Summary. We prove the previsible representation property for the filtration of
the Brownian snake and give a representation of the martingales in the filtration
associated to the historical Brownian motion. We deduce a representation of the
martingale measure of the historical Brownian motion.
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tation property, martingale measure






Representation of the martingales for the
Brownian snake

Laurent Serlet

Laboratoire de Mathématiques

Université Blaise Pascal

Campus Universitaire des Cézeaux

63177 Aubiére cedex, France
Laurent.SerletOmath.univ-bpclermont.fr

1 Introduction and statement of results

In this paper we deal with the Brownian snake introduced by Le Gall which
can be seen as a continuous-time parametrization of a tree of branching tra-
jectories. Abundant litterature has shown the interest of this process to prove
results on super-processes, to express solutions of certain semi-linear pde or
to describe the limit behaviour of important interacting particle systems. See
[Lg] for a comprehensive treatement of the subject. The definitions of the ba-
sic objects and the terminology used in the present introduction are however
recalled in the next section.

The Brownian snake (W) is a simple example of process taking its values
in the space W of stopped paths in R?. In [DS] we have developped some
tools of stochastic calculus for this process, in particular an Ito formula; a
simplified form of this statement is as follows. Suppose F'(?) : W — R is a
continuous function and F(_ F : W — R are defined by

¢
F<1>(w):/ F®(we,) dr
0]
¢ ¢ r
F = F(l) r dr = F(z) u d
)= [ FOwe)dr= [ [ e au
¢
:/ (¢ —u) FP(wey) du
0]
then, for 0 <r <t :
t t
F(Wt)zF(WTH/ F<1>(Ws)dcs+1/ FE(Wy) ds. (1)

2

The present paper is devoted to some applications of this formula concern-
ing the representation of the martingales associated to the Brownian snake.
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First, the filtration (F}') of the Brownian snake has a surprising previsible
representation property :

Theorem 1 For every random variable X € L2(FW), there exists a (FV)-
previsible process (H) vanishing a.s. on {s, {; = 0} such that

(o) 5 B (o)
E(/O Hsd5)<—|—ooandX_E(X)—|—/0 H, d¢,. (2)

The proof is given in section 3. By standard arguments (see [RY] V.3.4), we
quickly deduce the following corollary

Proposition 2 For every local martingale (M) with respect to the filtration
(FY), there exists a (FYV)-previsible process (Hy) locally in L? such that

M, = Mo +/ H, dc,. 3)
0]

Note that the above stochastic integral is effectively a local martingale because
the integrand H, vanishes on {s, {; = 0} and we could write the integral with
respect to the martingale part of the reflecting Brownian motion ().

One of the interests of the Brownian snake lies in its connections with
super-Brownian motion. More precisely let us consider a Brownian snake start-
ing from & and set

Vi >0, X;= / d(s)Li(C) 6Ws and H; :/ d(s)Li(C) 6W5‘
0] 0]

where L% () is the local time of the lifetime process (¢ ) at level ¢ and time
s, and 7 = inf {5 > 0; LY(¢) > 1} is the hitting time of 1 by the local time
of ¢ at level 0. The process (X:) [resp. (H:)] takes its values in the space
Mp(R) [resp. Mp(W)] and is called super-Brownian motion starting from
dz [resp. historical Brownian motion starting from dz ]. To be honest, the
usual definitions include a factor 1/4 that we have dropped here to simplify
notations, as we did in [DS]. From this definition emerges a new filtration to

be considered. Let
UATL
= inf{u; / 1ie,<oy dv > 5}
0

be the inverse of the time spent by the lifetime ({;) under level ¢ with the
convention inf{f}} = 7,. We see that at least the following c—algebras naturally
arise :
gt = O'(WT;, s Z 0)
tC = U(CT;’ s> 0)
G =o(X,, r<t)
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GH = o(H,, r<t)

Fs = c(Wepnr, 7<8)
fg U(Cr/\na r S 5)'

We note the following obvious relations
F=GNFL, GF CGf CGr G = Fuo

A question now arises concerning the representation of the martingales
in the “vertical” filtration (G;). Since super-Brownian motion (and historical
Brownian motion) has often been studied via martingale problems we already
know a class of (G;)-martingale : for every bounded ¢ in the domain of the
generator A,

M) = X,(6) - Xol6) - | X, (A¢) ds

defines a martingale and moreover the quadratic variation of this martingale
is known to be

¢
(M(¢)), =4 /0 X, (%) ds. (4)
An interpretation with the Brownian snake can be given.

Proposition 3 ([DS] Lemma 10 and Theorem 7) We have

Mi(6) = 2 / oG 6(W) de (5)

and this process is a (Gi)-martingale with quadratic variation given by (4).

A natural question is then to ask if any (G;)-martingale can be expressed in
a way that generalizes the above expression.

Theorem 4 For every (Gi)-martingale (M;) which is bounded in 12, there
erists a (Fy)-previsible process (Hy) such that

E (/ H? ds) < 4oo and ¥Vt >0, M; = Mo—l—/ Hy 1(0,q(Cs) dds.
0 0

By [Je] this result is known when it is restricted to the filtration (G¢) i.e.
considering only the lifetime. In that case it is essentially seen on Tanaka’s
formula interpreted as a reflection equation. Qur proof is given in section 4.
We deduce the corollary :

Proposition 5 For every Y € L?(G;), there exists a (Fs)-previsible process
(Hs) such that

Y =EY) —|—/ H 1(0,t](Cs) d¢s and E (/ H52 1(0,t](Cs) ds) < +o00.
0 0



6 Laurent Serlet

The representation given in (5) can be pushed a little further into the termi-
nology of martingale measure as the notation already suggests. The notion
of martingale measure of super-processes is explained for instance in [Da]
Chapter 7; Example 7.1.3 covers the case of super-Brownian motion as it is
defined here. In our setting the martingale measure of super-Brownian mo-
tion or even historical Brownian motion is easily described. It is stated in the
following proposition where L denotes the generator of the so-called A-path
process which is the process in WW whose lifetime increases at constant speed 1
and consists in a trajectory of the diffusion governed by A.

Proposition 6 Let us set, fort > 0 and 22 € B(W),
M2 =2 [ Laa(G) 1a (W) dG. ()
0

Then, (M(£2), t > 0, £2 € B(W)) defines an L?~martingale measure M (ds dw).
It 1s associated to the historical Brownian motion, that is, for every ¢ : W —
R in the domain of L and bounded,

Ht(fb):Ho(fb)Jr/o H(Lo) ds+/0 /W(/>(w) M (ds dw). (7)

This martingale measure ts orthogonal and its intensity is the random measure
v on Ry x W given by

/ (L, w) v(dt dw) = 4 / W(Co, W) ds. (8)
RixW 0

We recall that the intensity of a martingale measure is defined so that ([0, ] x
2), for 2 Borel subset of W, is the quadratic variation of the martingale
(M (£2)).

2 Basic objects and notations

We will use the following common notations :

N={1,2,3,...},Zy ={0,1,2,...}, Ry = [0, 4+00).

C(X,Y): set of continuous functions from metric space X to metric space Y.
o(X;,i € I): o-algebra generated by the random variables X;, ¢ € I in a fixed
probability space, completed with all negligible sets.

B(X) : Borel c-algebra of the metric space X.

Mp(X): set of all finite measure on the metric space X equipped with the
(metrizable) topology of weak convergence and its Borel o-algebra B(Mp(X)).

A stopped path is a couple (w, (), where ¢ > 0 is called the lifetime of
the path, and w : Ry — R? is a continuous mapping, which is constant
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on [(,4+o0). We denote by W the set of all stopped paths. We sometimes
abbreviate (w, () into w and denote {(w) the lifetime. The distance on W is
d(w,w') = sup,sq |w(t) —w' ()| + ¢ (w) — ¢ (w')|, making W a Polish space. We
denote by w = w(¢) the endpoint of w, and # the path of lifetime 0 started
at € R%. Finally, we denote by w<, the path of lifetime ((w) A r such that
for u > 0, w<,(u) = w(uAr).

Let us fix a diffusion in R¢ with generator A. The Brownian snake started
at  with spatial motion governed by A is the strong Markov continuous
process W = (Wi, s > 0) with values in W characterized by the following
properties:

1. W,(0) = z for every s;
2. The lifetime process (; = {(W;) is a reflecting Brownian motion in Ry ;
3. Conditionally on (s, s > 0), the distribution of (W,,s > 0) is that of an
inhomogeneous Markov process whose transition kernels are described as
follows: for every s < s',
. Wss,m = WE™ where m = infrers 517 G5
o (Wy(m+41),0<t <y —m)isindependent of Wy conditionally on
W, (m) and has the law of a diffusion in R with generator A, starting
from W (m) and stopped at time (;r — m.

The filtration (F/Y) used in the introduction is the filtration associated
to (W;), completed the usual way (see [RY] p. 45 and 93 for precisions on
completion) and

X =a(lJA).
t>0

3 Proof of the previsible representation property
(Theorem 1)

This proof is inspired by Exercise 3.15 of [RY], dealing with the classical Brow-
nian filtration. In that case a step of the proof is to solve a linear differential
equation. This is replaced in our path space setting by an integral equation
that we first discuss.

Lemma 7 Let o > 0 and
o= {0 € COVRY sup = Julu)| < oo}
weW
Forall A >0, if o > V2X and f € &, then there exists p € &, such that

¢
vwew, gelw) <A [ (€= u)plue,) du= fu).
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Proof. It is easy to see that the formula |[1)||a = sup,, ey e~ ¢ |/(w)| defines
a norm on the vector space &, which makes this space complete. The result
of the lemma consists in finding a fixed point for the map

¢
0: o— (w — 2f(w) —1—2/\/ (¢ —u) plw<y) du) .
0
It is easy to verify that # maps &, into itself. In order to apply the classical
Lipschitz fixed point theorem to 6 in the Banach space &, it remains to check
that 6 satisfies the Lipschitz condition. For ¢, @2 € &,,

¢
16(1) — 0(2)|lo = sup e ¢ 2A/ (¢ —u) (o1 — p2)(wew) du
weW 0
¢
< sup e”*¢ 2/\/ (€ —u) ™)1 — p2lla du
weW 0

¢
< 2X (1 = palla sup{e_”/ (C—U)eo‘“dU}
¢>0 0
e 2X
<2lpr—alla [ vedo= 23 o= palle
0

Since the last ratio is by assumption smaller than 1, the proof of the lemma
1s complete.

We now denote £ the increasing limit of the sets &,, a > 0, that is
&= Ua>0 & We are now ready to give a previsible representation for certain
variables, namely the type on the left-hand side of the following equality.

Lemma 8 For every f € £ and every A > 0, there exist gy, g1 € € such that,
for every r > 0,

/ e F(Wy) ds = e= go(W;) —1—/ e g1 (W) dis. (9)
Moreover go vanishes at 0 in the following sense : go(w) =0 if {(w) = 0 and
wdentically for g1.

Proof. Let us first remark that, since f belongs to a certain &,, we have

[ it as il [T e

and the integral on the right-hand side is finite because the reflecting Brownian
motion ((;) satisfies the law of the iterated logarithm. Hence the integral
appearing on the left-hand side of equation (9) is defined almost surely. So is
the integral on the right-hand side using a similar argument and [RY] IV.1.26.
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By increasing a if necessary, we may suppose that a > v/2X. By Lemma 7,
we can associate to f € &, a continuous function ¢ € &, as specified. Let
F®) = ¢ and F(_F be defined as in the assumptions of formula (1). Note
that F(1) and F vanish at 0, in the sense defined in the statement of the
lemma. It is easy to check that F(1)| F € £, and more precisely,

(a4

[F ()] < llplla 5 (10)

We obtain, by formula (1) and the classical 1t6 formula for a product, for
0<r<t:

t t
e‘“F(Wt)—e_”F(WT):/ e (%-AF) (Ws)ds—i—/ e~ F (W) de,.

We recall that (1/2) ¢ — AF = f. Using the bound (10), the law of the iter-
ated logarithm for (¢;) entails that lim;_, 1, e=*? F(W;) = 0, almost surely.
Therefore we get

/ e™ f(W,) ds = —e™ F(W,) _/ e FO (W) d¢,
r 0
We obtain the sought after representation, up to a change of notations.
Lemma 9 For all n € N, A,..., A, > 0, fi,..., fn € &, there exist
/’LOa/'Lla/'L‘l; >0a (1 Skgn_laOSJSk)y gOaglag‘;C Eg(l Skgn_laOS
j < k) with go, g1, gt vanishing at 0, such that, for all r > 0,

/ He‘A’s’ fiWs) | dsy...dsy
{r<si<--<sn}

i=1
400 n—1 .
Ie_uurgo(Wr)-l-/ 6_“1891(Ws)+26_“°sg§(Ws)
r k=1

k
/ [T dh(W) | ds...dsi | de
{r<si< - <sp<s}

j=1
with the convention that the sum over k disappears if n = 1.

Proof. By equation (9), we know that the lemma is true for n = 1. Then we
proceed by induction. Admitting the result at rank n > 1, we examine the
case of rank n + 1 :

n+1

/ H e Aisi FilWs) | dsi...dspia
{r<si<<sap1} \;

i=1
n+1

+oo
= / dsy e~ M (W) / H e~ N Fi(W) | dsa...dsniq
r {s1<52< - <Sn41}

i=2
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+ oo + oo
:/ dsy et fi(We,) [e‘“”sl gO(Wsl)-i'/ {e7"® g1 (W) +

S1

n k

Ze—ugsglg(Ws)/ He_“;?sjg?(wsj) dSz...dSk
Py {81<52<"'<5k<5}j:2

+oo
= [ e (o) (07, )
" + oo s
+ / e h? gl(Ws) (/ 6_>\151 fl(Wsl)dsl) dCs

n +oo s
w30 [ et oy ([Case pon)
k=2"T r

k
/ H 6_“? 53 gf(Wsj) d82 .. .dSk dCs
{51<s2<<sk<5}

j=2

The first equality 1s simply Fubini’s formula; then we use the induction hy-
pothesis for the integral with respect to sa, ..., sn41; and for the last equality
a stochastic version of Fubini’s theorem. To the first term obtained at the last
equality we can apply the result at rank 1 i.e. Equation (9); the second and
third term are the desired quantities to obtain the sought-after formula, up
to a change of notations of course.

Lemma 10 For every s > 0, there exist, for every i € N, coefficients m; €
N, aj € R, A} >0 for 1 < j < m; such that, for every continuous function
v : Ry = R (absolutely) integrable over Ry,

+o0 Mmoo : ,
/0 Doah e y(s) ds T A(s).
i=1

Proof. We first consider an approximation p;(s) ds of the Dirac measure ;
with continuous density whose support is contained in (0, 25) so that we have

+eo i +oo
/0 pi(s) A(s) ds "2 (s)

for every continuous 5. The set of functions over R4
m
A=Sdis =Y a;e™% meN, a; €R, A >0, 1(0)=0
j=1

is a linear subspace, closed under multiplication. Let argz € [—m, 1) denote
the value of the argument of z € U = {z € C; [z| = 1}. On the compact

ds
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U, equipped with uniform topology, we can apply the the classical Stone-
Weierstrass approximation theorem to the set of continuous functions :

{z%a—i—d)(tan%(argz—l—ﬂ'));aER, 1/)6/1}

in order to approximate by functions of this set, the continuous function z —
pi(tan[(arg z+m)/4]). It is thus possible to find a; € R,m; € N, o € R, A} >
0 such that

m;
sup |pi(s) — ¥s(s)] "2H° 0 with W T s = a; + Zaé» et e Al
seRy J=1

By considering the value at 0 we may suppose that a; = 0. We have found
the desired sequence of functions.

Proof of Theorem 1. We denote by R the linear subspace of LZ(FY) con-
sisting of variables X admitting the specified representation (2) with (H;) a
previsible process such that H; = 0 a.s. on {s; {; = 0}. With such a repre-
sentation we obtain

+oo
E(X?) = (EX)?+E ( H? ds) .
By a classical argument (cf [RY] p.199) we deduce that R is complete hence
closed in L2(FY).
Lemma 9 implies that for all n € N, Ay,..., A, > 0, f1,..., fn bounded
and continuous on W (hence in &), the set R contains the variable

0

/ H e~ N fi(Ws,) dsy .. .dsy
{0<s1<-<sn} i=1

hence also the variable

n

H/Ooo e~ fi(W,) ds

i=1

and, by linear combination, R contains also the variable :

ﬁ/oo ia§ e~ | e fi(Wy) ds
i=170 j=1

where the coefficients a} eR, /\§ > 0,m; € N are arbitrary.
We deduce from Lemma 10 that, for every n € N, for all f1,... ) fa
bounded and continuous and all s1,..., 5, > 0, the set R contains the variable
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Hfi(W§,)

(dropping useless constant exponential factors) and this is clearly sufficient to
claim that R = L2(FY).

4 Representation in filtration (G;)

4.1 Proof of Theorem 4

We first establish that a process (My) given as in the statement of the theorem
is effectively a martingale, that is , for all ¢, A > 0, for every G;-mesurable U,

E[(Myyn — M) U] = E K/O H, Ljice.comny dgs) U] 0 (1)

We fix ¢ > 0 and introduce the successive time intervals of descent from
t + ¢ down to ¢, that is we consider the (F;)-stopping times (S, k > 0) and
(Ti, k > 0) defined by Sp =Ty = 0, and if & > 1,

Sk =inf{s € (Th-1,7);(s =t +¢},

T = inf {s € (Sk, m); (s = 1},

with the convention inf § = 7. Equation (11) will be proved, by letting ¢ | 0,
as soon as we can show that, for every k& € N,

Ty
E Hs Lipco,<eny dG | U

Sk

=0.

By the definition of Gy, it is sufficent to prove that

Ty
E [( Hs 1{t<Cs§t+h} dCs) X G(WTk+.)] == 0
Sk

where X 1s Fg,-mesurable and bounded and G is a bounded mesurable func-
tion. By applying the Markov property at time 7} the left hand side of the
above expression reduces to

Ty

E [X ( Hs 1{t<CsSt+h} dCS) EWTk [G]
Sk

But Wy, = Wsskt. The variable XEWQSt[G] is Fgs,-mesurable and bounded

“k

and we can represent it under the following form :

Sk
XEWQSt[G] = C—I—/O K d(s
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with a (F;)-previsible process (K;). Therefore we have finally to prove that

Tk Sk
B oLz &6 ) e+ [ Kod )| =0
S 0]

The contribution coming from the multiplication by ¢ is null, by applying the
stopping Theorem for martingale fo Hg 11cc.<i4ny dCs. The remaining term
is equal to

E |:/ 1[Sk,Tk](5) Hs 1{t<CsSt+h}1[OySk](8) [\75 d8:|
0

which is clearly zero.

Now we denote by (M;) any (G;)-martingale bounded in L?. Let M.,
be the almost sure and L? limit of M,. This variable of Goo = Fo can be
repesented as

M. = E(Moo)+/ H, dc,
0
with a (F;)-previsible process (H;). Then
My =BG = BOML) + [ H. Loee o do
0
the last equality resulting from the first part of the proof.

4.2 Comments on Proposition 6

It is straightforward that Formula (6) defines for every ¢ > 0, an L?-valued
finite measure. Firstly, it is finitely additive. Secondly we have, for every {2 €

BOW),
il =48 | [ 1006) 1007 dr
0
<4E [/ 1(0,t](<7‘)d7°:|
0
t t
=4E [/ Lil(C)da] =4 / E [Lil(C)] da = 4t.
0 0
The last equality follows from the Ray-Knight Theorem (or can been seen
as the first moment of super-Brownian motion). Moreover it is clear by the
dominated convergence Theorem that ||M;(£2)]|2 converges to 0 if {2 decreases

to ¥ and this proves the L? countable additivity. Thus we are in the classical
setting of martingale measures as described in [Da] Chapter 7. We have

/Ot /w ¢(w) M(dsdw) = 2 /OT1 Lo.49(¢r) S(W5) di.
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Then Formulas (7) and (8) are essentially a reformulation of Proposition 3
for historical Brownian motion instead of super-Brownian motion, but this
extension was also covered by [DS]. In particular, the quadratic variation of

5 o $(w) M(ds dw) is -

t t T1
4 /0 Hy(¢?) ds = 4 /0 ds/o ¢*(Wy) dimy L (C)
_ 4 /011(07t](<;) 62(W,) dr

and this leads to (8).
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