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Abstract

The problem of robust optimal Robin boundary control for a parabolic partial differential

equation with uncertain input data is considered. As a measure of robustness, the variance

of the random system response is included in two different cost functionals. Uncertainties in

both the underlying state equation and the control variable are quantified through random

fields. The paper is mainly concerned with the numerical resolution of the problem. To this

end, a gradient method is proposed. A stochastic collocation finite element method is used for

the numerical resolution of the associated state and adjoint state equations. Two numerical

experiments illustrate the performance of the algorithm.

Keywords: Stochastic heat equation; robust optimal control; random fields; stochastic collo-
cation finite element method.

1 Introduction

Physical or engineering systems are always affected by uncertainties that can lead to significant
differences between the real systems response and the corresponding numerical models. In partic-
ular heat transfer and mass transfer processes are subject to many sources of uncertainty such as
random ambient temperature, random initial temperature, random material properties, random
heat transfer coefficient or random geometry to name a few. We refer the reader to [5] for a re-
view of the research done in this field. Among the previously mentioned possibly random input
parameters, the convective heat transfer coefficient is prevalent because its value strongly depends
on random factors such as the motion of the surrounding fluid or the properties of the boundary
surface [4, 8].

In the last decade, the presence of unavoidable uncertainties in real-world applications has
sparked a number of studies that aim to characterize and control the variability of the final system
response. In many optimal control applications the controls act on a system in order to reach an
optimal behaviour of the system response. The spatial fluctuations of the PDE input data can
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lead to significant changes in the temperature distribution and result in divergence from the target
imposed in the deterministic optimal control problem. Therefore, uncertainties associated to the
input data should be included in the optimal control formulation. From a mathematical point of
view, most of this type of problems are formulated as the minimization of a cost functional subject
to a set of constraint equations that appear in the form of partial differential equations (PDEs)
with random input data. In addition, the optimal control to be computed should be robust with
respect to different realizations of the random input parameters that account for uncertainties in
the system. This means that cost functionals should contain not only the mean of the desired
quantity to be minimized but also measures of dispersion (e.g, variance, semi-variance and/or
others).

The topic of robust optimal control for PDE systems with random input data is an emergent
one in the literature. For the case of elliptic PDEs we mention [3, 15] and the references therein.
Probably because of the well-known curse of dimensionality phenomenon in the numerical resolu-
tion of parametric PDEs, a one-shot approach is proposed in these two works (in contrast with
descent methods that require iterations) and the resulting first-order optimality systems are solved
by using stochastic collocation and Galerkin finite element methods. More recently, a gradient-
based algorithm has been applied for the numerical resolution of a robust optimal design problem
for an elliptic PDE with uncertainty in the coefficients and in the boundary conditions [12]. The
case of parabolic optimal control problems with random coefficients has been hardly studied (we
quote [2], where the underlying optimality system is solved by a combination of space-time multi-
grid methods with sparse-grid collocation techniques). This may partly be due to the fact that up
to very recently, there were no efficient methods for solving parabolic PDEs with random input
data. In this respect, we mention the important contributions [7, 14, 20].

Another class of control problems that have received a lot of attention in the literature is the
controllability for deterministic PDE systems. Its random version, that is, the topic of controlla-
bility for PDEs with random coefficients is in its infancy and very little is known in this emergent
field. More precisely, the concept of averaged controllability has been recently introduced in [21]
and very partial positive (averaged) controllability results have been obtained in [9, 11] for the
case of the heat, wave and Schrödinger equations.

The motivation for this paper is twofold: first, we aim at exploring the numerical resolution of
robust optimal control problems for a parabolic PDE with random input data by using a descent
method. The underlying direct and adjoint systems are solved with a Gear-scheme for the time
variable coupled with a stochastic collocation method in the random domain and finite elements
in the physical space. Second, a robust optimal control approach for the minimization of the
averaged output of the random heat equation is studied. This formulation is more flexible than
controllability itself and easily allows to introduce constraints and robustness in the control variable
that are difficult to deal with when the controllability problem is directly addressed.

The rest of the paper is organized as follows. Section 2 presents the model problem: a robust
optimal Robin boundary control problem for the linear heat equation with uncertainties in the
thermal conductivity coefficient, in the convective heat transfer coefficient, in the initial datum
and in the control variable. These sources of uncertainty are modelled through random fields.
Section 3 is concerned with the numerical resolution of the problem. A gradient method with
optimal step-size parameter is proposed. Section 4 presents two numerical experiments in 2D. A
final section with concluding remarks closes the paper.
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2 Problem statement

2.1 State law

Let D ⊂ Rd, d ≥ 1, be a bounded domain with a Lipschitz boundary ∂D, which is decomposed
into two disjoint parts ∂D = ∂D0 ∪ ∂D1 (with ∂D0 ∩ ∂D1 = ∅) and let (Ω,F , P ) be a complete
probability space. Here Ω denotes the set of outcomes, F ⊂ 2Ω is the σ-algebra of events and
P : F → [0, 1] is a probability measure.

Consider the stochastic linear parabolic problem:
zt(t, x, ω)−∇x · [κ(x, ω)∇z(t, x, ω)] = 0 (t, x, ω) ∈ (0, T )×D × Ω,
z(0, x, ω) = z0(x, ω) (x, ω) ∈ D × Ω,
κ(y, ω)∇xz(t, y, ω) · n = 0 (t, y, ω) ∈ (0, T )× ∂D0 × Ω,
κ(y, ω)∇xz(t, y, ω) · n = α (u(t, y, ω)− z(t, y, ω)) (t, y, ω) ∈ (0, T )× ∂D1 × Ω,

(1)

where the random output z : (0, T ) × D × Ω → R is the quantity of interest. The operator ∇x
involves only derivatives with respect to the spatial variable x ∈ D. As usual n stands for the unit
outward normal vector to ∂D. In practice, the random fields modelling uncertainty in the thermal
conductivity coefficient κ, in the convective heat transfer coefficient α, and in the initial datum
z0 are seldom related and it is therefore reasonable to assume that they are independent. In this
sense, (Ω,F , P ) is the product of the corresponding probability spaces.

2.1.1 Main Assumptions.

In order for problem (1) to be well-posed, the following assumptions on the input data are consid-
ered:

(A1) κ = κ(x, ω) ∈ L2
P

(
Ω;L2(D)

)
and there exists κmin > 0 such that

0 < κmin ≤ κ(x, ω) a. s. ω ∈ Ω and a. e. x ∈ D. (2)

(A2) α = α(y, ω) ∈ L2
P

(
Ω;L2(∂D1)

)
with α(y, ω) ≥ 0, there exists a positive constant αmax <∞

such that α(y, ω) ≤ αmax a. s. ω ∈ Ω and a. e. y ∈ ∂D1, and in addition,∫
Ω

∫
∂D1

α(y, ω) dsdP (ω) > 0, (3)

where ds is the Lebesgue measure on ∂D1.

(A3) u = u(t, y, ω) ∈ L2
(
0, T ;L2

P (Ω;L2(∂D1))
)

(A4) z0 = z0(x, ω) ∈ L2
P (Ω;L2(D)).

Condition (2) is satisfied with a truncated lognormal Karhunen-Loève expansion of a second-
order random field of the form

κ(x, ω)− κ0(x) = exp

(
N∑
n=1

√
λnbn(x)Yn(ω)

)
, (4)

with κ0 ∈ L∞(D) such that κ0(x) ≥ κmin > 0 a.e. x ∈ D and the random variables Yn have
zero mean, unit variance and are pairwise uncorrelated. If the random field is Gaussian, then
Yn ∼ N(0, 1) are independent and identically distributed (i.i.d.) standard Gaussian variables.



2 PROBLEM STATEMENT 4

Remark 1 Due to the upper uniform boundedness condition imposed on α, Gaussian variables
cannot be considered as a source of uncertainty in this coefficient. However, this is a difficulty only
at the theoretical level. Indeed, in practice, a Gaussian variable may be numerically approximated
with accuracy by considering its truncation at some large enough lower and upper points. A similar
reasoning applies when the coefficient κ0(x) which appears in (4) is equal to zero. In this case,
if the covariance function of the random field is continuous in D × D, then the functions bn(x)
are continuous in D ×D. Consequently, condition (2) is satisfied and, in addition, there exists a
positive constant κmax such that κ(x, ω) ≤ κmax a. s. ω ∈ Ω and a. e. x ∈ D.

From a physical point of view, the coefficient α is the most difficult to characterize. Therefore, it
is reasonable to use uniformly random variables for the mathematical representation of uncertainty
in α. As for κ, the uniform ellipticity condition (2) is physically quite reasonable to assume (see
[5, p. 252]).

2.1.2 Functional Setting.

The concept of a weak solution of a parabolic problem of the type (1), as considered in [14, 20],
is not well suited in optimal control theory where the adjoint state is used as a test function.
The asymmetry between the space of solutions and the space of test functions should therefore be
corrected. To this end, the following functional setting is considered.

Let V = H1(D) denote the usual Sobolev space and consider the Hilbert space VP = L2
P (Ω;V )

endowed with norm

‖v‖VP =
(∫

Ω

∫
D

(
v2 + |∇v|2

)
dx dP (ω)

)1/2

.

The following subspace of VP will play an essential role in the sequel:

VP,κ =
{
v ∈ VP : ‖v‖2VP,κ =

∫
Ω

∫
D

(
v2 + κ|∇v|2

)
dx dP (ω) <∞

}
.

Due to the uniform ellipticity condition (2), the space VP,κ is continuously embedded in VP
and the estimate

‖v‖VP ≤
1

√
κmin

‖v‖VP,κ , v ∈ VP,κ, (5)

holds.
The dual space of VP,κ is denoted by V ?P,κ. Finally, consider the space

W (0, T ) =
{
z ∈ L2 (0, T ;VP,κ) : zt ∈ L2

(
0, T ;V ?P,κ

)}
endowed with the norm

‖z‖W (0,T ) =

(∫ T

0

(
‖z(t)‖2VP,κ + ‖zt(t)‖2V ?P,κ

)
dt

)1/2

.

We are now in a position to prove the well-posedness of the state law (1) in this functional
framework.

2.1.3 Well-posedness of (1)

Definition 2.1 A random function z = z(t, x, ω) ∈W (0, T ) is a solution of (1) if it satisfies∫ T
0

(zt, v)V ?P,κ,VP,κ dt +
∫ T

0

∫
Ω

∫
D
κ∇xz · ∇xv dxdP (ω)dt

+
∫ T

0

∫
Ω

∫
∂D1

αzv dsdP (ω)dt
=
∫ T

0

∫
Ω

∫
∂D1

αuv dsdP (ω)dt



2 PROBLEM STATEMENT 5

for all v ∈ L2 (0, T ;VP,κ) and where (·, ·)V ?P,κ,VP,κ is the duality product between VP,κ and V ?P,κ. The
initial condition z(0, x, ω) = z0(x, ω) must be satisfied in L2

P

(
Ω;L2 (D)

)
.

Notice that the space W (0, T ) is continuously embedded in C
(
[0, T ] ;L2

P

(
Ω;L2(D)

))
so that the

above initial condition makes sense.

Proposition 2.1 Under assumptions (A1)-(A4) above, there exists a unique solution of (1).
Moreover, there exits c > 0 such that

‖z‖W (0,T ) ≤ c
(
‖z0‖L2

P (Ω;L2(D)) + ‖u‖L2(0,T ;L2
P (Ω;L2(∂D1)))

)
. (6)

Proof. We shall apply the abstract result [19, Th. 26.1]. To this end, consider the Hilbert
space H = L2

P

(
Ω;L2 (D)

)
and the Gelfand triple VP,κ ↪→ H ↪→ V ?P,κ. All we need to prove is that

the bilinear form a : VP,κ × VP,κ → R defined as

a (z, v) =
∫

Ω

∫
D

κ(x, ω)∇xz · ∇xv dxdP (ω) +
∫

Ω

∫
∂D1

α (y, ω) zv dsdP (ω) (7)

is continuous and VP,κ-elliptic, and that the linear form

l : VP,κ → R
v 7→ l(v) =

∫
Ω

∫
∂D1

αuv dsdP (ω)
(8)

is continuous for a. e. t ∈ (0, T ).
The continuity of a(·, ·) is an immediate consequence of the Cauchy-Schwarz inequality, the

uniform upper bound imposed on α in Assumption (A2), and the continuity of the trace operator.
VP,κ-ellipticity of a(·, ·) is a consequence of (3) and may be proved as in the deterministic case (see
[18, p. 36]). Finally, the continuity of l follows from assumption (A4). 2

2.2 The set of admissible controls

The considered set of admissible controls is

Uad = H1
0

(
0, T ;L2(∂D1)

)
, (9)

endowed with its usual norm.
The regularity in time imposed on the control u is justified by the fact that for some control

problems and for the specific PDE considered in this paper, it is well-known that controls may
exhibit a highly oscillatory behaviour [13]. A computational simple way to avoid this undesirable
phenomenon is by imposing enough regularity on the control variable. Of course, other choices are
possible, for instance, u ∈ L2

(
0, T ;L2(∂D1)

)
. It is also quite reasonable from a physical point of

view imposing pointwise constraints on the control variable.
As indicated in [15], since physical controller devices are affected by uncertainty, it is realistic

to decompose the control variable into an unknown (to be computed) deterministic part, and a
stochastic component which probability distribution is assumed to be known. The results that
follow, both theoretical and numerical, easily extend to cover this more general situation but for
clarity of the exposition we consider the set Uad as defined in (9).

2.3 Cost functionals

Assume that both a final time T > 0 and a desired target zd ∈ L2(D) are given. Consider firstthe
cost functional

J1 (u) = 1
2

∫
D

∫
Ω
|z(T, x, ω)− zd(x)|2 dP (ω)dx

+γ
2

∫
D
V ar (z(T, x)) dx

+ δ
2

∫ T
0

∫
∂D1

(
|u(t, y)|2 + |ut(t, y)|2

)
ds dt

(10)
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where γ, δ ≥ 0 are two weighting parameters, and

V ar (z(T, x)) =
∫

Ω

z2(T, x, ω) dP (ω)−
(∫

Ω

z(T, x, ω) dP (ω)
)2

is the variance variance of z at time T and position x ∈ D.
The first term in (10) is a measure of the distance between the state variable z at time T and the

prescribed target zd. The second term is a measure of robustness and plays the role of increasing
the effectiveness of the control variable u for different realizations of the random parameter ω.
Finally, the third term has the effect of regularizing the control variable.

Secondly, consider the new cost functional

J2(u) =
∫
D

(∫
Ω
z(T, x, ω) dP (ω)− zd(x)

)2
dx

+γ
2

∫
D
V ar (z(T, x)) dx

+ δ
2

∫ T
0

∫
∂D1

(
|u(t, y)|2 + |ut(t, y)|2

)
ds dt.

(11)

There is a subtle difference between J1 and J2. Indeed, the first term in (11) measures the
L2(D)-distance between the expectation of z(T ) and the target zd whereas the first term in (10)
accounts for the expectation of the L2(D)-distance between z(T ) and zd.

2.4 The optimization problem and its physical meaning

With all of these ingredients, the optimal control problem considered is

(P)


Minimize in u ∈ Uad : J1(u) or J2(u)
subject to

z = z(u) solves (1).

A deterministic version of this problem has been studied in [6, 16]. The physical interpretation
of problem (P) follows. A body which occupies the spatial domain D ⊂ Rd, d = 1, 2 or 3, is
considered. An initial temperature z0 of the body and its thermal conductivity coefficient κ are
known, but these parameters are affected by some uncertainty which is modelled by random fields.
A part of the boundary of D, denoted by ∂D0, is insulated whereas the rest of the boundary ∂D1

obeys Newton’s law of cooling: convective heat transfer between the body and the surroundings
is proportional to the difference of temperatures between the body and the surroundings. Hence,
the control variable is the outside temperature u. For a desired final temperature zd, problem (P)
(case of cost functional (10)) amounts to find the temperature u which must be applied to ∂D1 in
order to be closer as possible to zd at time T . There is uncertainty in this process, the optimal
control u is therefore required to be robust with respect to variations of the uncertain parameters.

For the case of the cost functional (11), the difference is that it is the mean temperature of
system (1) which aims at the final target zd.

Up to the best knowledge of the authors, an existence theory for the solution of problem (P) has
not been addressed so far. However, in some specific situations, the classical tools of deterministic
optimal control problems apply to robust optimal control problems for PDEs with random input
data. This is the case of problem (P) with γ = 0 and δ > 0. In that case, using estimate (6) and
the continuous embedding W (0, T ) ↪→ C

(
[0, T ] ;L2

P

(
Ω;L2(D)

))
it is not difficult to prove that

the cost functionals J1 and J2 are continuous. Since γ = 0, they are convex as well. Moreover, for
δ > 0 the search for an optimum can be restricted to a closed, convex and bounded subset of Uad.
Not only the existence, but also the uniqueness of a solution for (P) then follows.
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3 Numerical resolution of the optimization problem (P)

For the numerical resolution of problem (P) we propose a gradient method with optimal step-size
parameter. Next, we compute descent directions for the cost functionals J1 and J2 and their
associated optimal descent parameters.

3.1 A descent direction

Proposition 3.1 The directional derivatives of the cost functionals J1 and J2 as given, respec-
tively, by (10), (11) , at each u ∈ Uad in the admissible direction û ∈ H1

0

(
0, T ;L2 (∂D1)

)
, exist

and take the form

∂J1(u)
∂u · û = ∂J2(u)

∂u · û
=
∫ T

0

∫
Ω

∫
∂D1

α(y, ω)p(t, y, ω)û(t, y) dsdP (ω)dt
+δ
∫ T

0

∫
∂D1

(u(t, y)û(t, y) + ut(t, y)ût(t, y)) ds dt
(12)

where p = p(t, x, ω) solves the backward in time adjoint problem
pt(t, x, ω) +∇x · [κ(x, ω)∇p(t, x, ω)] = 0 (t, x, ω) ∈ (0, T )×D × Ω,
κ(y, ω)∇xp(t, y, ω) · n = 0 (t, y, ω) ∈ (0, T )× ∂D0 × Ω,
κ(y, ω)∇xp(t, y, ω) · n+ α(y, ω)p(t, y, ω) = 0 (t, y, ω) ∈ (0, T )× ∂D1 × Ω,

(13)

which is completed with the final condition

p(T, x, ω) =
∫

Ω

z(T, x, ω) dP (ω)− zd(x) + γ

(
z(T, x, ω)−

∫
Ω

z(T, x, ω) dP (ω)
)
. (14)

Consequently, a descent direction for both J1(u) and J2(u) is the function u ∈ H1
0

(
0, T ;L2 (∂D1)

)
,

which is a weak solution of

− utt + u = −
(∫

Ω

αp dP (ω) + δu− δutt
)
, 0 < t < T, y ∈ ∂D1. (15)

The expression (12) is obtained by using the formal Lagrange method. Indeed, the Lagrangian
associated with problem (P), cost functional J1, is defined by

L (z, u, p) = J1(u)
−
∫ T

0

∫
D

∫
Ω

(zt −∇ (κ∇z)) p1 dP (ω)dxdt
−
∫ T

0

∫
∂D1

∫
Ω

(κ∇z · n+ α (z − u)) p2 dP (ω)dσdt,
(16)

where p = (p1, p2). As is well-known, equation ∂L
∂z = 0 gives, after some standard computations,

the adjoint system (13) together with the final condition (14). Similarly, condition ∂L
∂u · v = 0 leads

to (12). A completely analogous reasoning applies to the case of the cost functional (11).
The preceding formal computations may be rigorously proved using standard arguments. We

refer to [12] for a very similar computation for the conductivity equation.
From (12), it follows easily that the function û ∈ H1

0

(
0, T ;L2 (∂D1)

)
weak solution of (15) is a

descent direction for both J1 and J2.
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3.2 The optimal descent parameter

The optimal descent parameter λ is obtained as the minimum (over R+) of the quadratic function
λ 7→ Ji (u+ λû), i = 1, 2. This can be done explicitly. Indeed, let ẑ(t, x, ω) be the solution of

ẑt(t, x, ω)−∇x · [κ(x, ω)∇ẑ(t, x, ω)] = 0, (t, x, ω) ∈ (0, T )×D × Ω
ẑ(0, x, ω) = 0 (x, ω) ∈ D × Ω,
κ(y, ω)∇xẑ(t, y, ω) · n = 0 (t, y, ω) ∈ (0, T )× ∂D0 × Ω,
κ(y, ω)∇xẑ(t, y, ω) · n = α(y, ω) (û(t, y, ω)− ẑ(t, y, ω)) (t, y, ω) ∈ (0, T )× ∂D1 × Ω.

(17)

It is easy to check that Ji(u+ λû) = Ji(u) + aiλ+ biλ
2, where

a1 =
∫
D

∫
Ω
ẑ (T ) (z (T, x, ω)− zd(x)) dP (ω) dx

+γ
(∫
D

(∫
Ω
z (T ) dP (ω)−

∫
Ω
z (T ) dP (ω)

∫
Ω
ẑ (T ) dP (ω)

)
dx
)

+δ
∫ T

0

∫
∂D1

(u(t, y)û(t, y) + ut(t, y)ût(t, y)) dsdt,
(18)

b1 =
1
2

∫
D

∫
Ω

ẑ2(T ) dP (ω)dx+
γ

2

∫
D

V ar(ẑ(T, x)) dx+
δ

2

∫ T

0

∫
∂D1

(
|û(t, y)|2 + |ût(t, y)|2

)
dsdt,

(19)

a2 =
∫
D

(∫
Ω
z (T, x, ω) dP (ω)− zd(x)

) ∫
Ω
ẑ dP (ω) dx

+γ
(∫
D

(∫
Ω
z (T ) ẑ (T ) dP (ω)−

∫
Ω
z (T ) dP (ω)

∫
Ω
ẑ (T ) dP (ω)

)
dx
)

+δ
∫ T

0

∫
∂D1

(u(t, y)û(t, y) + ut(t, y)ût(t, y)) dsdt
(20)

and

b2 =
1
2

∫
D

(∫
Ω

ẑ(T )dP (ω)
)2

dx+
γ

2

∫
D

V ar(ẑ(T, x)) dx+
δ

2

∫ T

0

∫
∂D1

(
|û(t, y)|2 + |ût(t, y)|2

)
dsdt.

(21)
Once ai, bi are computed, the optimal step is λi = − ai

2bi
, i = 1, 2.

3.3 Numerical resolution of the state and adjoint state equations

For the numerical resolution of the involved PDEs we use a stochastic collocation method in the
random space Ω and P1 Lagrange finite elements in the physical domain D. As usual, we make
the following assumption:

Assumption 3.1 (Finite dimensional noise) All the involved random input data depend on a
finite number {Yn}Nn=1 of real-valued random variables with mean value zero and unit variance.

We refer to [1, 10, 12] for more details concerning the numerical resolution of the state and
adjoint equations as well as the numerical approximation of the related statistical quantities of
interest for this problem.

4 Numerical results

In this section, we consider two numerical examples to illustrate the performance of the proposed
algorithm. The examples cover 2D problems with uncertainties acting in several inputs of the PDE.
Experiments 1 and 2 address the control problem considering uncertain heat diffusivity coefficient
and uncertain convective heat transfer coefficient, respectively. In all the experiments we consider
deterministic targets zd and deterministic control functions.
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The numerical experiments treated in this section are characterized by the following common
features (see [12] for more details):

• Finite element approximation in the physical domain D. A stochastic collocation
method is used to numerically solve both the direct and adjoint equations. The stochastic
collocation method requires the resolution of a set of uncoupled deterministic sub-problems
in several nodes in the stochastic domain. Each sub-problem is discretized in the physical
domain through P1 finite elements on a triangular mesh. The maximum allowed element
edge length is fixed to h = 0.03 in all the numerical experiments.

• Time-discretization scheme. A fully implicit backward second order Gear scheme is used
for the time discretization of (1). Starting from z(n−1) at time t(n−1) and z(n) at time t(n).
Gear scheme gives

z
(n+1)
t ≡ ∂z

∂t

(
t(n+1)

)
' 3z(n+1) − 4z(n) + z(n−1)

2dt
(22)

The same scheme has been used for the adjoint problem (13)-(14).

• Uncertainty modelling. The spatial uncertainties acting in the PDE input data are rep-
resented by means of random fields which are approximated by using a truncated Karhunen-
Loève expansion of the form:

U(x, ω) =
N∑
n=1

√
λnbn(x)Yn(ω), (23)

where λn and bn are, respectively, the eigenvalues and eigenvectors of the compact and self-
adjoint operator

ψ 7→
∫
D

C(x, x′)ψ(x′) dx′, ψ ∈ L2(D),

C(x, x′) is a correlation function and Yn(ω) is a vector of independent random variables with
zero mean and unit variance.

To satisfy the ellipticity condition (2), a lognormal random field is considered to model the
uncertainty in the thermal diffusivity. More precisely, we consider

F (x, ω) = exp (η(x) + ξ(x)U(x, ω)) , (24)

where η(x) and ξ(x) are the location and scale parameters of the lognormal distribution, that
may depend on x ∈ D. U is a Gaussian random field with zero mean, unit variance and the
following isotropic squared exponential correlation function:

C(x, x′) = exp

[
−

2∑
i=1

(xi − x′i)2

l2

]
, (25)

where x = (x1, x2), x′ = (x′1, x
′
2) ∈ D, and l > 0 is the correlation length.

As in [12], the size N of the expansion is set in order to capture 95% of the energy field.

• Collocation approximation in the stochastic domain Ω. When the random variables
Yn come from a Karhunen-Loève expansion of a Gaussian field, they are independent stan-
dard Gaussian. Hence, the corresponding collocation nodes yk are the Cartesian products
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(a) (b)

Figure 1: Deterministic target function zd used in Experiment 1 (a) and in Experiment 2 (b).

determined by the roots of Hermite polynomials. In order to reduce the computational cost
related to the full tensor product rules, an isotropic sparse grid, as proposed in [17], has been
applied. Given a 1D quadrature rule Qk of level k, the M -dimensional Smolyak isotropic
product rule is defined as follows:

A (k,M) =
∑

k−M+1≤|i|≤k

(−1)k+M−|i|
(

k +M

k +M − |i|

)(
Qi1 ⊗ · · · ⊗ QiM

)
. (26)

The dimension of the product rule is equal to the size N of the Karhunen-Loève expan-
sion. The low degree of intrusiveness of the stochastic collocation method allows to solve the
stochastic PDE on parallel computers which reduces the computational cost of the optimiza-
tion algorithm.

4.1 Experiment 1: Uncertainty in the thermal diffusivity

The goal of the first experiment is to check numerically the averaged exact controllability property
as introduced in [9, 21], under uncertainty which is quantified through a Gaussian type field acting
on the thermal diffusivity.

The spatial domain is

D = {(x = r cos θ, y = r sin θ) ∈ R2 : 0.5 ≤ r ≤ 1.5, 0 ≤ θ ≤ π/2},

the boundary of the domain is divided into ∂D1 = {(r, θ) ∈ R2 : r = 1.5 and 0 ≤ θ ≤ π/2} and
∂D0 = ∂D \ ∂D1. The initial condition is z(0, x, ω) = 0, the final controllability time is T = 0.5
and the desired target is zd(r) = 0.5 sin (3πr/2− π/4) in D (Figure 1a).

The space domain is discretized using a finite element mesh composed of 3905 P1 triangular
elements and 743 spatial degrees of freedom. The time domain is discretized using the implicit
backward second order scheme given by (22) with dt = 2.5× 10−3. The thermal diffusivity κ(x, ω)
is represented by a lognormal random field with mean 1.0 and coefficient of variation 0.1. This
lognormal random field is obtained through the transformation (23)-(24) with η = −0.0477 and
ξ = 0.3087. The Karhunen-Loève expansion (23) is truncated at nine terms. The stochastic
collocation in Ω is performed using a three-level isotropic Smolyak sparse grid based on Gauss-
Hermite quadrature rule producing Q = 649 collocation points.
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Figure 2: Convergence history of the optimization algorithm for the cost J2, γ = 1 and δ = 1e− 8.

(a) (b) (c)

Figure 3: Results associated with the cost J1 for Experiment 1 with γ = 0, δ = 1e − 8. The
following quantities are represented: the mean of the state variable (a), the variance of the state
variable (b) and the control variable (c). The target zd is shown transparently in (a) as a reference.

(a) (b) (c)

Figure 4: Results associated with the cost J2 for Experiment 1 with γ = 0, δ = 1e − 8. The
following quantities are represented: the mean of the state variable (a), the variance of the state
variable (b) and the control variable (c). The target zd is shown transparently in (a) as a reference.
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(a) (b) (c)

Figure 5: Results associated with the cost J2 for Experiment 1 with γ = 1, δ = 1e − 8. The
following quantities are represented: the mean of the state variable (a), the variance of the state
variable (b) and the control variable (c). The target zd is shown transparently in (a) as a reference.
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Figure 6: Experiment 1: correspondence between the stochastic state variable (blue line) and the
target (dotted red line) in x ∈ [0.5, 1.5] × [0]. Results obtained for cost J2, γ = 0 (a) and γ = 1
(b).

Table 1: Summary of the error with respect to the target and variance of the state variable for
Experiment 1. Here z̄(T, x) denotes the mean of z(T, x, ω), i.e., z̄(T, x) =

∫
Ω
z(T, x, ω) dP (ω).

||z̄(T )− zd||2L2(D)

∫
D
V ar(z(T, x)) dx

J1, γ = 0 6.426× 10−3 4.336× 10−3

J1, γ = 1 7.626× 10−3 3.758× 10−3

J1, γ = 2 1.013× 10−2 3.059× 10−3

J1, γ = 3 1.123× 10−2 2.621× 10−3

J2, γ = 0 1.238× 10−3 8.783× 10−3

J2, γ = 1 3.324× 10−3 3.542× 10−3

J2, γ = 2 5.259× 10−3 2.845× 10−3

J2, γ = 3 6.639× 10−3 2.205× 10−3
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Figure 7: Error with respect to the target ||z̄(T )− zd||2L2(D) as a function of the penalty parameter
δ for the numerical experiment 1 with cost J2 and γ = 0.

The optimal control problem (P) has been solved for the costs J1 and J2 and for different values
of the weighting parameter γ = 0, 1, 2, 3. The algorithm is initialized with a control u0 = 0,
and stops at the first j ∈ N for which |Ji(uj) − Ji(uj−1)| ≤ εJi(uj) or |ηj | ≤ ε, i = 1, 2, where
ε = 1e− 9 , and uj , ηj are the control and the descent parameter, respectively, at iteration j. The
convergence history of the optimization algorithm, for the cost J2, γ = 1 and δ = 1e− 8 is shown
in log-scale in Figure 2.

The L2- norm of the error with respect to the target and the variance of the state variable are
summarized in Table 1. The mean and the variance of the state variable and the control profile
over time are shown in Figure 3 for cost function J1, γ = 0 and δ = 1e − 8. Figure 4 shows the
results obtained for the cost J2 using the same parameters. Comparing the results in Fig. 3 and
4 it is observed that the minimization of the cost J1 provides a solution with lower variance of
the state variable at the cost of increasing the error with respect to the target. In both cases, the
variance can be reduced by increasing the value of the parameter γ as shown in Figure 5 for cost
J2 and γ = 1. The peak value of the variance is significantly decreased whereas the error with
respect to the target increases slightly. This effect is also observed in Figure 6, where the mean of
the state variable is shown in blue line whereas the dotted red line represents the target function.
The shadow region shows the 99% confidence interval of z. It is observed in Figure 6b that the
maximum width of the confidence interval is reduced at the cost of worsening the approximation
to the target. The reduction in the confidence interval is accompanied by a notably change in the
control profile as shown in Figure 6c.

The error with respect to the target ||z̄(T ) − zd||2L2(D) for cost J2 and γ = 0 is analyzed for
different values of the penalty parameter δ. Figure 7 shows how the error between the mean of
state variable and the target function increases when the parameter δ increases. This error is closed
to zero for δ = 1e− 10.

4.2 Experiment 2: Uncertainty in the convective heat transfer coeffi-

cient

A unit square spatial domain D =]0, 1[2 is considered. Its boundary is divided into ∂D1 =
{(x1, x2) ∈ R2 : x2 = 0} ∪ {(x1, x2) ∈ R2 : x2 = 1} and ∂D0 = ∂D \ ∂D1. The initial condi-
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Table 2: Summary of the error with respect to the target and variance of the state variable for
Experiment 2. Here z̄(T, x) denotes the mean of z(T, x, ω), i.e., z̄(T, x) =

∫
Ω
z(T, x, ω) dP (ω).

||z̄(T )− zd||2L2(D)

∫
D
V ar(z(T, x)) dx

J1, γ = 0 6.167× 10−3 2.663× 10−3

J1, γ = 1 4.796× 10−3 1.478× 10−3

J1, γ = 2 1.029× 10−2 1.318× 10−3

J1, γ = 3 1.156× 10−2 7.757× 10−4

J2, γ = 0 3.380× 10−3 3.895× 10−3

J2, γ = 1 4.755× 10−3 1.588× 10−3

J2, γ = 2 6.053× 10−3 1.267× 10−3

J2, γ = 3 9.472× 10−3 7.992× 10−4

tion is z(0, x, ω) = 0 and the final control time is T = 0.5. The following piecewise target function
is considered

zd(x1, x2) =


(−2x2

1 + 2x1)(−25x2
2 + 10x2) 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 0.4,

0 0 ≤ x1 ≤ 1, 0.4 ≤ x2 ≤ 0.6,
(−4x2

1 + 4x1)(−25x2
2 + 40x2 − 15) 0 ≤ x1 ≤ 1.0, 0.6 ≤ x2 ≤ 1.

(27)

This target function is depicted in Figure 1b. The finite element mesh is composed of 2436 P1
triangular elements and 1310 degrees of freedom. A time step of dt = 2.5× 10−3 is considered in
the Gear scheme (22).

The random heat transfer coefficient α(y, ω) is decomposed into a deterministic part and a
zero-mean stochastic part α(y, ω) = ᾱ + α̂(y, ω). The deterministic component ᾱ is set to 1
whereas the stochastic part α̂ is represented by two lognormal random fields with zero mean and
variance 0.01 at x2 = 0 and variance 0.1 at x2 = 1. The random fields are discretized by means
of a Karhunen-Loève expansion using a exponential covariance function with correlation length of
0.5 and variance 0.01 at x2 = 0 and variance 0.1 at x2 = 1. The Karhunen-Loève expansion is
truncated at three terms. The independent random variables of the K-L expansion are assumed
to be uniformly distributed on [−3, 3]. The stochastic collocation in Ω is performed using a three-
level isotropic Smolyak sparse grid based on Gauss-Legendre quadrature rule producing Q = 85
collocation points.

For γ = 0, 1, 2, 3, Table 2 collects results for the different contributions of the costs J1 and J2

after convergence of the algorithm (the criterium of convergence is the same as in the preceding
experiment). The upper and lower controls are shown in Figures 8 and Figure 10 for costs J1 and
J2, respectively. As expected the peak value of the variance (Figures 8b and 10b) of the state
variable is close to the upper edge due to the larger covariance of the random field on this part of
the boundary. Comparing Figures 8 and 10 it is observed that, as in Experiment 1, the cost J2

provides a better correspondence between the mean of state variable and the target function but
with a larger variance. This variance can be reduced by increasing the value of the parameter γ
as shown in Figure 11 for γ = 1, 2 and 3.

Figure 9 shows the error between the mean of state variable and the target function as a
function of the penalty parameter δ. Contrary to the experiment 1, in this case the error does not
approach to zero as the penalty parameter is reduced. This is due to the fact that the imposed
target is not a trajectory of the forward problem and thus cannot be reached.

The first term of the cost J1 implicitly penalizes the variance of the state variable and it is
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(a) (b)

(c) (d)

Figure 8: Results associated with the cost J1 for Experiment 2 with γ = 0, δ = 1e − 8. The
following quantities are represented: the mean of the state variable (a), the variance of the state
variable (b), the control variable acting on x2 = 1 (c) and the control variable acting on x2 = 0.
The target zd is shown transparently in (a) as a reference.
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Figure 9: Error with respect to the target ||z̄(T )− zd||2L2(D) as a function of the penalty parameter
δ for the numerical experiment 2 with cost J2 and γ = 0.
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(a) (b)

(c) (d)

Figure 10: Results associated with the cost J2 for Experiment 2 with γ = 0, δ = 1e − 8. The
following quantities are represented: the mean of the state variable (a), the variance of the state
variable (b), the control variable acting on x2 = 1 (c) and the control variable acting on x2 = 0.
The target zd is shown transparently in (a) as a reference.
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(a) (b)
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(e) (f)

Figure 11: Results associated with the cost J2 for Experiment 2 with δ = 1e−8, γ = 1 (a,b), γ = 2
(c,d) and γ = 3 (e,f). The following quantities are represented: the mean of the state variable on
the left-hand side of the panel and the variance of the state variable on the right-hand. The target
zd is shown transparently in (a,c,d) for reference.
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therefore not possible to obtain the best approximation to the target. On the contrary, the cost J2

provides more flexibility since it allows to isolate the conflicting objectives, namely approximation
to the target function and reduction of the state variable variability. The cost J2 finds a better
trade-off between the two conflicting objectives modifying the parameter γ.

5 Conclusion

A gradient method for a stochastic optimal control problem constrained by the transient heat
equation with random coefficients has been presented. Uncertainty in those coefficients is quantified
through random fields. The first and second order statistical moments of the system random output
have been included in two different cost functionals. A stochastic collocation method has been used
to solve the underlying state and adjoint state equations. Since the variance of the system response
is included in the cost functional as a measure of robustness, the non-intrusive character of the
collocation method is lost. Even so, and taking also into account that a second-order scheme has
been used to discretize the time variable, the hardest part of the computations in the gradient
method are done on parallel computers in such a way that the iterative optimization algorithm
can be solved for a relative large number of terms in the truncated Karhunen-Loève expansion
of the random fields that account for uncertainties. As a conclusion, gradient-based optimization
algorithms are numerically competitive for solving robust optimal control problems constrained by
time-dependent, parametric, PDEs.

The examples considered in the experiments are a first step towards the numerical resolution
of the robust, averaged controllability problem for parametric PDEs, which is an emergent topic
in the literature.
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