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The Problem

Consider the 1-D heat equation

)./(t?x):asy(tax) (tERiv XE(O,].)),
Oxy(t,0) = wo(t) (teRY),
Ovy(t,1) = wi(t) (teRY),

with initial condition y° > 0, given,

y(0.x)=y"(x)  (x€(0,1)).
The aim is to control this system to a constant steady state y' > 0

)/(Tvx):yl (X€(071))7
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The Problem

Consider the 1-D heat equation

)./(t?x):asy(tax) (tERiv XE(O,].)),
Oxy(t,0) = wo(t) (teRY),
Ovy(t,1) = wi(t) (teRY),

with initial condition y° > 0, given,
y(0,x) =y°(x)  (x€(0,1)).
The aim is to control this system to a constant steady state y' > 0
wT,x) =y (x€(0,1)),

It is well-known that
o for every time T > 0 there exists controls vo and vi € L*(0, T) such that
y(T, )=y
o if vy = v =0, y is nonnegative.
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The Problem

Consider the 1-D heat equation

)./(t?x):asy(tax) (tERiv XE(O,].)),
Oxy(t,0) = wo(t) (teRY),
Ovy(t,1) = wi(t) (teRY),

with initial condition y° > 0, given,

y(0.x)=y"(x)  (x€(0,1)).
The aim is to control this system to a constant steady state y' > 0
wT,x) =y (x€(0,1)),

It is well-known that
o for every time T > 0 there exists controls vo and vi € L*(0, T) such that
y(T, )=y
o if vy = v =0, y is nonnegative.

Is it possible to find T > 0 and controls vy and vi such that y satisfies y(T,-) = v
together with,

y(t,x) =0 ((t,x) € (0,1) x (0, T) ae.)?
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First considerations |

If i?f )yo(x) > y', then y! cannot be reached in arbitrarily small time T.
x€(0,1
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First considerations |

If i?f )yo(x) > y', then y! cannot be reached in arbitrarily small time T.
x€(0,1

@ The constraint y(t,x) > 0 ensures that
y(t,0) >0 and y(t,1) >0
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First considerations |

If i?f )yo(x) > y', then y! cannot be reached in arbitrarily small time T.
x€(0,1

@ The constraint y(t,x) > 0 ensures that
y(t,0) >0 and y(t,1) >0

o for every x € (0,1),

0 . 0 .
> inf,) (°00)
y (x) xel?o,l) y (x)) sinmx
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First considerations |

If i?f )yo(x) > y', then y! cannot be reached in arbitrarily small time T.
x€(0,1

@ The constraint y(t,x) > 0 ensures that
y(t,0) >0 and y(t,1) >0

o for every x € (0,1),
9> inf, (+°09) s
y (x) xel?o,l) y (x)) sinmx

@ due to the comparison principle,

2
t 2 —mt f ( 0 ) -
y(t,x) > e Xé?m) y (x)) sinmx
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First considerations |

If i?f )yo(x) > y', then y! cannot be reached in arbitrarily small time T.
x€(0,1

The constraint y(t,x) > 0 ensures that
y(t,00>0 and y(t,1)>0

for every x € (0,1),
9> inf, (+°09) s
y (x) xel?o,l) y (x)) sinmx

@ due to the comparison principle,

2
t 2 —mt f ( 0 ) -
y(t,x) > e Xé?m) y (x)) sinmx

@ in particular,

Y6 D)z e inf (1)
2 x€(0,1)
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First considerations |

If i?f )yo(x) > y', then y! cannot be reached in arbitrarily small time T.
x€(0,1

The constraint y(t,x) > 0 ensures that
y(t,00>0 and y(t,1)>0

for every x € (0,1),

0 . 0 .
> inf,) (°00)
y (x) xel?o,l) y (x)) sinmx

@ due to the comparison principle,

2
t 2 —mt f ( 0 ) -
y(t,x) > e Xé?m) y (x)) sinmx

@ in particular,

Y6 D)z e inf (1)
2 x€(0,1)

finally,

1, infy®
y(t,%)>y1 fortE[O,Pln - )
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First considerations Il

Due to the comparison principle, the constraint
y(t,x) 20
is equivalent to the constraints

y(t,0) >0 and y(t,1)>0.
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First considerations Il

Due to the comparison principle, the constraint
y(t,x) 20
is equivalent to the constraints

y(t,0) >0 and y(t,1)>0.

Consequently, we will first consider the control problem

)'/(t,X):afy(t,X) (tE]Ri, XE(O,].)),
y(t,0) = w(t) (teRY),
y(t,1) = wu(t) (t e RY),

with the control constraints

u(t) 20 and wi(t) =0 (t=0 ae.).
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@ Controllability of the 1-D heat equation with nonnegative Dirichlet controls

© Consequences for the 1-D heat equation with nonnegative state constraint
© Case of the n-D heat equation

@ Conclusion and open problems
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Nonnegative Dirichlet controls

© Controllability of the 1-D heat equation with nonnegative Dirichlet controls
@ Existence of nonnegative controls
@ Minimal controllability time
@ Numerical examples
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Nonnegative Dirichlet controls

The constrained Dirichlet control problem

Consider the 1-D heat equation

y(t,x) = d2y(t,x) (t>0, xe(0,1)),
y(t,0) = w(t) (t>0),
y(t,1) = wi(t) (t>0),

with constant initial condition y° € L2(0,1), given,
y(0,x) =y"(x)  (x€(0,1)).

The aim is to control this system to a constant steady state y' > 0
y(T,x)=y" (x€[0,1] a.e),

with the control constraints

u(t) >0 and wi(t) =0 (t>0 ae.).
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Nonnegative Dirichlet controls Existence of nonnegative controls

Existence of controls

Proposition

For every y° € L*(0,1) and every y* € IR’ there exists a time T > 0 large enough and
controls ug, uy € H*(0, T) such that

u(t) >0 and w(t) >0 (telo,T)])

and the solution y of (1) satisfies

(T, )=y
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Nonnegative Dirichlet controls Existence of nonnegative controls

Existence of controls

Proposition

For every y° € L*(0,1) and every y* € IR’ there exists a time T > 0 large enough and
controls ug, uy € H*(0, T) such that

u(t) >0 and w(t)>0 (tefo, T])
and the solution y of (1) satisfies

(T, )=y

This allows us to define

I(yo,y1> :inf{T>o., Juo,ur € L0, T) sit. uo >0, u >0 and y(T,~):y1} >0,
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Nonnegative Dirichlet controls Existence of nonnegative controls

Proof |

Existence of controls

For the proof, we also refer to Schmidt 1980

Set

gt x)=y(t,x)—y", bo(t)=uo(t)—y' and @ =u—y",

Then, ¥ is solution of (1) with controls &Iy and @ and initial condition
70.)=y"() -y (x€(0.1)).

Consequently, we aim to prove the existence of a time T > 0 and controls iy and i
satisfying,
io(t) > —y' and  n(t) > -y (te(0,T) ae)

such that

For any T > 0 the existence of controls i, in € H*(0, T) such that y(T,-) =0 is
ensured by Fattorini-Russel 1971.
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Nonnegative Dirichlet controls Existence of nonnegative controls

Proof Il

Existence of controls

In terms of the adjoint system,

—7(t,x) = 83z(t, x) (t>0, xe(0,1)),
z(t,0) = z(t,1) =0 (t>0),
2(T, x) = 2°(x) (x €(0,1)),

there exists a constant &(T) > 0 such that,

120, )20, < ET) (1052, 010,y + 102, D10y ) (2 € L2(0,1)).

This inequality being true in any time interval, we also have

1205, Mo < EF) (1025 0) 10,7 + 10x2( DllE-10.7))

Using the dissipativity properties,
T
-G 2
l1z(0, ')”i?(o,l) <e “7|z(3, Mz

J. Lohéac (LS2N) Control with state constraints Clermont-Ferrand  25/09/2017 10 / 36



Nonnegative Dirichlet controls Existence of nonnegative controls

Proof Ill

Existence of controls

we obtain

.
1200, Va0 < €2 E(F) (1020 O-10.7) + 10:2( D10, ) -

By duality this means that the controls &g and &i; can be chosen such that

.
.2 G 0 12 .
@il < e 02 )y’ -y I2(0.1) (i € {0,1})

Using the embedding H*(0, T) C L>(0, T),

I, .
18][7 o0 0,7 < Ce~ @2 &(L)|ly° - v 1201y (i€{0,1})
Thus, for T large enough,
ITollioeo, 7y, 1Talloeo,ry < ¥

and hence,
- 1

oo(t) > —y' and  @u(t) > —y" (telo,T]ae).
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Nonnegative Dirichlet controls Minimal controllability time

Minimal control time

Let yo € L?(0,1) and y1 € IR} with yo # y1. Then,
QT =T(%y")>0,

@ there exist nonnegative controls u,, u; € M(0, T) such that the solution y with
controls u, and u, satisfies y(T,-) = y'.

The solution y, of the Dirichlet control problem with controls in the set of Radon
measures, is defined by transposition.

T (yo,yl) >0 even ify° < y'.
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Nonnegative Dirichlet controls Minimal controllability time

Proof of T >0 |

1
Define y,(t) = / y(t, x) sin(nmx) dx, where y is solution of (1). We have
0

1 1
ya(t) :/ d2y(t, x)sin(nmx) dx = —n7r/ Oxy(t, x) cos(nmx) dx
0 0

= nm (uo(t) — (=1)"u(t)) — (nm)’yn(t)

1
with y,(0) :/ y%(x)sin(nmx) dx := yo. Thus,
0

]
yo(T) = e T30 4 i / e~ T (ug(8) — (~1)"wn (1)) dt .
0

1 —(— n
If y(T,x) = y1, we have y,(T) = / y1sin(nmx)dx = Myl.
0

nm
Consequently,

1-(=1)"

T
oyt —e Ty = e / e T (ug(t) — (~1)"un (1)) de.
JO
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Nonnegative Dirichlet controls Minimal controllability time

Proof of T > 0 Il

For n =2p,
T eprye Yo
" t) — w(t)) dt =
e el — (0 ae = 322

Forn=2p+1,

27}’]. o ef(2p+1)2ﬂ—2T 0 _ (2p+ 1)7T/Tef(2p+1)2ﬂ-2(7'7t) (U (t) +u (t)) dt

(2p+ D)r Y2p+1 . 0 ! :
But,

ef(2p+1)27r2T < ef(2p+l)27r2(T7t) <1 (te[o,T]).
up and up being nonnegative,
—(2p+1)272T 4 T —(2p+1)273(T—t)
e P / (uo(t) + wi(t)) dt </ e P (uo(t) + wi(t)) dt
0 0

<A(mm+mu»w
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Nonnegative Dirichlet controls Minimal controllability time

Proof of T > 0 Il

We have obtained,

2y1 —(2p+1)°72T ygp+1 T
(2p + 1)272 —€ p+1)r < (uo(t) + wi(t)) dt
0

1 0
< Q2PH)nT 2y Yop+1
~

(2p+1)2m2  (2p+ )7’

If for every T > 0 there exists nonnegative controls uJ and u] steering yo to yi in
time T, then

T 1 0

. 2y Yop+1

! (wd (&) + i (1)) at = - Yl eR N).

TIE]O/O UO()+U1() (2P+1)27T2 (2p+1)7r fye (pe )
Hence,

Yopt1 = B —@p+m  (peNN).
P 2p+ )r
0.2 | 0|2 0 2y
y~ € L(0,1), ensures that E yn| < oo and hence v =0, ya,41 = @p+)r and
n=0

lim /OT (uoT(t)+ ulT(t)) dt=0.

T—0
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Nonnegative Dirichlet controls Minimal controllability time

Proof of T > 0 IV

Since ug > 0 and u{ >0, we can also conclude

T T
lim / ug (t)dt = lim / n(t)dt=0.
0 T—0 Jo

T—0

consequently passing to the limit T — 0 in

T (2pm)?t (T T yg
[ e (0~ ol (1)) de = 372
0
we obtain
ygp =0 (p € ]N*) .
All in all, since the family {ﬁsin(mr-)} is an orthonormal basis of L?(0,1), we
neIN*

conclude that y° can be steered to y! in arbitrarily small time with nonnegative controls
if and only if

V) =y (xe(01)).
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Nonnegative Dirichlet controls Minimal controllability time

Proof of Controllability in the minimal time T |

Define (ex)kew a sequence of positive numbers converging to 0.
For every k € IN, there exist nonnegative controls uf, u¥ € L}(0, T + ), so that the
solution y satisfies y(T + x,-) = y*.

Define & = sup &x.
kelN
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Nonnegative Dirichlet controls Minimal controllability time

Proof of Controllability in the minimal time T |

Define (ex)kew a sequence of positive numbers converging to 0.
For every k € IN, there exist nonnegative controls uf, u¥ € L}(0, T + ), so that the
solution y satisfies y(T + x,-) = y*.

Define & = sup &x.
kelN

According to

2 1 _ 2.2 T _ 2207
ﬁ — e BT = (2P + 1)77/ e~ GpHy(T ) (Ug(t) + Uf(t)) dt,
0
we obtain,

K K Trew oy K
lugllizo,rva) + Uil ris) = / (Uo(t) + Ul(t)) dt
0

0
< inf <e(2P+1)2ﬂ2(1+sk) 2y! Yap+1 )

pEN 2p+1)272  (2p+ )7
2 _
T+E) |, 1 0
2" T |yt |y
S——5 — F - K00,
™ ™
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Nonnegative Dirichlet controls Minimal controllability time

Proof of Controllability in the minimal time T I

In conclusion,

o The sequences (uf)x and (uf)x are bounded in L}(0, T + &);
° (ué‘)k and (u{‘)k have their support contained in [0, T + 4], with x — 0;

@ Thus, they are (up to a subsequence) weakly convergent in the sense of measures to
some nonnegative controls u; in M([0, T]);

@ These limits ensure the control requirements in the minimal control time T.
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Nonnegat; Dirichlet controls Minimal controllability time

Lower bounds on T

When y° is a constant initial condition, T := T (y° y') satisfies
Q ify' <y°,

0 1 1

y 1 Yy 7(2p+1)27r2 T) Yy =T

— and supi(—fe | <=e"——-1.

y! pen: (2p +1)2 \y° Sy

For y® =5 and y' = 1, we obtain (numerically): T > 0.165297;

T > izlog
s

Q ify! >y°,

1 1
Y _ ™I < inf I Y @pt1*nT _ 1)
y° peN* (2p +1)2 \ y°

For y° =1 and y' = 5, we obtain (numerically): T > 0.023076;
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Nonnegative Dirichlet controls Numerical examples

Numerical examples

o Fromy’=1toy' =5, T (y%y') ~0.0438.
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Consequences

© Consequences for the 1-D heat equation with nonnegative state constraint
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Consequences

Heat equation with nonnegative state constraint |

Consider the 1-D heat equation

y(t,x) = 2y(t,x) + 1o (x)w(t,x) (t>0, xe(0,1)),
Oxy(t,0) = w(t) (t>0),
Oky(t,1) = wvi(t) (t>0)),

with given initial condition y° > 0,
y(0,-) =y° € L*(0,1).
The aim is to control this system to a constant steady state y' > 0
y(T,x)=y' (x €(0,1) a.e.),
with the state constraint,
y(t,x) >0 (t>0, xe(0,1) ae.).

We assume w C (0, 1) is such that there exists an interval (a,b) C (0,1) \ w.
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Consequences

Heat equation with nonnegative state constraint Il

For vo, vi € L2(0, T) and w € L?((0, T) x w), define
u, =y(,a) € L2(0, T) and wp=y(,b)€ L2(07 T).
Furthermore, y|(, 1) is solution of

y(t,x) = Oy (t, x)
y(t,a) = us(t)
y(t,b) = us(t)

(t>0, x€(a b)),
(t>0),
(t>0),

Consequently, if v, vi and w are controls in time T > 0 such that

y(£,x) =20 and  y(T,x) =y,
then we have
u(t) >0 and  wp(t) =0 (t€[0,T] ae)
and hence T cannot be arbitrarily small unless y0|(0,1)\w = y1|(0’1)\w.
J. Lohéac (LS2N)
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Consequences

Numerical example |

Consider the 1-D heat equation with Neumann controls

Y(t?x)zaf}/(tvx) (t>0? XG(O,l)),
Ixy(t,0) = w(t) (t>0),
Oky(t,1) = wvi(t) (t>0),

with the state constraint,

y(t,x) =0 (t>0, x€(0,1) ae.).
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Consequences

Numerical example Il

e Fromy’=5toy' =1, T(y°y') ~ 0.1938.

Remind that with Dirichlet controls, we had,

J. Lohéac (LS2N) Control with state constraints
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n-D heat equation

© Case of the n-D heat equation
@ The constrained Dirichlet control problem in a ball
@ Consequences for the n-D heat equation with nonnegative state constraints
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n-D heat equation Constrained Dirichlet control problem

The constrained Dirichlet control problem in a ball

Set D = B(0,1) C IRY. We consider the control system

y(t,x) = Ay(t, x) (t>0, xeD),
y(t,x) = u(t,x) (t>0, xeaD),

with initial condition in L?(D),
y(0,x)=y"(x)  (xeD).

The aim is to steer y to a constant target y' € R with nonnegative controls
u € L0, T; L2(dD)), i.e.

u(t,x) =0 (t>0, x€ 9D ae).
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n-D heat equation Constrained Dirichlet control problem

Minimal control time

Proposition

Set y° € [*(D) and y* € IR} with y° # y*.
Then there exists T > 0 and a strictly positive control u € L*(0, T, L>(OD)), such that y
satisfies y(T,-) = y'.
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n-D heat equation Constrained Dirichlet control problem

Minimal control time

Proposition

Set y° € [*(D) and y* € IR} with y° # y*.
Then there exists T > 0 and a strictly positive control u € L*(0, T, L>(OD)), such that y
satisfies y(T,-) = y'.

Thus, we can define,

I(yo,y1> - inf{T> 0, Jue LY((0,T) x D) s.t. u>0and y(T,-) zyl} >0.
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n-D heat equation Constrained Dirichlet control problem

Minimal control time

Proposition

Set y° € [*(D) and y* € IR} with y° # y*.
Then there exists T > 0 and a strictly positive control u € L*(0, T, L*(9D)), such that y
satisfies y(T,-) = y'.

Thus, we can define,

I(yo,y1> - inf{T> 0, Jue LY((0,T) x D) s.t. u>0and y(T,-) :yl} >0.

Given y° € L?(D) and y' € R}, with y° # y'.
Then we have

0 7(y°,y') >0
@ In time T = T(y° y'), there exist a control u € M([0, T| x dD), u > 0, steering y°
to y' in time T.
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n-D heat equation Constrained Dirichlet control problem

Proof of T >0 |

Proof (for y° € R).
Define (An)nenv+ and (pn)ne+ solutions of the Sturm-Liouville problems:

1,

pa(r) + 7;3"( ) = =Aapa(r) (re(0,1)),

pa(1) = py(0) =0,
in order to fix p,, we enforce:
pr(0) =1  and define  a, = p,(1) #0.

We have A, > 0 and A, two by two distinct (Pdschel-Trubowitz 1987).
Let us then define:

en(x) =pa(lx) ~ (x€ D),

so that we have,

A@n(X) = —)\nﬂpn(x) (X S D)7
@n(x) =0 (x € D)
and Vn(x) - n(x) = an, for every x € OD.

J. Lohéac (LS2N) Control with state constraints Clermont-Ferrand  25/09/2017

29 / 36



n-D heat equation Constrained Dirichlet control problem

Proof of T > 0 Il

Let T >0and u” € L}((0, T) x dD) be a nonnegative control such that y (with initial
condition y° € IR}) satisfies y(T,-) = y".

For every n € IN*, we define yn(t) = [ y(t,x)en(x)dx. Integrating by parts, we obtain,
D
7(6) = [ Av(t.en(x)dx
D
= —/ y(t, x)Vn(x) - n(x)dl« + / y(t, x)Apn(x) dx
aD D

= —Anya(t) — a,,/ uT(t‘7 x)dlrk
aD

.
and hence, yo(T) = e Ty, (0) — a,,/ e_A”(T_t)/ u” (t,x)dl, dt.
0 o

D
«

)\"yi for i € {0,1}, we obtain

T .
P (yl — ef)‘"Ty()) :/ efA"(Tft)/ u' (t,x)dl, dt.
An 0 aD
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Setting yi, = yi/ wn(x)dx = —wg—1
D




n-D heat equation Constrained Dirichlet control problem

Proof of T > 0 Il

Since u” >0 and \, > 0, we obtain:

T T
efA"T/ / u” (t,x)dr, dt < Wd—1 (yl — efA"Tyo) </ / u' (t,x)dl,dt,
o Jap An o Jap

that is to say,

T p
Wd—1 (yl _ e—AnTy0> < / / uT(t,X)drx dt < Wd—1 <eAnTy1 _yo) .
An Jo Jop An

Thus, if, for every T > 0, such a nonnegative control u” exists, we have

T—0

.
lim / / u' (t,x)dl dt = Ld-1 <y17y0> =v€R (ne N%).
o Joo An

This is impossible since the values of ), are two by two distinct and y° # y*.
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n-D heat equation Constrained Dirichlet control problem

Proof of controllability in time T

For every T > T, we have,

.
||“T||L1((0,T)><aD = / /60 u” (t,x)dldt < % (e’\"Tyl _ yo) )
0 n

This, together with the vague convergence to measures ensures that (up to a
subsequence)
u” converges to some nonnegative control u € M([0, T] x dD).
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n-D heat equation Consequences

Consequences for the n-D heat equation with nonnegative state constraints |

Consider the control problem:
y(t,x) = div (AVy(t, x)) + 1o (x)w(t, x) (t>0, xeQ),
Vy(t, x) - n(x) = v(t,x) (t>0, x€09),
with the constant and nonnegative initial condition,
y(0,)) =y® € *(Q), st. y’>0.

where Q is an open bounded and regular set of R?, A € R*? is a positive matrix, and
w C Q.
Given y' € IR%, the aim is to find controls v and w such that

y(T,)=y" and y(t,x)>0.
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n-D heat equation Consequences

Consequences for the n-D heat equation with nonnegative state constraints |

Consider the control problem:
y(t,x) = div (AVy(t, x)) + 1o (x)w(t, x) (t>0, xeQ),
Vy(t, x) - n(x) = v(t,x) (t>0, x€09),
with the constant and nonnegative initial condition,
y(0,)) =y® € *(Q), st. y’>0.

where Q is an open bounded and regular set of R?, A € R*? is a positive matrix, and
w C Q.
Given y' € IR%, the aim is to find controls v and w such that

y(T,)=y" and y(t,x)>0.

Setting A= P" P, X = Px and y(t, P x) = y(t, x), it is enough to control the system
y(t, %) = Ay (t, %) + Lpo (X)W (t, X) (t>0, xe PQ),
Vy(t, %) a(%x) = v(t, %) (t>0, X € POQ),
70, =§(%) >0 (%€ PQ),

with the constraints y(T,%)=y" and §(t,%)>0
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n-D heat equation Consequences

Consequences for the n-D heat equation with nonnegative state

constraints |1

We are back to a system of the form:

y(t,x) = Ay(t,x) + Lo (x)w(t, x) (t>0, xeQ),
Vy(t,x) - n(x) = v(t, x) (t>0, xe€0Q),
y(0,%) =y"(x) > 0 (xeQ),

with the constraints,
y(T,)=y" and y(t,x)>0.
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n-D heat equation Consequences

Consequences for the n-D heat equation with nonnegative state

constraints |1

We are back to a system of the form:

y(t,x) = Ay(t,x) + Lo (x)w(t, x) (t>0, xeQ),
Vy(t,x) - n(x) = v(t, x) (t>0, xe€0Q),
y(0,%) =y"(x) > 0 (xeQ),

with the constraints,
y(T,)=y" and y(t,x)>0.

Assume there exists xp € Q and € > 0 such that B(xo,¢) C 2\ w.
Set T > 0 and assume the exists such controls v and w with v € L?((0, T) x 8Q) and
w € L?((0, T) x w), due to regularity results (see Lions-Magenes 1968), we have
uo € L2((0, T) x dB(x0,¢)), with
UO(ta ) - .y(t7 ')lBB(xo,s) .

Further more, y > 0 ensures that uy > 0. Consequently,
T cannot be arbitrarily small.
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Conclusion

@ Conclusion and open problems
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Conclusion

Our proofs are based on spectral decomposition and this can be used to prove similar
results for:

@ Controllability to any kind of nonnegative steady state;

@ 1-D parabolic equation, y = 9 (a(x)0xy) — p(x)Oxy with internal and/or boundary
control;

@ Finite dimensional versions of the heat equation.
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@ Finite dimensional versions of the heat equation.

But cannot be used for

@ Non-linear heat equations;

@ Linear heat equation with time and space dependent parameters.
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@ Non-linear heat equations;
@ Linear heat equation with time and space dependent parameters.

Some additional open questions

@ Structure and uniqueness of the nonnegative Dirichlet controls in the minimal
time T7

@ How the time optimal control is related to the adjoint state?
Numerical examples: 1—-5 5—1
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THANK YOU, FOR YOUR ATTENTION!
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