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We define Chern-Weil forms ci () associated to a superconnection A using (-
regularisation methods extended to WDO valued forms. We show that they are
cohomologous in the de Rham cohomology to tr( n2k 7w p) involving the projection
7p onto the kernel of the elliptic operator P to which the superconnection A
is associated. A transgression formula shows that the corresponding Chern-Weil
cohomology classes are independent of the scaling of the superconnection. When
P is a differential operator with scalar leading symbol, the k-th Chern-Weil form
corresponds to the regularised k-th derivative at t = 0 of the Chern character
ch(tR) and it has a local description

1
c(R) = —%res (K% log( A2 + 7rp)>

in terms of the Wodzicki residue extended to WDO -valued forms.
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Introduction

Given a superconnection A adapted to a family of self-adjoint elliptic
UDOs with odd parity parametrised by a manifold B, the ¥DO valued form
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e~ B? i trace class so that one can define the associated Chern character

ch(R) :=tr (e_ I42) (1)

which defines a characteristic class independent of any scaling t — B, of
the super connection. Here, tr is the supertrace associated to the family
of UDOs, which reduces to the usual trace when the grading is trivial. In
the case of a family of Dirac operators the limit lim; g tr (e_ IA?) of the
Chern character built from the rescaled Bismut superconnection exists and
the local Atiyah-Singer index formula for families provides a formula for
it in terms of certain canonical characteristic forms integrated along the
fibres (see the works of Bismut[1], Bismut and Freed [2] and the book by
Berline, Getzler and Vergne [3]). When the fibre of the manifold fibration
over B reduces to a point, this family setup reduces to an ordinary finite
rank vector bundle situation; A can be replaced by an ordinary connection
V on a vector bundle over B with Chern character ch(V) := tr e*VQ),
and the local family index theorem reduces to the usual Atiyah-Singer index
formula for a single operator. This can be expressed as a linear combination

dimM
(V) = Y- (1))

k=0

of the associated Chern-Weil forms ¢ (V) := tr(V?*) of degree 2k. Con-
versely, the Chern-Weil forms can be interpreted as the coefficients of a

Taylor expansion of the map ¢ +— ch; (V) := tr (e’tvz) att=0

0y che(V)|e=o = (=1)" ex(V). (2)

Replacing traces by appropriate regularised traces gives another insight
into the family setup close to this finite dimensional description. Given a
superconnection A adapted to a family of self-adjoint elliptic ¥DOs with
odd parity parametrised by a manifold B:

(1) using regularised traces, one can build Chern-Weil type forms that
relate to the Chern character (1) as in (2).

(2) If A is a superconnection associated with a family of differential
operators, one can show an a priori locality property for these Chern-
Weil forms, without having to compute them explicitly. This can
be achieved by expressing them in terms of Wodzicki residues.

Let us start with the first of these two issues.
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1. Just as ordinary Chern-Weil forms are traces of the k-th power of the
curvature, we define k-th Chern-Weil forms associated with a superconnec-
tion A as weighted traces:

cr(R) = tr 2 (1)

of the k-th power of the curvature B?. To do this, we extend weighted
traces (according to the terminology used in [4] and which were also in-
vestigated by Melrose and Nistor [9] and Grubb [5]) to families A, Q of
classical YDO valued forms setting

tr(Rn) :=¢(A,Q + Qi+ %) |20
= (B, Q,0)[™ + tr(Amqy), (3)

including weights which are themselves ¥DO valued forms. Here, mq, is
the projection onto the bundle of kernels UgecpKer(Q,) of the zero de-
gree part Q of @ (we assume that dim(Ker(Q,)) is constant), while
C(A, P, z)|™" is the mixed degree meromorphic differential form studied
by Scott in [14] which extends the holomorphic form Tr(AP~#) from
a suitable half-plane Re(z) >> 0. We show that the forms c;(R) are
closed and that the associated characteristic classes are independent of
the scaling of A. This is equivalent to the fact that the zeta forms
C(A?% —k) := ¢(A?* A2 0)]™ are exact and independent of scaling (this
fact was proved in [14]); the (closed) Chern-Weil forms c;(R) differ from
these forms by a term tr(7 A%* 7) involving the projection m on the kernel of
the operator B|g to which the superconnection R is adapted. As a conse-
quence of the exactness of ((A?, —k) we obtain that ¢;(R) is cohomologous
to tr(r A% 7).

2. The second step can be carried out whenever A is a superconnection
associated with a family of differential operators of order p, with scalar
leading symbol. In this case, we relate the forms c;(RA) to the Chern
character ch(RA) via a formula which mimics equation (2): for ¢ > 0,

fpr—o OFche(B) = (=1)* e (B), (4)

where fp denotes the finite part (the constant term in the asymptotic expan-
sion as t — 0+). With the same assumptions, we show that the following
local formula for these weighted Chern forms (see equation (19)) holds

1
ck(R) = ~2% res(A%* log(RA% + 7p)),
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where the right-side is the residue trace extended these families; this object
would not be defined for general families of YDOs. This equation gener-
alises formulae obtained by Paycha and Scott in [12] which relate weighted
traces of differential operators to Wodzicki residues extended to logarithms
(see theorem 3) and provides a local expression on the grounds of the lo-
cality of the Wodzicki residue.

These results are summarised in Theorem 4.

The paper is organised as follows

(1) DO valued forms

(2) Complex powers and logarithms of ¥DO valued forms

(3) The Wodzicki residue and the canonical trace extended to
UDO valued forms

(4) Holomorphic families of ¥DO valued forms

(5) Weighted traces of differential operator valued forms; locality

(6) Chern-Weil forms associated with a superconnection

1. ¥DO valued forms

In this section we recall the construction of form valued geometric families
of ¥DOs from [14]. Consider a smooth fibration 7 : M — B with closed n-
dimensional fibre M}, := 7=1(b) equipped with a Riemannian metric g, /B
on the tangent bundle T'(M/B). Let |A;| = |A(T*(M/B))| be the line bun-
dle of vertical densities, restricting on each fibre to the usual bundle of den-

sities |Apy, | along M. Let £ := ET @ E™ be a vertical Hermitian Z-graded
vector bundle over M and let 7, (€) := . (E1) @ (E7) be the graded infi-
nite dimensional Fréchet bundle with fibre C'*° (Mb, E'®|A Mbﬁ) atb e B,
where £ is the Z,-graded vector bundle over M;, obtained by restriction of
£. By definition, a smooth section ¢ of m,.(€) over B is a smooth section
of £ |A|Z over M, so that 1h(b) € C(My, E® @ [Apy,|2) for each b € B.
More generally, the de Rham complex of smooth forms on B with values in
7 (E) is defined by

A(B,m(€)) = O (M,x* (NT*B) @ € © ||}

with ® the Zs-graded tensor product. Let CY¢(£) denote the infinite-
dimensional bundle of algebras with fibre C4(£%) = C/ (Mb, E @ |Ayy, |%)

A section @ € A(B,Ct(E)) defines a smooth family of classical ¥DOs with
differential form coefficients parametrized by B.
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Such an operator valued form @ is locally described by a vertical symbol
al.y,€) € C% ((Unr xx Un) x R, 7" (AT*Ug) © RN @ (RY)")

where X is the fibre product, £ may be identified with a vertical vector in
T,(M/B), and Uy is a local coordinate neighbourhood of M over which
Evy =~ Uy x RY is trivialized and RY inherits the grading of €. With
respect to the local trivialisation of 7. (€) over Up = m(Uas) one has

A (U, W*(5)|UB) ~ AU) © O (M, %)

with M, = 7 1(by) relative to a base point by € Ug, so that q can be
written locally over Up as a finite sum of terms of the form wy ® qp,

where wy, € A*(Up) and qp € C*™ (Ub0 x R"/{0}, RN x (]RN)*) is a
symbol (in the single manifold sense) of form degree zero so that for all

multi-indices «, § and each compact subset K C U, the growth estimate
holds

1050, 0 iy (2,9, €)| < Cryp,re (1 + €)1 ()

For clarity we will work only with local symbols which are simple, meaning
they have the local form Zgi:r%B Wk @ q[i), with just one term in each form
degree, extending by linearity to general sums. The order of a simple symbol
is defined to be the (dim B + 1)-tuple (qgo, - ,gdimp) With ¢x the order of
the symbol qpy; for simplicity we consider the case where g, is constant on
B.

In accordance with the splitting of the local symbol into form degree
q = qg + - + qaim B] the operator

@@ = Gy [, Avobrm [ ety Ove

(2m)™

for ¢ with compact support in Uy, splits as Q = Qo)+ Q)+ - - + Qldim B]»
where @) is a simple family of YDOs in so far as locally there is one com-
ponent Q) = wr @ Qp € A (UB,W*(8)|UB) in each form degree. Q)
raises form degree by k and Qy(b) : C°°(My, &) — C=(M,, &, ) is a pseu-
dodifferential operator in the usual sense acting on sections of the bundle
& = &y, over the fibre M.

The composition of ordinary symbols naturally extends to a composition
of families of vertical symbols defined fibrewise by:

qoq =wAwW ®qoq
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where g o ¢ is the ordinary composition of symbols corresponding to the
UDO algebra multiplication

AY(B, U7 (€)) x AV (B, U*(E)) — ATI(B, WV TH(E)). (6)

By a standard method the vertical symbol q in (z,y)-form can be re-
placed by an equivalent (modulo S~°°) symbol in z-form. A (simple) fam-
ily of vertical symbols q of order (qo,- - ,qaimp) is then called classical
if for each k € {0?~-~ ,dimB} one has qpy(z,§) ~ Y77, dpy,;(2,€) with
qp,j (2, t§) = %I qpy (2, §) for t > 1, 1] > 1. A family of vertical WDOs is
called classical if each of its local component simple symbols is classical.

Definition 1. A smooth family @ € A (B, Cl(£)) of vertical ¥DOsis el-
liptic if its form degree zero component Qg is pointwise (with respect to
the parameter manifold B) elliptic.

In this case @ has spectral cut ¢ if Qg admits a spectral cut ¢. Likewise,
it is invertible if Qo) is invertible. Given that () admits a spectral cut then
it has a well-defined resolvent, which is a sum of simple families of YDOs.
Setting Q> == Q@ — Qo] € A (B,CU(£)) then there is an open sector
Ty € € — {0} containing the ray Ly such that on any compact codimension
zero submanifold B, of B for large A € I'y one has in A (B., C¢(£))) using
the idempotence of forms on B

Q@-N"=(Qu — /\)71

dimB

+ 3 D Qo - N Q@ — N7
k=1

k

(7)
In particular ((Q - )\)71) 0 = (Qpj — )\)71 )

2. Complex powers and logarithms of YDO valued forms

Here we use the complex powers for ¥DO valued forms introduced in [14]
to define and investigate the properties of the logarithm of a simple family
of invertible admissible elliptic vertical ¥DOs.

Let @ be a smooth family of vertical admissible elliptic invertible ¥DOs,
the orders (qo, - ,gdimp+1) of which fulfill the assumption

qo = ord(Qo)) >0
and

a. <qo Yk >1. (8)
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Under these assumptions one obtains an operator norm estimate in A(B)
as A — oo in I'y

1@ = AD§ 5 = O™

where ||~H§\Z4)/B : A(B,CYU(E)) — A(B) is the vertical Sobolev endomorphism

norm associated to the vertical metric.

Lemma 1. Let @ be an admissible elliptic invertible YDO valued form on
B with spectral cut 0. Then
i

—z v —z _ —1
%= | NT@-ADTy

defines a family of ¥DOs in A (B,CL(E)) which is a finite sum of simple
UDO families with holomorphic orders

a(z) = —qo -z + (0)

where qo = ordQ[g) and the constant term a(0) is determined by the ¢; and

the form degree. In particular, (Q;Z)[O] = ((Qg)[o]) Z.

Here )\, * is the branch of \=* defined by A\, * = |\|7%e™¥® Ar9A ¢
2 < Argh < 0 and r being a sufficiently small positive number, Cy , is
a contour defined by Cy, = Crg, U Cap, UCs9, with Cr g, = {\ =
INe? | +o00 > |A > 7}, Copr = {N=1e? |0 >¢ >0-2n} and
Cz0.r = {A=|Ne?®2™) | r < |)\| < +00}.

When Q[O] has mon negative leading symbol we can choose 0 = 5 i which
case this complex power is the Mellin transform of the corresponding heat-

operator form:

1 o0
Q7= 7/ t*Le 9 gt
L'(2) Jo

Remark 1. When @ is not invertible, we can apply the Lemma to Q-I—’]TQ[O]
which is invertible. Here mg, denotes the projection onto the kernel of QJo)-

Proof. Let us first check the last formula, which is very straightforward.
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As for ordinary pseudodifferential operators, we write

Q=4
27T CR,Q

_i L > z—1 _—tA _ —1
_27T/cR,9 (F(z)/o e dt) (Q = AI)~" dA

7

1 /OO ae1 ! / —tX -1
= — dtt — e Q— M dA
['(2) Jo 2T Jop, ( )

1 /°° 1.-tQ
= —— dtt* e .
L'(2) Jo

To prove the first part of the lemma, we follow [14]. Let us first assume
(8). Following Seeley’s analysis, one can define the complex power Q,* =
o= fCRe Ay “(Q — XI)7'd\ for Re (z) > 0 in the usual way provided Q

satisfies assumption (8). Since ((Q — )\I)_l)[o] = (Qp — )J)il it follows

! Ap3(Q = A~ dA

that (Q;Z)[O] = ((Qg)[ooi'z. The order of (Qe_z)[d] is derived from the

expression of ((Q — AI)™') ., which from (7) can be rewritten as

[d

dimB

(@-M7")  =(@o-N"+ Y (-1 (9)

k=1
> Qo) Wi (Qu =) Wi (Qu = )
p1+-+pr=d

where W := Q>) so that W,.) = (Q — Q[>0])p,], & simple family of ¥DOs

of pure form degree p; € {1,...,dim B}. Let a; = ord(W},,)). This con-

tributes to (Q;Z)[d] a (simple) family of YDOs order —gpz — qo k + a1 +

-+ ay. It follows that the order of each simple component of the complex
power is holomorphic with derivative at 0 independent of k.

[d]
-1

Complex powers can be extended to operators which do not satisfy as-
sumption (8). By (9)
dimB

R (Q—Npy = ; > (10)

p1+t...+pp=d
mo+---+mp=m

mo -1 mi -1 m _
R (Quoy = A) Wi OV (Quop = A) - Wi g™ (Qpoy — A)

Since 0\ (Qpo] — M)~ is of order —q(m; + 1), taking m sufficiently large,
we can ensure that

105 (Qop = AD M55 = O(A ™)
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without assumption (8). In this way, using integration by parts we may

define
7% = ! i/ APTEON(Q — M)A (11)
o T (z=1)---(z—m)2r Cro 0 A '

The order computation is essentially unchanged. D

Let @ be a smooth family of vertical admissible elliptic invertible YDOs.
The logarithm is also built as in the single operator case by defining

0

logy @ := 92|
z2=0

(Q5) -

As in the single operator case the logarithm is not quite a family of classical
PUDOs, but the non-logarithmic component is located only in the form
degree zero component:

Lemma 2. Let Q € A(B,C{U(E)) be a family of differential form valued
vertical classical invertible elliptic WDOs with spectral cut 6. Then

(logy @ )[0] = logy Q-
If Q moreover satisfies assumption (8), then
logy @ —logy Qo) € A(B,CL(E)) .
Remark 2.

e Since the order of the components of (Q*z)[d] are of the form —qgz+
a(0), from Lemma 1, one expects log, Q[q to contain log [¢] terms,
which would contradict the statement of Lemma 2. A closer look
shows that the terms of the form |£|7%* that arise in Q[_d]z when
d > 0 come with a factor of z and therefore do not yield any log|¢]
term when differentiated with respect to z at z = 0.

e A priori [¢] is b € B-dependent, this reflecting the fact that the
decomposition depends on the choice of metric on the fibre M,.

Proof. We drop the index 6 to simplify notations. First, we show that
(log Q)[o] = log Qo). For some integer m chosen large enough, we have for
Re(z) > 0:

1
(z=1)---(z —m) 2im

Q™% = / log AN 297 (Q — M)~ tdA
C
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and hence
1
1 =(-1)"—— 11 mOT(Q — M) T,
08 Q= ()" g [ lomaamap(@ - a0
From (9) it follows that setting d = k = 0 yields:
1 —m—
(log Q) g = 5 /Clog)\ OV (Qoy — AI)™™ A =log (Q[o)) -

It follows that log @ = log (Q[O]) + (log Q)[>o]-

To see that log Q —log Qo) € A (B, CL(£)), recall that log Q = 0.Q%|.—o
and that for each z the operator Q% is represented with respect to local
trivializations by a local polyhomogeneous symbol of mixed differential-
form degree

o (b,,€) = o

2

where o is the vertical form-valued symbol product, Cy is a finite closed

/C X AN (b, 2. €) o (wi(b,, ) o g\ (b, )" dA (12)

key-hole contour enclosing the spectrum of the leading vertical symbol of
(@ = Njg] = (P =), and where Op(q[A]) ~ (@ — A)~", Op(w) ~ W :=

The symbol g[A] o (woq[A])" in (12) is polyhomogeneous, with an
asymptotic expansion into terms of decreasing homogeneity, each of mixed
form degree, in the usual way. In general this is a complicated expression.
Nevertheless, the log-type of log @ can be inferred just from the leading
symbol (top homogeneity). This is a consequence of the following simple
lemma.

Lemma 3. q%|.—¢ is the identity vertical symbol 1 defined by
I[O] = (17070"") and I[p] =0:= (070703"') s p>0,

where 1) indicates the component of form degree p, and the sequence on
the right-side are the homogeneous terms.

Proof. This is immediate from (12) since q[A] o (w o q[])" is O(A~2) for
k > 0 (general ¥DOs). When k = 0 then the integrand is O(A™1), and we
have the usual situation of form degree zero operators. DO

Let 2 (z, &) denote the (mixed-form degree) term in the asymptotic ex-
pansion of Q* of homogeneity w, and let qf,  (,&) be the leading symbol
(with maximum homogeneity). Then

{
G226 = 5= [ Vgl &) A (13
Y8 Co
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where

g(x,6,A) = q-m[A(z,§) wo (2, §) q-m[A(2,€) . .. wu (2, §) q-m[A] (2, §)

is the ordinary form-valued matrix product (i.e. not a symbol product) of

leading order symbols b_,,[A](z,§) of P — AI (P of order m > 0), and w,,

the leading ¥DO -order symbol of W which has maximum homogeneity v.
Each q_,, has the quasi-homogeneity property for ¢ > 0

Qom[t"A(2, 1) = 7" q_m[A](z,€)
and so
ga, t6,tm\) =t mEFDTRY g0 e N
Hence, making the change of variable A = ™ p in (13) we have

Dy, (1) = ETFTTIERLE (2,6). (14)

Wmax

It follows that q* has an expansion into terms of mixed form degree
qz ((E, 5) ~ Z qunzfmk:Jrkufj ((E, 5) .
Jj=0
From Lemma 3 we therefore have
qfnz—mk-&-ky—j (ZL’, 5) |Z:0 = 5j70 I (15)

(since from the lemma terms of positive form degree do not contribute).
The final conclusion for logq = 0,q7_ now follows in the usual way by
differentiating

- —; §
qf"Z—mk'HCV—j(z’f) = |£‘mz k=g qfnz—mk-‘rkl/—j <

T, —
&l

with respect to z, then evaluating at z = 0 and using (15) to get logq ~

> j>0logq; with

log q(w, &) = mlog|¢| 601 + |€]*" ™70, ]._0q” (z é > '

Note, since 9,|.—0q*(z,£/|€|) has order zero, that provided ord(P) = m >
ord(W) (which we assumed) the second term is of order no larger than zero.

Remark 3. A formal argument based on the Campbell-Hausdorff formula
provides some intuition why the second part of the lemma holds. We show
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here how the Campbell-Hausdorff formula for ordinary YDOs obtained by
Okikiolu [10] formally extended to families of vertical ¥DOs, yields that
(log Q)[o] is a classical vertical WDO . Indeed, the splitting Q@ = Qo] + Q[0
yields

log Q = log (Qpo] + Q>0]) = log [Q[o] <I+ Qﬁ@po])}

~ 1og Qi)+ 1og(I + Q5 ' Qo) + > €V (log Q. og(! + Qjg] Qo))
k=2

where C'®)(M, N) stands for a linear combination of Lie polynomials of
degree k in M and N given by:

C® (M, N)

= ch Z (ad M) (ad N)* -+ (ad M)t (ad N)** N
J=1 a+6>0, Z_I]’-Zl a;+6;+1=k

for some coefficients ¢; € R and where (ad M)M’ := [M,M’]. Under

assumption (8), the operator Q[B]IQ[>O] has a vanishing form degree zero

part and negative orders (8], , BjgimB+1)). The logarithm therefore co-
incides with the logarithm on bounded operators and yields an asymptotic
expansion:

X (_1\k—-1 k
log(I + Qg Qr>0]) ~ kz: (% (Q[B]lQpO]) :

=1
which shows that log(I + Q[_O]lQ[>0]) is a classical vertical ¥DO . It follows
that each of the C®)(M, N)’s is also a classical vertical ¥DO. Indeed,
these are built up from iterated brackets of an ordinary (corresponding to
the 0-form degree part) logarithmic WDO log Qo and the classical vertical
UDOlog(I + Q[B]lQ[>O]). The ordinary symbol analysis shows that such
brackets are classical and hence that log@Q — log Q) € A(B,C((£)) as
claimed in the lemma.

This argument therefore provides a heuristic but maybe more intuitive

explanation of the lemma.

3. The Wodzicki residue and the canonical trace extended
to geometric families

Both the Wodzicki residue and the cut-off integral defined on ordinary
classical symbols extend to smooth families of vertical differential form
valued classical symbols.
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Let Q € A(B,¥(€)) be a simple family of ¥DOs of non-integer order,
so that in each form degree ord(Qp)) € R\Z. Then working in local coor-
dinates Uy on M where @ is represented by a smooth family of symbols
og(x, &), we find that the local matrix valued forms ?

][ oq(x,§) d
T*M

patch together to determine a global section of the bundle 7*(AT*B) ®
End(€) ® |Ax| over M; this is proved by an obvious fibrewise version of the
usual existence proof of the Kontsevich Vishik canonical trace. Taking the
fibrewise trace we consequently have an element

TR.(Q) ¢=][ trz(0q(x,§)) d§ € CF (M, n"(AT*B) © [Ax])
T M
which can then be integrated over the fibres to define the canonical trace for
families of non-integer order ¥YDOs, a differential form on the parameter

manifold B, by

TRQ) = [ TR.(Q) € AB),

M/B
In the case when each component of Q has order less than —n, then
TR(Q) = Tr (Q), the usual fibrewise trace.
In a similar way, for a simple family @ € A(B,¥(£)) of ¥YDOs of any
real (or complex) order one has a residue trace density”

res,(Q)i= [ tru(og(@,€)-0) ds(€) € C (M, (\I"B) @ |As)
SxM
where og(z,8)—n = 2EB(O'Q(CE,§)_7L)[]€] is the homogeneous part of the
local symbol of homogeneity —n. This can then be integrated over the
fibres to define the residue trace for families of arbitrary order ¥DOs, once
more defining a differential form on the parameter manifold B, by

res(Q) == /M/B res; (Q) dz € A(B).

Notice that if all the components of @@ have non-integer YDO order then
res(QQ) vanishes; as in the case of a single operator, the functionals TR and
res are roughly complementary.

adf := L d¢ where d¢ is the ordinary Lebesgue measure on T M ~ IR™
(2m) x
bIn the following formula dg & := ﬁ dg € where dg £ is the canonical volume measure

on the cotangent unit sphere Sj;M.
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As in the case of a single operator, res : A(B,¥(E)) — A(B) defines a
trace, vanishing on (graded) brackets [Q1, Q2] of families ¥DOs, while TR
vanishes provided [@1, Q2] has non-integer order components.

Let us now extend the Wodzicki residue to forms on B with values in
WUDOs of logarithmic type.

Let A € A(B,¥(£)) be a family of differential operators. Since by
Lemma 2 the operator valued form log, @ — log, Qo] is classical and since
res; (Alog Qjo))dz defines a global top degree form on M, as A is a family
of differential operators, by the results of [12], so does

res; (Alog Q) = res;(A(log Q — log Qo)) + res,(Alog Qo)) -

Hence, in this case, we may define the differential form by

res(Alog Q) = / res; (Alog Q) dx € A(B).

M/B

The fact that we restrict to differential operators A ensures the indepen-
dence of this extended residue on the choice of the metric on the fibre M,
since a change of metric brings in a vertical multiplication operator, which
combined with the vertical differential operator A modifies the expression
by another differential operator, for which the Wodzicki residue will vanish.

We comment that this is possibly taking place in a Z,-graded context,
where the residue density is the super residue density and so forth.

4. Holomorphic families of YDO valued forms

We call a family Q, = ZZBB Q) € A(B,CU(E)) parametrised by
z € W C € holomorphic if in each local trivialization of 7.€ over a neigh-
bourhood Upg of b, ((QZ)IUB) o wi @ Qk,» for some wy, € A(Up) we have

that z — Q. € Cl(M,, &) is holomorphic family of ¥DOs parametrised
by W in the usual single operator sense (following Kontsevich and Vishik
[7], Lesch [8], see also [12]). In particular, the corresponding symbols q,
then define a holomorphic family of symbols in the usual sense.

Definition 2. We call a holomorphic regularisation procedure a map R
which to any A € A((B,C¢(E)) associates a holomorphic family A, €
A(B,C¢(E)) such that Ag = A and with order a(z) such that a{k] (0) #0
or any k € {0,--- ,dimB + 1}. Similarly, one defines holomorphic regulari-
sation procedures on the level of symbols in such a way that a regularisation
procedure R : A — A, induces one for the corresponding symbols.
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Let us illustrate these definitions with two examples.
Example 1.

(1) For any holomorphic map H such that H(0) = 1, the map R¥ :
q— H(z)|¢|~* q defines a holomorphic regularisation procedure on
local classical vertical symbols. For a certain choice of H it gives
back dimensional regularisation.

(2) Given a family Q € A(B,C¥(E)) of differential form valued vertical
classical invertible elliptic ¥DOswith spectral cut 6 such that Q
moreover satisfies assumption (8), the map

RO A AQy”

is a holomorphic regularisation procedure on vertical classical
WDOs called (-regularisation.

Theorem 1.

(1). For any family z — q, := 2:88“ (az)py (b,2,€) of classi-
cal symbols locally parametrised by b € B and holomorphic on an open
subset W C € with order z — «a(z) = (a(2), -, AdimB+1](2))

such that z — (o (b))l (z) does not wanish for any k, then the

functions E*Mb (qz)[k] (b,x,&)d¢ are meromorphic with simple poles in
1 °

(o (b))~ (&) NW. The pole of the map z HfT;Mb (az) gy (0,2, §)dE at a

point zp in (a[k] (b))_1 (Z)NW is expressed in terms of a Wodzicki residue:

Res.—:, ][T;Mb (a2) gy (b2, €)dE = — res ((qu)[k] (b)) . (16)

v
(a[k] (b)), (20)

(2). As a consequence, given a holomorphic family z — Q, :=

(,:LI%BH (Qz)[k] at point b on W C @€ of differential form wval-

ued wertical classical WDOswith holomorphic order z +— «a(b) =
(o) (B)(2), -+, aimp) (b) (2)) such that z — (ap (b))/ () does not vanish
for any k € {0,--- ,dimB}, the map z — TR ((Qz(b))[k]) is meromorphic
with simple poles in (a[k](b))fl (Z)NW. The pole of TR ((Qz(b))[k]) at a
point zg in (a[k] (b))_1 (ZZ) is expressed in terms of the Wodzicki residue of
((on)m) at point b € B:

Res.., TR ((@-(0))yy ) = —(a[k](bl)),(zo)res (@u0)y). a7
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Proof. The similar result for ordinary classical ¥DOs [7] applied to each
(q:(b)) ) and each (Q(b))y vields the result. O

On the grounds of this theorem, the holomorphic regularisation R? : A —
AQy " on differential form valued vertical classical ¥DOs gives rise to mero-
morphic maps

2 Gp(A,Q,2) == TR (AQ;,7)

with simple poles so that it makes sense to extract the finite part at z =0
denoted by ((A, @,0)|™¢". As a consequence of the above theorem, we
have as in the case of ordinary WDOs, the following formula relating the
Wodzicki residue with the complex residue at z =0

res(A) = go Res,—oTR (A Q_z) = qo Res,—¢oTR (A Q@f)

since AQ,* has order ap(z) = —qo z + af)(0) with go the order of Q).
Indeed, notice this formula is independent of the choice of @ apart from
do = Ofd(Q[o])~

Definition 3. Let Q € A(B,C{(E)) be a family of differential form
valued vertical classical invertible elliptic YDOswith spectral cut 6 such
that @ moreover satisfies assumption (8). Provided the dimension of the

kernel ker(Q(b)jg) is independent of b, the map b (HQ(b)[O]> built

from the orthogonal projection onto this kernel is smooth and for any

Ac A(B,CUE)),
tI“Q(A)[k]

= lim <TR (4 @+ WQ[O]);Z)[H

= ((A, Q,O)HZ]” + tr (A[k] ﬂ-Q[o]) ,

1 —z
— JRes.—TR (A (Q+mqy), ){k])

defines a differential form tr%(A) on B called the Q-weighted trace of A.

Let us compare these weighted traces to the finite part of heat-operator
regularised traces.

When Qo) has non negative leading symbol the operator Ae 9 is trace-
class for positive € and we can write (these formulae are similar to the ones
used by Higson [6] to derive the local formula for the Chern character in a
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non commutative geometric setup):

tr (A e_eQ)
_ Z(_e)n /A dutr (A e~ u0€QIo] Q[>0] ._.e_un—leQ[O]Q[>0] e—uneQ[o])

n>0 n
_ Z Z 6Ikl+2n 1 Q(kl) Q(k ) eQu

|k| +n— [>0] [>0]
n>0|k|>0

where ¢(k) is defined by induction for any multiindex k& = (ki,--- , k,) by
c(k1) =1 and

(k1 +-kn14+1)--(k1+ - kp1+n—1)

C(klv"' 7kn) = C(kla"' 7kn71) I

For an operator B, the operator B(® is also defined by induction; B(?) := B
and for any non negative integer i, BUt1 = [Q[o],B(i)] so that B® =

(adi Q[O]) (B)
The sum over n is finite for each fixed form degree d whereas the sum over
k = (k1,--+,k,) € IN" is a priori infinite. However, if Qo) is assumed to

have scalar leading symbol, then B*) has order b + k(go — 1) where b is

the order of B and qo the order of Qo) and (A inlo)] QEEOD al has order

a+ngq + |k|(go — 1) where qq is the order of Q[gj. It follows that for each
fixed multiindex k, there are coeflicients o, , ji > 0 and G such that

n— k kn —€
lkl+2 ltr( Q( 1) QE>O]) Qo) )

qolkl+q0(2n—1)+j, —(a+ngg+|k| (gg—1))—dim M,
€0 E T a0 + Ok loge
Jk=0
0 q0(2n—1)+jp —a—ngg+|k|—dimM,
~es0 E 0, € 0 + B loge
Jk=0

so that the fractional powers of € increase with |k|; in the ¢ — 0 limit,
they will not contribute for large enough |k|. Extracting a finite part when
€ — 0, we can therefore define for any non negative integer d:

fp._otr (A e_eQ) ()

|k|+2n—1
=3ty | 3 A s (a0 @il o)

n>0 |k|>0 |k‘ +n ) [d]
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Since for ordinary ¥DOs A, @ we have (a folklore result, the proof of which
can be found e.g. in a survey by Paycha [11])

fp_otr(Ae™ Q) = tr?(A) + yres(A)

where v is the Euler constant, weighted traces coincide with heat-kernel
regularised traces for operators with vanishing residue, so this holds in
particular for differential operators.

Applying this to each operator (A inlo)} e in%]) ) . we get that provided

Q[q) and A are differential operators for any non negative integer d, then:

fp._otr (A efﬁQ) = tr?(A). (18)

5. Weighted traces of differential operator valued forms;
locality

A connection V on £® |AMb|% induces a connection VH°™ on O/ (£) which
locally reads Vo™ = d+[0, ] if V reads V = d+©. Applying Theorem 1 to
the holomorphic family Q. = A [V, (Qy +7q, )~ *] where A € A(B, CU(£))
yields:

Theorem 2. Let @ € A(B,Cl(E)) be a differential form on B with val-
ues in vertical classical elliptic WDOs with spectral cut 0 and with kernel
Ker Q(b)jo) independent of b. Let A € A(B,CU(E)). Given a connection V
on €@ |AM,|2 then we have the equality of forms:

71)a+1

dtr?(A) = r9([V, A]) + (Gl

% res (A [V, lOge(Q + TQ0) )])

where qo is the order of Qo) and where a is the degree of A as a form.

Proof. For simplicity we assume @ is invertible, but the proof extends to
the non invertible case replacing @ by @ + mg, in the complex powers.
The proof goes as in [4] where @ was a ¥DO valued 0-form; indeed we have

dtr?(A) — r9([V, A]) = fp,_, (dTR(AQ,?) — TR([V, 4] Q; 7))
= (—=1)*fp,_ TR (A[V,Q;7])

= (=1)*Res,—o <TR <W>>

z
(_1 a+1
= Tres (A[V,logy Q))
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where we have applied Theorem 1 to the holomorphic family @, =
A[V,Qy 7] to get the last identity using the fact that the degree k part
of Q,* has order —qg z + cst. ]

Applying Theorem 1 to the holomorphic family Q. = A(Qp + mq,) "
where A € A(B,CY(£)) is such that A is a differential operator for any
non negative integer ¢ leads to the a description of the weighted trace of a
differential operator valued differential form in terms of a Wodzicki residue.
In order to make these notes self-contained, we include the full proof for
UDO valued forms although it mimics the proof derived in [12] in the case
of ordinary ¥DOs. As in [12] we use the following preliminary lemma.

Lemma 4. Let A € A(B,CY(E)) be a family of vertical WDOs such that
Ap;)(b) is a differential operator on My at any point b € B and for any non
negative integer i. Then, for any x € My, for any positive real number o

Ze €l Foa(x, &) dg

T;Mb

is meromorphic with simple poles and if fp,_, denotes its finite part at
z = 0 we have:

0 :][T;M,, oa(b,x,&)dE = pr_O][T;Mb €]~ a(b, z, €) dE.

Proof. The fact that 2 — f7.
function with simple poles follows from Theorem 1 applied to o, (b,z,£) =
|€] = %0 4(b,z,£) of order a(z) = —az + o where « is the order of A. let
us fix a non negative integer . The symbol of the differential operator
Ap) reads o4, (b,x,§) = ZZSOA“] ok (b, z, &) where for any multiindex k =
(b1, kdimar,)s ok(b, 2, &) = a(b, z)&* is positively homogeneous. Hence,
its cut-off integral on the cotangent space at x € M), reads (here By (0, R)

M, €]~ **0 A (b, x, &) dE defines a meromorphic
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is the ball of radius R centered at 0 in T M;):

][ oAy (b x,§)dE = prHOO/ oAy (b w,§)dE
T M,

By .(0,R)
OI’dA[i]
= Z ak(b,x)pr_,oo/ 33
k=0 By . (0,R)
OI’dA[i] R
= > ar(bx)fpr_o / rktn=1gp / ke
k=0 0 S;Mb

k+n i
;mﬁwk+n[¥mg ¢

Similarly,

. ][ oay (b2, €) €] e
Ty My

OTdA[i]

= > awbo)
k=0 Ty My
Ol'dA[i] R

= > arbx)fp._o | fPrc / phtn=z=1gy / ek ae
k=0 0 S5 My
ordA

= Z ar(b,z)fp,_q (pr_,ooRkJr”_z)/ ehac=o.
k=0 Sz My

The fact that the finite part vanishes in the line before last follows from the
fact that fpy_ . RF™~* vanishes for Re(z) sufficiently small, as the finite
part of a meromorphic extension of a function which vanishes on some half
plane. O

We are now ready to prove the main result of this section:

Theorem 3. Let Q € A(B,CU(E)) be a differential form on B with values
in vertical classical elliptic WDOs with spectral cut 6 such that Q@ moreover
satisfies assumption (8) and has kernel Ker Q(b)o) with constant dimension.
Let A € A(B,CU(E)) such that Ay is a differential operator for any non
negative integer i then we have the equality of forms:

1
trQ(A) = *qfores (A logy(Q +7qy,))
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where qo is the order of Qo) and mq, the orthogonal projection onto the
Ker Q[O]

Proof. Here again, we prove the result for invertible ); the proof then
extends to the non invertible case replacing @ by @ + TQ, in the complex

powers. Since (Q;‘Z)[O] = (Qe)[?)]z has order —¢qo z with ¢o the order of Qo,
dropping the subscript 6 to simplify notations, we write for any b € B

tr?(A)(b) == fp,_, /M dx][*M try (0ag-=(b,z,€))
oy [ dof dtn (oag (0 €) ~ 1€t 0) +
oy [ dofdele b

B fpzzo/ dx][ g try (UA Q-=(bz, &) — |§|_qOZUA(b,x,§))
My T M,
by Lemma 4
e - b’ ! B 0t T b7 )
:Resz:O/ dx]/» ac (0ag= (b2, ) = |€]7% *trz (7a(b, 7€)
My My,

z

a0 g gz (8 N6 tra0abE) 1
z

Applying Theorem 1 to o, (b, z, &) :=
yields for any d € {1,--- ,dimB}

@ = - x o x = 7;
t (A)(b)[k] Res.—g /Mb d ][z*M,, df try z(bv v§)[k] (Oé[k-](b))l (0)

[/ dx/ ¢ [trf”@z(b’zaf) - |§|q”trzaA(b,x,§)} ]
M Sz M, z ol

1 d
— [ o [ e [moag (o€~ g s (28]
q0 |Jm, s:v, 4z 2=0

since ap(2) = ord(0.)k = —qo z + o (0)

(k]

and since [terAQ—z — g7 Ztron]l =0

z=0

1
[ delrnoa.0.6)  alog el Ol
90 J, Jsz,

- *qio [res (A log Q) (b)]y - D
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6. Chern-Weil forms associated with a superconnection

Definition 4. A super connection (introduced by Quillen [16], see also
[1], [3]) on € adapted to a smooth family of formally self-adjoint ellip-
tic UDOs P € A°(B,C(%(€)) with odd parity is a classical ¥DO A on
A (B, 7€) of odd parity with respect to the Zs-grading such that:

Aw-0)=dwhio+(-1)wARA(0) Ywe AB),o e A(B,T.E)
and
IA[O] =P
where as before, A\ = Z?ESB Ay and Ry : A* (B, m.E) — AT(B,7,E).
The curvature of a super connection R is given by B? € A(B,C/(E)).
Notice that Bfo] = P? 5o that A? is elliptic with spectral cut 7 .We know

from the previous paragraphs that provided Ker HQ(b)[O] = Ker P(b) is
independent of b:

¢( G wp,z) = TR (HQk (142 + Wp)_z)

—mp will denote the orthogonal projection onto the kernel of P—, is a
UDO valued form in A (B, C¥4(£)) so that we can define its finite part:

tI‘A2(H2k) = C(IAka Px2 _|_7TP’O)|mer'

Theorem 4. Let A be a super connection on m.E adapted to a smooth
family of formally self-adjoint elliptic ¥DOs P € A°(B,Ce (£)) of odd
parity which satisfies assumption (8). Let us further assume that the kernel
Ker IAQ(b)[O] = Ker P(b) is independent of b.
Then for any non negative integer k,
(1) the associated Chern forms

cr(R) = tr B (A2
are closed forms on B which are cohomologous in de Rham cohomology to
tr( AQk 71'p).
(2) The corresponding Chern-Weil classes are independent of the scaling of
B with fized kernel and we have the following transgression formula

8tCk( At) = di( Ht)

where

2 /- _ 1 . _
Te(By) = ktr (Kt n2* ”) fgres(ﬂt(ﬂerﬂp)k 1)
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for any smooth one parameter family B, of superconnections associated
with P of order p.

(3) If P has scalar leading symbol and if W (b) is a differential operator at
each point b € B then the Chern-Weil classes relate to the Chern character

by
o, (9ftr (7)) = (1) Fer(RB).

(4) If B(b) is a differential operator at each point b € B then the associated
Chern forms have a local description in terms of the Wodzicki residue:

ck(R) = —%res (R% log(A? + 7TP)) . (19)

Moreover, Ty is also local and we have:

Tk(ﬁt) =

k . 1 ]
~ 5 (e (B +mp) " log(BF + 7)) — 5T (i (B +7p) ).

Proof. (Ad 1) Theorem 2 applied to A = A?* and Q = A? with ¢y = 2p
yields the closedness. Indeed, using the fact that V = A commutes with
integer powers of A and with e~ Az, we have:

d ™ (A%) = fp_, (dtr(y\%e*fw))

= fp._otr([B, A% e¢ IAz) + fp._otr(A?* (R, e IA2]) =0,

since dotr = tro A.
Furthermore, from [14] we know that (A%, —k) := (A%, A?, 2)|™¢ is ex-
act, so that tr 1Arz(IAx%) = C(A?* B2 2)|7 + tr(A% 7p) is cohomologous

to tr(A** 7p).

(Ad 2) Applying Theorem 2 to V = 8;, A = A?* Q := A? with A, a
smooth family of superconnections parametrised by IR associated with a
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family P, with constant kernel and corresponding projection 7p we get
1
Ocr(RAy) = tr A} (6t IA?k> - %res <B?k O; log(A? + 7Tp))
k
=3 (Af“—” (A, ] Af(k_i))
i=1

e ;
—5/ res (K?k (B +7p) Ry, By (B + 7TP))\) dA
0

I
™=

o™ (D [my, g REY)
1

1
/ res ((Hf +7p)F (B +7p) A By, By (B] + 7TP)>\> dA
0
o % (B, B 7))

s ([ e (B2 4 700 (B2 4 7p) )

«.
Il

—_ N Y=

= kdtr™ (Ht Bf(kfl)) - % dres (IAt (B2 + Wp)k_l)
where we have used the fact that 9, A? = [R,, B\ as well as the cyclicity of
the Wodzicki residue combined with the fact that it vanishes on finite rank
operators (which we used to replace IA? by Hf + 7p in the third equality).
(Ad 3) First of all, since dye~'® = —fot dse =N A% B (sce e.g.
formula (2.6) in [3]) and since the exponential ¢=*®”
power of A we have:

OFeh(t) = (e ™) = (~1)her (W V).

commutes with any

Since weighted traces coincide with the ordinary trace on trace-class oper-
ators and since the operator valued form e~* A* is trace-class for positive
t as a consequence of the ellipticity of the self-adjoint operator P and we
have

fpy_q OF tr (eft Az) = (=1)" fp,_otr (K% e’ AQ)
e (W) =

Here we have used the fact that the leading symbol of P is scalar to make

sense of the heat-kernel regularised trace fp,_tr ( B?* et A2) and formula

(18) to identify the weighted trace with the heat-kernel regularised trace
since, by assumption, all the operators involved are differential operators.
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(Ad 4) Applying Theorem 3 to A = R*, Q := A? then yields the local
formula for Chern forms announced in the last part of the theorem. In that
case, Ty is also local and we have

k - _
(By) = ~2% res (Ht Kf(k 2 log( A7 + 7Tp))
1 ; 2 k—1
pI‘eS(IAt(IAt—‘rﬂ'p) )
k .
=% res (Bt (A7 + 7)1 log( A7 + 7Tp))

—% res (Ht (R? + Fp)k_l)

using here again, the fact that the Wodzicki residue vanishes on finite rank

operators in order to replace IA? by th + 7p. DO
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