defined as

Fig. 2. Definition of the projection: front crossing over the specimen width ðĉcf \ ox̂x 6¼ ;Þ and internal delamination ðĉcf \ ox̂x ¼ ;Þ.
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Eð1ÞðhÞ ¼ lim
g!0

Eg � E
g

; Eð2Þðh; hÞ ¼ lim
g!0

Eg � E � gEð1Þ 
 h
g2

; ð18Þ

and are obtained in a classical way [14,31]: first, the integrals and derivatives over X̂Xg are expressed as
integrals and derivatives over X̂X using the two following relations:

dfg ¼ detðI2 þ grhÞdf ¼ ð1þ gdivh þ g2 detðrhÞÞdf;

o

ofg ¼
o

of
ðI2 þ grhÞ�1 ¼ o

of
ðI2 � grh þ g2rh 
 rhÞ þ oðg2Þ;

making clear the g dependence. Then the solution ðug; rgÞ is expanded as a formal power series of g:

ðug; rgÞ ¼ ðu; rÞ þ gðu1; r1Þ þ g2ðu2; r2Þ þ oðg2Þ; ð19Þ
and terms of same order are identified. In the curvilinear case [24], we have to develop the local metric
induced by the map /. For example, for the covariant metric tensor, we write ag ¼ aþ gra 
 hþ
g2 1

2
h 
 r2a 
 h þ oðg2Þ, this relation having to be considered component by component. We give now the

results of the computation.

3.2. First order Lagrangian derivatives

The first order Lagrangian derivatives ðu1; r1Þ are needed to compute the second derivative of J; they are
the solution of the following variational problem 8v 2 V ðX̂XÞ

r1 ¼ R : F 
 ð½d 
 eðu1Þ�t þ ½d 
 ðrf ðuÞ 
 h� ðru 
 rhÞtÞ�t þ ½rd 
 h 
 eðuÞ�tÞ
�R :rS 
 h 
R : cðuÞþ 1

2
R : d 
 eðuÞ 
ra 
 h 
 ½d 
 eðuÞ�t;R

X̂XTrðr1 
 F 
 ½d 
 eðvÞ�tÞþTrðr 
 d 
 eðu1Þ 
 a 
 ½d 
 eðvÞ�tÞ
¼ �

R
X̂X Trðr 
 F 
 ½d 
 eðvÞ�tÞdivh�

R
X̂X Trðr 
 F 
 ½rd 
 h 
 eðvÞ�tÞ

�
R

X̂XTrðr 
 F 
 ½d 
 ðrf ðvÞ 
 h�ðrv 
 rhÞtÞ�tÞ�
R

X̂XTrðr 
 d 
 eðuÞ 
ra 
 h 
 ½d 
 eðvÞ�tÞ
�
R

X̂XTrðr 
 rd 
 h 
 eðuÞ 
 a 
 ½d 
 eðvÞ�tÞ�
R

X̂X Trðr 
 d 
 ðrf ðuÞ 
 h�ðru 
 rhÞtÞ 
 a 
 ½d 
 eðvÞ�tÞ;

8>>>>>>>>><
>>>>>>>>>:

ð20Þ

The last equation shows that the Lagrangian derivatives are the solution of a linear problem involving the
tangent stiffness operator of problem (13), whereas in the loading term (the right-hand side of the relation),
h acts as a parameter.

3.3. Energy release rate

Let us recall that the energy release rate is defined as ĝgðhÞ ¼ �J ð1ÞðhÞ. After classical computation, the
energy release rate is expressed as a function of the displacement u and the stress r only.

ĝgðhÞ ¼ 1

2

Z
X̂X
TrðrS : h 
 r 
 rÞ þ

Z
X̂X
Trðr 
 F 
 ½d 
 ððru 
 rhÞt �rf ðuÞ 
 hÞ�tÞ

� 1

2

Z
X̂X
Trðr 
 cðuÞÞdivh �

Z
X̂X
Trðr 
 F 
 ½rd 
 h 
 eðuÞ�tÞ

� 1

2

Z
X̂X
Trðr 
 d 
 eðuÞ 
 ra 
 h 
 ½d 
 eðuÞ�tÞ: ð21Þ

When the map / is equal to the identity, the usual expression in the plane case [3] is recovered. Inte-
grating by parts the terms in rh and using both the constitutive and the equilibrium equations, it is found
that the energy release rate can be written as a curvilinear integral along the delamination front
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ĝgðhÞ ¼
Z

ĉcf

G
ffiffiffiffiffiffi
jgj

p
h 
 mdC; ð22Þ

where G is the so-called delamination force or local energy release rate. For the details of the computation
in the 2D case, see [24]. G can be viewed as the dual variable of h 
 m on ĉcf . This shows that the energy release
rate depends on the value of h along the delamination front only. For numerical computations, expression
(21) is used as it is less mesh sensitive than expression (22). It gives accurate results with relatively coarse
finite elements meshes. Lastly, let us note that, due to the presence of rf in (21), a C3ðx̂xÞ regularity is
required for the map /.

3.4. Mechanical energy second derivative

The mechanical energy second derivative is obtained identifying the second order terms in g in the J g

expansion. We obtain the following expression, given to simplify, in the case of a constant metric (ra � 0)

2J ð2Þðh; hÞ ¼
Z

X̂X
Trðr 
 cðuÞÞ detðrhÞ þ

Z
X̂X
Trðr1 
 cðuÞÞdivh þ 2

Z
X̂X
Trðr 
 F 
 ruðrhÞ2 
 d tÞ

�
Z

X̂X
Trðr 
 F 
 ru1 
 rhd tÞ �

Z
X̂X
Trðr 
 F 
 ru 
 rh 
 d tÞdivh �

Z
X̂X
Trðr 
 d 
 ðru 
 rhÞt 
 a 
 ½d 
 eðu1Þ�tÞ

þ
Z

X̂X
Trðr 
 d 
 ðru 
 rhÞt 
 a 
 ru 
 rh 
 d tÞ �

Z
X̂X
Trðr1 
 F 
 ru 
 rhd tÞ; ð23Þ

J ð2Þ is a quadratic form associated to a symmetric bilinear form that depends on the solution ðu; r) and on
the first Lagrangian derivatives ðu1; r1Þ.

3.5. Fracture energy derivatives

In view of the definition of D, the derivation of the expansion for the fracture energy derivatives is
straightforward. The following expressions are obtained

D̂Dð1ÞðhÞ ¼ �Gc

R
cx̂xd

ð
ffiffiffiffiffiffi
jgj

p
divh þr

ffiffiffiffiffiffi
jgj

p

 hÞdx̂x;

D̂Dð2Þðh; hÞ ¼ �Gc

R
cx̂xd

ffiffiffiffiffiffi
jgj

p
detðrhÞ þ r

ffiffiffiffiffiffi
jgj

p

 hdivh þ 1

2
h 
 r2

ffiffiffiffiffiffi
jgj

p

 h

� �
dx̂x:

8><
>: ð24Þ

According to the identity divð
ffiffiffiffiffiffi
jgj

p
hÞ ¼

ffiffiffiffiffiffi
jgj

p
divh þr

ffiffiffiffiffiffi
jgj

p
h, and using Green’s formula, expressions (24)

can be put under the form of curvilinear integrals along the front ĉcf

D̂Dð1ÞðhÞ ¼ Gc

R
ĉcf

ffiffiffiffiffiffi
jgj

p
h 
 mdC;

D̂Dð2Þðh; hÞ ¼ 1
2
Gc

R
ĉcf
ðdivð

ffiffiffiffiffiffi
jgj

p
hÞh 
 m �

ffiffiffiffiffiffi
jgj

p
m 
 rh 
 hÞdC:

8<
: ð25Þ

4. Propagation model

4.1. Conditions on h

The front ĉcf cannot move back; this requirement is satisfied if and only if

h 
 e2 P 0; ð26Þ
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where~ee2 is the unit vector in the transverse direction oriented in the direction of delamination growth. It is
taken parallel to the lateral edges of x̂x in the case of open fronts, or as the unit normal to the front in the
case of closed front (see Fig. 2). Due to this irreversibility condition, the problem to be solved is a con-
strained minimization one. It can be solved using a fixed point algorithm.

On the other hand, the mapping introduced in Section 5.1 must be defined in such a way that the
delaminated area increases. This requirement takes the following form:Z

cx̂xd

dx̂x�
Z
cx̂xg

d

dx̂xg ¼�g
Z
cx̂xd

divð ffiffiffi
g

p
hÞdx̂x�g2

Z
cx̂xd

ð
ffiffiffiffiffiffi
jgj

p
detðrhÞþr

ffiffiffiffiffiffi
jgj

p

 hdivhþ 1

2
h 
r2

ffiffiffiffiffiffi
jgj

p

hÞdx̂x

P0 8g> 0:

A sufficient condition for h is then

�
R
cx̂xd

div
ffiffiffiffiffiffi
jgj

p
h

� �
dx̂x P 0;

�
R
cx̂xd

ffiffiffiffiffiffi
jgj

p
detðrhÞ þ r

ffiffiffiffiffiffi
jgj

p

 hdivh þ 1

2
h 
 r2

ffiffiffiffiffiffi
jgj

p

 h

� �
dx̂x P 0;

8><
>: ð27Þ

which is equivalent, in the case of constant Gc and according to the relation (24), to

Dð1ÞðhÞP 0; Dð2Þðh; hÞP 0: ð28Þ
The first condition of (28) is satisfied as soon as condition (26) is satisfied. The set Vh of admissible dis-
placement fields of the front is so

Vh ¼ fh 2 ðH 1ðShÞÞ2; h 
 e2 P 0 on cf ; h 
 m ¼ 0 on Sh \ ox̂x;Dð2Þðh; hÞP 0g ð29Þ

If ðjgjÞ1=2 is constant (a cylindrical arch for instance), the spectrum of the operator Dð2Þ is real and sym-
metric with respect to zero (see Appendix B). As a consequence, the sets fh;Dð2Þðh; hÞ > 0g and Vh are not
empty.

4.2. Front displacement

Let us consider stable delamination growth. According to Nguyen [32], the delamination growth is
stable, for a fixed level of loading, if J ð2Þðh; hÞ > 0 8h 2 Vh. This condition ensures that, in the vicinity of a
stable crack front location at arrest, the total energy E is strictly convex: Eð2Þðh; hÞ ¼ J ð2Þðh; hÞþ
Dð2Þðh; hÞ > 0. As a consequence, the growth arrest corresponds to a local minimum of E. According to
relations (22) and first term of (25) the stationarity of E with respect to a front increment is written as

Eð1ÞðhÞ ¼
Z

ĉcf

ðGc � GÞ
ffiffiffiffiffiffi
jgj

p
h 
 mdC ¼ 0 8h 2 Vh: ð30Þ

This equation is nothing but the variational form of the well-known Griffith’s criterion; it implies G ¼ Gc

along the front only if G and ĉcf are smooth enough. Eq. (30) is non-linear with respect to the variable h and
is solved by the Newton’s method. At each iteration of the Newton’s algorithm, the front displacement
H 2 Vh is computed by solving the following variational problem

Eð2ÞðH; hÞ ¼ �Eð1ÞðhÞ 8h 2 Vh: ð31Þ
Let us insist on the point that Eð2Þ is a non-local operator. Consequently, the points of the front are not
moved independently. The displacement H is proportional to the value G� Gc not locally on each point of
ĉcf but in a variational sense.
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5. Numerical approximation

5.1. Displacement and front approximation

The domain X̂X is meshed using 16-noded finite elements for which the shape functions are quadratic with
respect to the in-plane variables and linear with respect to the out-of-plane variable. The nodes are repeated
on the delaminated part x̂xd of x̂x.

The front ĉcf is approximated using B3-spline functions. This allows us to disconnect the ĉcf description
from the finite element mesh. The curve ĉcf is described by nodes xi and the part of ĉcf located between two
nodes constitutes a spline element. Then, the parametric equation of the kth element is

xðsÞ ¼
X4
i¼1

piðsÞ/iþk�1
x ; ð32Þ

where /ix are the geometrical spline coordinates and s is the curvilinear abscissa along ĉcf . Finally, in the
neighbourhood of the kth spline element, h is defined as

hðs; qÞ ¼ qðqÞ
X4
i¼1

piðsÞ/iþk�1
h ; ð33Þ

where q is the transverse local coordinate to the front defined by the relation OM ¼ Omþ qe2 (see Fig. 2 for
notations). qðqÞ is a smooth bell-shaped function equal to 1 for q ¼ 0 and 0 for q ¼ qr. The h degrees of
freedom are the spline coordinates /h. Generally, their number is lower than the number of all the nodes of
the finite element mesh located on ĉcf .

The discretized form of relations (21) and first term of (24) can be written as fhgt 
 fgg and fhgt 
 fgcg
respectively whereas the right-hand side of problem (20) is discretized as:

fvgt 
 ½F � 
 fhg:
Finally, the second derivatives (23) and second term of (24) take the following forms:

fhgt 
 ½J ð2Þ� 
 fhg; fhgt 
 ½Dð2Þ� 
 fhg;
where ½J ð2Þ� and ½Dð2Þ� are symmetric matrices, ½J ð2Þ� being fully populated.

5.2. Delamination growth algorithm

The delamination growth algorithm is described in the case of displacement control. Let

• ½KT� be the tangent stiffness matrix;
• fRg be the vector of residual forces;
• j the number of the control degree of freedom;
• ½Q� be the matrix of the eigenvectors of ½Dð2Þ� associated to positive eigenvalues.

Then, the algorithm is as follows:

loop n: control displacement increment und
loop k: front increment cn;kf

loop i: equilibrium equations
fDuig ¼ fDun;k;iR g þ Dkifun;kf g
½Kn;kT � 
 fDun;k;iR g ¼ �fRn;k;ig
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½Kn;kT � 
 fun;kf g ¼ ff g

Dki ¼ �
fDun;k;iR gj
fun;kf gj

fun;k;iþ1g ¼ fun;k;ig þ fDuig
kn;k;iþ1 ¼ kn;k;i þ Dki

if kfRn;k;iþ1gk6 �R, end of loop i
compute ½Kn;kT � at the new equilibrium point
compute fgg and fgcg
compute ½uð1Þ� solving ½Kn;kT � 
 ½uð1Þ� ¼ ½F n;k�
compute ½J ð2Þ�, ½Dð2Þ�, ½Q�
compute fHg solving

ð½Q�t 
 ½Eð2Þ� 
 QÞ 
 fUg ¼ ½Q�t 
 fg � gcg fHg ¼ ½Q� 
 fUg ð34Þ
if kfhgk > �h move the front:

cn;kþ1
f : xn;kþ1 ¼ xn;k þ �Shðxn;kÞ
remeshing and go to loop i

if kfhgk6 �h end of loop k
unþ1
d ¼ und þ Dund

end of loop n.

This algorithm can be repeated until ĉcf � ox̂x, i.e. until the total separation of the lower and upper parts
of X̂X. We are now going to make some comments with regard to this algorithm:

1. The matrix ½Q� introduced in (34) is composed of the eigenvectors associated to non-negative eigenvalue
of ½Dð2Þ�. This ensures that the displacement field H verify Dð2ÞðH;HÞP 0.

2. Nodal values of the delamination force (vector fGg) are not needed. However, if fGgm < Gc 8m then the
load is not large enough and (34) will give fHgp < 0 8p. In conclusion, the knowledge of fGg can avoid
unuseful computations (for the detail of computation of fGg, see [2]).

3. There are several ways to compute the new displacement field after remeshing. Here, we have presented
the case where the new equilibrium point is sought starting from the displacements obtained with the
previous mesh. Unfortunately, if the front displacement is too large, the equilibrium cannot be recov-
ered. To prevent divergence, small increments of the front displacement must be made, prescribing a
maximum value Hmax of H. Another way is to restart the computation from unloading. This way seems
more costly, but it allows greater displacement front increments.

4. The remeshing step can be time consuming for complex structures. Some authors have recently proposed
a method without remeshing where the description of the crack front is independent of the mesh struc-
ture [33,34].

5. �h and Hmax can be taken as a fraction of a characteristic length of x̂x. For numerical application, we have
taken �S ¼ minð1;Hmax=ðkfHgkL1ÞÞ.

6. Numerical applications

6.1. Analytical solution for the beam problem

The first application concerned a curved beam of constant thickness � and of constant radius of cur-
vature r. The beam was made of an isotropic homogeneous material and had a crack along its mid-axis (see
Fig. 3).
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It was clamped at the cross-section containing the point B and was submitted to a normal displacement d
at the end of the lower delaminated arm (point C). The mid-axis c was described by the injective mapping
/ : f1 2 ½f ðrÞ; p � f ðrÞ� ! ðx; yÞ 2 c defined as follows

/ðf1Þ ¼
l
2

 
þ r cos f1;�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � l

2

4

r
þ r sin f1

!
; f ðrÞ ¼ 1

2
p

�
� l
r

�
; ð35Þ

for which the length l of c is independent of r. The mechanical energy derivatives were obtained analytically
for r sufficiently large [24] and are recalled here

Jða; rÞ ¼ f1ðaÞ �
f2ðaÞ
r2

þO
1

r4

� �
; f1ðaÞ ¼

E�3d2

l3 þ 7a3
; f2ðaÞ ¼ � 1

8

l5E�3d2

ðl3 þ 7a3Þ2
; ð36Þ

gða; rÞ ¼ �f 0
1ðaÞ �

�f 02ðaÞ
r2

þO
1

r4

� �
; J ð2Þða; rÞ ¼ f 001 ðaÞ �

f 00
2 ðaÞ
r2

þO
1

r4

� �
; ð37Þ

where a is the crack length.
Observing that the functions f 0i ðaÞ are negative, the sign of J ð2Þ can be determined easily. It is reported in

Table 1 where C is the curvature of the beam.
The interest of this example is twofold:

• Firstly, it shows that the energy release rate is a decreasing function of the curvature. This implies that
the curvature is a limiting factor for the crack growth.

• Secondly, it shows that the curvature has an influence on the growth stability given by the sign of J ð2Þ.

Fig. 3. Cylindrical delaminated arch.

Table 1

Sign of J ð2Þ

a1 a2 l

C2 > f 001 ðaÞ=f 002 ðaÞ þ � �
06C2 < f 001 ðaÞ=f 002 ðaÞ � � þ

a1 ¼ ð 2
49
Þ1=3l, a2 ¼ ð 1

14
Þ1=3l.
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6.2. Cylindrical arch

The second example was devoted to the study of a cylindrical arch of constant thickness h, of constant
radius of curvature r, of width L and of length l (see Fig. 4).

It was made of an isotropic homogeneous material and had a delamination in its mid-plane. The geo-
metrical and the mechanical characteristics of the arch are reported in Table 2.

The arch was described by the mapping u [35]

X 3 ðx; y; zÞ ¼ uðf1; f2; f3Þ ¼ ðr
�

þ f3Þ sin
f1
r

� �
; f2; ðr þ f3Þ cos

f1
r
� r cos l

2r

�
; ðf1; f2; f3Þ 2 X̂X;

ð38Þ
defined on the domain X̂X ¼ � � l=2; l=2½��0; L½�� � h; h½ with r satisfying the following condition of injec-
tivity

r > max h;
l
2p

� �
: ð39Þ

For such a mapping, the covariant basis was

~aa1 ¼ cos
f1
r
; 0;

�
�sin

f1
r

�
; ~aa2 ¼ ð0; 1; 0Þ; ~aa3 ¼ sin

f1
r
; 0; cos

f1
r

� �
; ð40Þ

leading to the following expressions (see Appendix A for the definitions):

dðvÞ ¼
1þ f3r�1 0 0

0 1 0
0 0 1

0
@

1
A

�1

; f ðvÞ ¼
�r�1v3 0 �r�1v1

0 0 0
0 0 0

0
@

1
A:

As h3 ¼ 0 and as the tensors a and S and the operators d and f are independent of the variables fa, we have
ðrd 
 hÞij ¼ 0, ðrf 
 hÞij ¼ 0, ðrS 
 hÞij ¼ 0 and ðra 
 hÞij ¼ 0. The derivatives of the fracture energy could
be written as:

Dð1ÞðhÞ ¼ �Gc

Z
cx̂xd

1

�
þ f3
r

�
divhdx̂x0; Dð2Þðh; hÞ ¼ �Gc

Z
cx̂xd

1

�
þ f3
r

�
detðrhÞdx̂x ð41Þ

Fig. 4. Cylindrical arch.

Table 2

Material and geometrical characteristics

E m Gc l L h Hmax �h

126,000 MPa 0.3 0.281 N/mm 100 mm 100 mm 2.5 mm 10�2l (mm) 4� 10�4l (mm)

2056 A. M€uunch, Y. Ousset / Comput. Methods Appl. Mech. Engrg. 191 (2002) 2045–2067



so that the spectrum of Dð2Þ was symmetric with respect to zero (see Appendix B for the discussion on the
spectrum).

Two cases were studied: the case of an opening delamination and the case of an internal delamination.

6.2.1. Opening delamination
The arch had an initial delamination with a straight front ĉcf ¼ ff 2 X̂X, f1 ¼ l=4, f3 ¼ 0g. It was clamped

on the side Cu ¼ ff 2 X̂X, f1 ¼ �l=2g and submitted to a normal load f̂f ¼ ð0; 0; f̂f �3 Þ, f̂f þ3 ¼ �f̂f �
3 ¼ 8 N on

the opposite sides. The modified Newton’s algorithm was displacement controlled; let ud be the normal
displacement at the end of the upper delaminated arm (the control variable). Figs. 5 and 6 depict the
variations of the loading factor and of the delamination length respectively as a function of ud for two
values of r.

Fig. 5 shows that the curvature increases slightly the stiffness of the arch. The points of the same abscissa
correspond to the iterations over h (loop k of the present algorithm); only the lower points ensure in
addition the minimum of E with respect to the front location. The convergence of the front location is
obtained in six iterations with an increment dud ¼ 0:025 mm and in 12 iterations with dud ¼ 0:1 mm. The
different equilibrium points obtained with the two values of dud are plotted in Fig. 7. They are on the same
curve.

Fig. 8 depicts the evolution of the energy release rate as the radius of curvature of the arch is increasing.
It is found that, in accordance with remark made for the analytical example, the curvature is a limiting
factor for the crack growth. Finally, the front locations at arrest for different values of ud are plotted in Fig.
9. For convenience, the front shapes are represented in the reference plane ðf1; f2Þ.

As the specimen is wider than longer, the edge effects have a weak and local influence on the front shapes
that are straight, except in the vicinity of the lateral edges [36]. Finally, let us mention that the growth was
stable as all the eigenvalues of ½J ð2Þ� were positive.

6.2.2. Internal delamination
Then, the case of an internal delamination with a circular front shape (in the reference plane)

ĉcf ¼ ff21 þ f22 ¼ a2; f3 ¼ 0g centred at the origin was considered. a is the radius of the front and is equal to

Fig. 5. Load factor vs. ud.
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40 mm. The arch was clamped on the sides Cu ¼ ff1 ¼ �l; f2 ¼ 0; Lg and was submitted to two opposite
pointwise normal loads f̂f þ

3 ¼ �f̂f �3 ¼ 100 N applied at the centres of the delamination. The characteristics
of the arch were unchanged, except L ¼ 200 mm. As, in the previous case, the modified Newton’s algorithm
was displacement controlled, the control variable being the normal displacement ud of the upper delam-
ination centre. Fig. 10 shows the initial mesh and the deformed mesh after delamination growth.

Figs. 11 and 12 depict the variations of the loading factor and the distance to the origin of the points A
and B (defined in Fig. 10) of the front respectively as a function of ud, for two different values of the radius
of curvature. They show firstly, that a higher value of ud was needed to make the delamination grow in the

Fig. 6. Delamination lengths vs. ud.

Fig. 7. Equilibrium curve ðud; kÞ.
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most curved case and secondly, that the crack was growing faster along the e2-axis where the curvature is
minimal (point B).

The different front locations are plotted in Figs. 13 and 14 for r ¼ 300 and 900 mm respectively, showing
that the front shapes remain symmetric with respect to the axes during the delamination growth.

The values of the local energy release rate G and its associated normal front displacement along the part
of the front ðf1 > 0; f2 > 0Þ are reported in Fig. 15. The front displacement appears, up to a multiplying
constant, to be a regularisation of the quantity G� Gc. The variations of the local energy release rate at the
points A and B with respect to the radius of curvature are reported in Fig. 16. As in the previous cases, a
similar variation of the form K1 � ðK2=r2Þ was obtained, reaching the same value when r tends to infinity.

To conclude, we are going to make some comments on the growth stability. The computations made for
the two values of the radius of curvature (r ¼ 300 and 900 mm), the results of which are reported here,
showed a stable delamination growth. However, it can be observed in Figs. 11 and 12 that, for the smaller

Fig. 8. Delamination force vs. r.

Fig. 9. Front positions associated to ud ¼ 0:32, 0.47, 0.62, 0.77, 0.92, 1.07, 1.22, 1.37, 1.52, 1.67, 1.79 (mm).
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values of r, the arch response is irregular for a prescribed normal displacement less than 3.75 mm. Com-
putations made for a radius of 200 mm revealed an unstable growth.

7. Conclusion

We have explained an algorithm for the numerical simulation of delamination growth in a curved in-
terface. It proved to be robust and fast as the convergence in h was obtained in less than 10 iterations in
most cases. Moreover, it can be developed independently as a post-processor of a standard finite elements
code. However, it requires the coupling between a code of analysis and a meshing code. The necessity to
make a re-meshing, at least in the neighbourhood of the front when it is moved, can become a hard task for
complex structures.

Two questions remain unanswered

Fig. 10. Initial mesh (left) and ended mesh for r ¼ 300 mm and ud ¼ 4:62 mm (right).

Fig. 11. Load factor vs. ud.
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• The first concerns the way to restore the equilibrium after the front has been moved. In the examples
presented here, only the internal loop in the algorithm was made in order to improve the displacement
field obtained with the previous mesh. This way requires to make small increments of the front displace-
ment to be able to determine the new equilibrium point. However, there are cases for which it is not suf-
ficient as it was observed studying a stiffened panel loaded in compression [3] where it was binding to
restart the computation from unloading. This way allows to make greater front displacement increments.

• The second concerns the ½J ð2Þ� spectrum, or more precisely the spectrum of the projection ½Q�t 
 ½J ð2Þ� 
 ½Q�
of ½J ð2Þ� onto the subspace spanned by the eigenvectors associated to the positive eigenvalues of ½Dð2Þ�.

Fig. 12. Delamination lengths vs. ud: r ¼ 300 mm (––) and r ¼ 900 mm (-).

Fig. 13. Front positions for r ¼ 300 mm associated to ud ¼ 3:22, 3.56, 3.78, 3.9, 4.02, 4.14, 4.26, 4.38, 4.5, 4.62 (mm).
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When, the growth is stable, all the eigenvalues are positive, and negative when it is unstable. However, we
have encountered case for which there was positive and negative eigenvalues. We have observed, in the
cases of stable growth, that the number of negative eigenvalues was decreasing as the number of front
displacements was increasing. We speculate that these negative eigenvalues are related to the fact that
the initial front shape was not acceptable i.e.: the shape of the artificial initial defect does not correspond
to the shape of the delamination that would appear under the applied loading. There is then first an un-
stable growth to reach the natural delamination front shape.

Fig. 14. Front positions for r ¼ 900 mm associated to ud ¼ 2:26, 2.46, 2.6, 2.8, 2.96, 3.14, 3.32, 3.46, 3.58, 3.8, 4.08 (mm).

Fig. 15. Normal delamination force (�) and normal displacement ( ) along ĉcf : r ¼ 900 mm, ud ¼ 2:7 mm.
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This last point will have to be detailed in the future.

Appendix A. Expression of the variational formulation (5) in the local reference frame

Let us consider a vector v expressed in the contravariant basis v ¼ vaaa þ v3a3. For all points m on S, a
straight computation leads to

ov
om

¼ ðvbja � babv3Þaa � ab þ ðv3;a þ bb
avbÞaa � a3; ðA:1Þ

where vajb ¼ va;b � Cc
abvc, b

b
a ¼ bakakb and Ca

bc ¼ aa 
 ac;b the Christoffel symbols.
Let us now note the covariant basis gi associated to any point x of X by ga ¼ ðdc

a � f3bc
aÞac and g3 ¼ a3,

the covariant components of the metric tensor gij ¼ gi 
 gj, the contravariant basis gi ¼ gijgj where gij ¼
ðgijÞ�1

. Then for any point M 2 X, we have

ov
oM

¼ ðvbja � babv3Þga � ab þ ðv3;a þ bb
avbÞga � a3 þ va;3g3 � aa þ v3;3g3 � a3; ðA:2Þ

and the relation ga ¼ ðdb
a � f3bb

aÞ
�1ab � da

ba
b gives

Tr r 
 ov
oM

� �
¼ rijvj;i ¼ rijds

j esiðvÞ; Tr r 
 ou
oM

t


 ov
oM

� �
¼ rijds

mesiðûuÞdc
necjðvÞamn; ðA:3Þ

where

esiðvÞ ¼

vb;a � Cc
abvc � babv3 ðs; iÞ ¼ ða; bÞ;

v3;a þ bc
avc ðs; iÞ ¼ ða; 3Þ;

va;3 ðs; iÞ ¼ ð3; aÞ;
v3;3 ðs; iÞ ¼ ð3; 3Þ:

8>><
>>:

Fig. 16. Delamination force vs. r: ud ¼ 2:3 mm.
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If we define the operator d̂d such that d̂dij ¼ dji and the operator f such that

f ðvÞ ¼
�ðCc

11vc þ b11v3Þ �ðCc
12vc þ b12v3Þ bc

1vc

�ðCc
21vc þ b21v3Þ �ðCc

22vc þ b22v3Þ bc
2vc

0 0 0

0
B@

1
CA;

then we have eijðvÞ ¼ vj;i þ fijðvÞ and finally the following relations

TrðrðxÞ 
 F tðuðxÞÞ 
 rvðxÞÞ ¼ Trðr̂rðfÞ 
 F̂F ðûuðfÞÞ 
 ðd̂d 
 eðvÞÞtÞ; F̂F ðûuÞ ¼ I3 þ d̂d 
 eðûuÞ 
 a; ðA:4Þ

TrðsðxÞ 
 cðuðxÞÞÞ ¼ TrðŝsðfÞ 
 ĉcðûuðfÞÞÞ; ĉcðûuðfÞÞ ¼ 1
2
ðd̂d 
 eðûuÞ þ ðd̂d 
 eðûuÞÞt þ d̂d 
 eðûuÞ 
 a 
 ðd̂d 
 eðûuÞÞtÞ;

ðA:5Þ

where a is here the contravariant metric tensor a ¼ ðaijÞ, aab ¼ aa 
 ab, ai3 ¼ di3. Finally, the variational
formulation (5) becomes on ŜSR

X̂X TrðŜS : r̂r 
 ŝsÞ
ffiffiffiffiffiffi
jgj

p
¼
R

X̂X Trðŝs 
 ĉcðûuÞÞ
ffiffiffiffiffiffi
jgj

p
8ŝs 2 RðX̂XÞ;R

X̂X Trðr̂r 
 F̂F 
 ðd̂d 
 eðv̂vÞÞtÞ
ffiffiffiffiffiffi
jgj

p
¼ k

R
ĈCf
t̂t 
 v̂v

ffiffiffiffiffiffi
jgj

p
dC 8v̂v 2 V 2 V ðX̂XÞ;

8<
:

where V ðX̂XÞ ¼ fv 2 ðW 1;4ðX̂XÞÞ3=vjĈCug and RðX̂XÞ ¼ ðL2s ðX̂XÞÞ9, f̂f ¼ f i~aai, f i the contravariant components of
f ðjgjÞ1=2 is a positive scalarffiffiffiffiffiffi

jgj
p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðgabÞ

q
¼ ð1� 2Hf3 þ Kf23Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðaabÞ

q
ðA:6Þ

where H and K are the mean and the Gauss curvatures respectively [30]. In the case of an isotropic material,
the local components of the stiffness tensor R̂R associated to the tensor ŜS are given by

R̂RijklðfaÞ ¼ kaijðfaÞaklðfaÞ þ lðaikðfaÞajlðfaÞ þ ailðfaÞajkðfaÞÞ: ðA:7Þ

In order to simplify the application of the h-method, we define the tensor r � r̂r
ffiffiffiffiffiffi
jgj

p
, s � ŝs

ffiffiffiffiffiffi
jgj

p
and

S � ŜS
ffiffiffiffiffiffi
jgj

p �1
, d � d̂d, F ¼ F̂F , u ¼ ûu. Then, the former formulation becomesR

X̂X TrðS : r 
 sÞ ¼
R

X̂X Trðs 
 cðuÞÞ 8s 2 RðX̂XÞ;R
X̂X Trðr 
 F 
 ðd 
 eðv̂vÞÞtÞ ¼ k

R
ĈCf
t̂t 
 v̂v

ffiffiffiffiffiffi
jgj

p
dC 8v̂v 2 V ðX̂XÞ:

8<
:

Appendix B. Spectrum of the operator Dð2Þ

For convenience, we note k ¼ ðjgjÞ1=2. Let us note s 2 ½0; l� the curvilinear abscissa along the front ĉcf and
q the transverse local coordinate to the front. The vector h is expressed along the front as follows:

h ¼ h1a1 þ h2a2 ¼ ht	ss þ hm	mm: ðB:1Þ

Then, thanks to the relation ðok=oxjĉcf Þ ¼ k;s	ss þ k;q	mm, and the relation divhh 
 m � m 
 rh 
 h ¼ ðoh1=osÞh2 �
ðoh2=osÞh1, the second term of relation (25) becomes

Dð2Þðh; hÞ ¼ 1

2
Gc

Z
ĉcf

k
oh1

os
h2

�
� oh2

os
h1

�
dC þ 1

2
Gc

Z
ĉcf

ðk;shs þ k;qhmÞhm dC: ðB:2Þ

2064 A. M€uunch, Y. Ousset / Comput. Methods Appl. Mech. Engrg. 191 (2002) 2045–2067



Then, since Dð2Þð; Þ is a symmetric bilinear form, the use of the relation

Dð2Þðh;/Þ ¼ 1
4
ðDð2Þðh þ /; h þ /Þ � Dð2Þðh � /; h � /ÞÞ;

gives

Dð2Þðh;/Þ ¼ 1

2
Gc

Z
ĉcf

k
oh1

os
/2

�
� oh2

os
/1

�
dC þ 1

2
Gc

Z
ĉcf

ðk;shs þ k;qhmÞ/m dC

þ 1
4
Gc½kðhm/s � hs/mÞ�joĉcf : ðB:3Þ

The last term is equal to zero. If ĉcf is an open front (Fig. 2 left), this is due to the condition (16). If ĉcf is
internal (Fig. 2 right), this is due to the fact that h at oĉcf :hðs ¼ 0; 0Þ ¼ hðs ¼ l; 0Þ. Then, the elements k of
the spectrum of Dð2Þ are characterised by the relation

Dð2Þðh;/Þ ¼ kðh;/Þ ¼ k
Z

ĉcf

h 
 /ds: ðB:4Þ

They are then solutions of the following parabolic partial differential system (K ¼ 2G�1
c k):

0 �k
k 0

� �
oh1=os
oh2=os

� �
þ k;f1m1 � K k;f2m1

k;f1m2 k;f2m2 � K

� �
h1

h2

� �
¼ 0

0

� �
: ðB:5Þ

The characteristic polynomial p is obtained with the choice h ¼ efsĥh, f 2 C. Let us remark that the con-
dition hðs ¼ 0; 0Þ ¼ hðs ¼ l; 0Þ implies f ¼ ix; x ¼ ð2np=lÞ 2 R. This implies

k;f1m1 � K k;f2m1 � kf
k;f1m2 þ kf k;f2m2 � K

� �
ĥh1efs

ĥh2efs

� �
¼ 0

0

� �
ðB:6Þ

and finally

pðKÞ ¼ K2 � ok
oq

K þ k ok
os

K þ k2f2 ¼ 0: ðB:7Þ

If k is constant (cylindrical arch for instance), the polynomial p becomes pðKÞ ¼ K2 þ k2f2 ¼ K2 � k2x2

and the eigenvalues of Dð2Þ are

k ¼ �Gc

2
k

2pn
l

� �
; n 2 N: ðB:8Þ

We conclude that the spectrum is symmetrical with respect to zero.
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