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Optimal control problem (too formal):

Minimize /{u,v]: A — R subject to F(u,v) =0
A set of feasible pairs, F : differential operator,

| : cost functional.
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Optimal control problem (too formal):

Minimize /{u,v]: A — R subject to F(u,v) =0
A set of feasible pairs, F : differential operator,

| : cost functional.

Typical situation: for @ € L?(R) given,

Minimize in (u,v) € H3(Q)xL3(Q) :  Iu,v] = /Q <%|u(x) —ﬁ(x)|2) dx

where

—div(Vu)+u=vin Q.
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Motivation (cont'd)

Tikhonov regularization: for @ € L?(2), and u > 0, given

Minimize in (u,v): [u,v] = /Q <%|u(x) —T(x)|? + g|v(x)|2) dx

where (u,v) € H}(Q) x L?(), and

—div(Vu)+u=vin Q.
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Tikhonov regularization: for @ € L?(2), and u > 0, given

Minimize in (u,v): [u,v] = /Q <%|u(x) —T(x)|? + g|v(x)|2) dx

where (u,v) € H}(Q) x L?(), and

—div(Vu)+u=vin Q.

Two main sources of concern that push the analysis to more complicated
frameworks:

@ F(u,v) =0 is non-linear in u for given v;
® pointwise constraints, for u and v, are to be enforced.
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Motivation (cont'd)

Tikhonov regularization: for @ € L?(2), and u > 0, given

Minimize in (u,v): [u,v] = /Q (%|u(x) —T(x)|? + g|v(x)|2) dx
where (u,v) € H}(Q) x L?(), and

—div(Vu)+u=vin Q.

Two main sources of concern that push the analysis to more complicated
frameworks:

@ F(u,v) =0 is non-linear in u for given v;
® pointwise constraints, for u and v, are to be enforced.

E. Casas, |. Lasiecka, P. Neittaanmaki, J. P. Raymond, J. Sprekels, D.
Tiba, R. Triggiani, F. Troltzsch, ...J. L. LIONS. J
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Two paradigmatic situations

@ Non-linearities:

Minimize in v € [2(Q):  I[v] = /Q (%IU(X) —u(x)]* + g|v(x)|2) dx

where
—div(Vu)+ ¢(u) =vinQ, wu=0in 0.
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Two paradigmatic situations

@ Non-linearities:

1

Minimize in v € L?(Q):  I[v] = /Q (§|U(X) —u(x)]* + %|v(x)|2) dx

where
—div(Vu)+ ¢(u) =vinQ, wu=0in 0.
® Pointwise constraints:
Minimize in (u,v) € H3(Q)xL®(Q) :  I[u, V] :/ %\u(x)—ﬁ(x)\2 dx
Q
where

—div(Vu)+u=vinQ, u=0in0Q,
u(x) <0, v_(x) <v(x)<vy(x) fora.e x€Q,
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Allow for a bit of flexibility so that both variables u and v can be given
freely in their respective sets of feasibility, either H3(Q) x L?(Q), or

{ue H}(Q):v<0} x{vel®Q):v.<v<vi)
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Allow for a bit of flexibility so that both variables u and v can be given
freely in their respective sets of feasibility, either H3(Q) x L?(Q), or

{ue H}(Q):v<0} x{vel®Q):v.<v<vi)

Introduce a “defect” or residual function w € H} ()

—div(Vu+Vw)+¢(u) =vinQ, —div(Vu+Vw)+u=vinQ.
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Allow for a bit of flexibility so that both variables u and v can be given
freely in their respective sets of feasibility, either H3(Q) x L2(Q), or

{ue H}(Q):v<0} x{vel®Q):v.<v<vi)

Introduce a “defect” or residual function w € H3 ()
—div(Vu+Vw)+¢(u) =vinQ, —div(Vu+Vw)+u=vinQ.
To account for a small size of this defect w, we change the cost functional

M = [ (F1ut) = TP + 512 + 51wl ) o,

Ml = [ (51060~ 500 + 5 ITwRPR ) ox.

and take A, large.

Pablo Pedregal (UCLM) Tykhonov regularization Clermont-Ferrand 5/ 34



Our job

Minimize :  [[u,v] = /Q (%|u(x) = H(x)|2 A g|v(x)|2 e %|Vw(x)|2> dx

under (u,v) € HY}(Q) x L3(Q),
—div(Vu+Vw) +¢(u) =vinQ, w=0ondQ,
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Problem 1

Minimize :  [[u,v] = /Q (%|u(x) = H(x)|2 A g\v(x)|2 e %|Vw(x)|2> dx
under (u,v) € HY}(Q) x L3(Q),

—div(Vu+Vw) +¢(u) =vinQ, w=0ondQ,

| N

Problem 2

iz s I[u,v]:/Q(%|u(x)—U(X)|2+%\VW(X)F) i

under

(u,v) € A={(u,v) € H}(Q) x 2(Q) :u<0,v_ <v< vy},
—div(Vu+Vw)+u=vinQ, w=0onodQ.
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Basic issues

@ Existence of optimal solutions.
@® (First-order) Optimality conditions.
©® (Practical) Numerical approximation.

O Asymptotic behaviour as A — +o00.
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Unconstrained situation (Problem 1)

Minimize :  [[u,v] = /Q (%|u(x) —E(x)|2 + g|v(x)|2 o %|Vw(x)|2> dx

under  (u,v) € HY(Q) x L3(Q),
—div(Vu+Vw) +¢(u) =vinQ, w=0on0dQ,
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Unconstrained situation (Problem 1)

Minimize :  [[u,v] = /Q (%|u(x) —a(x)]? + §|v(x)|2 + %|Vw(x)|2> dx
under  (u,v) € H3(Q) x L2(Q),
—div(Vu+Vw)+¢(u)=vinQ, w=0ondQ,

V.

The other side of the spectrum
Minimize in (u,v) : / (w(u(x), v(x),x) + %\Vw(x)F) dx
Q

subject to (u,v) € H}(Q) x L?(2), and

—div[Vu(x) + Vw(x)] = v(x) in Q, w =0 on 09,
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Existence (for the first situation)

Minimizing sequence {(uj, vj)}:

u—u(L2(Q), v = v(L(Q), w— w(H(Q)),
—div(Vuj + Vw;) + ¢(uj) = v; in Q,  w; =0 on 0Q.
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Existence (for the first situation)

Minimizing sequence {(uj, vj)}:

u—u(L2(Q), v = v(L(Q), w— w(H(Q)),
—div(Vuj + Vw;) + ¢(uj) = v; in Q,  w; =0 on 0Q.

Would like to show that, in fact,
—div(Vu+Vw) 4+ ¢(u) =vinQ, w=0ondQ,

because this would conclude the proof.
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Existence (for the first situation)

Minimizing sequence {(uj, vj)}:

u—u(L2(Q), v = v(L(Q), w— w(H(Q)),
—div(Vuj + Vw;) + ¢(uj) = v; in Q,  w; =0 on 0Q.

Would like to show that, in fact,
—div(Vu+Vw) 4+ ¢(u) =vinQ, w=0ondQ,

because this would conclude the proof.

Weak formulation of state law:

/Q(VUJ- V0 + Vw; - VO + ¢(u;)f — v;60) dx = 0.
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Existence (for the first situation)

Minimizing sequence {(uj, vj)}:

u—u(L2(Q), v = v(L(Q), w— w(H(Q)),
—div(Vuj + Vw;) + ¢(uj) = v; in Q,  w; =0 on 0Q.

Would like to show that, in fact,
—div(Vu+Vw) 4+ ¢(u) =vinQ, w=0ondQ,

because this would conclude the proof.

Weak formulation of state law:
/ (Vuj - VO +Vw;- VO + ¢(uj)f — vjf) dx = 0.
Q

Limit passage: necessary to strengthened u; — u in H}().
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Proof (cont'd)

Use 0 = u;:

/Q (IVuj)® + Vw; - Vuj + ¢(uj)u; — vjuj) dx = 0.
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Proof (cont'd)

Use 0 = u;:

/Q (IVuj)® + Vw; - Vuj + ¢(uj)u; — vjuj) dx = 0.

Need a sign condition for nonlinear term:

/st(uj')uj' dx>0: [[Vulz < [VwllellVusllz + llvillzlllle-
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Proof (cont'd)

Use 0 = u;:

/Q (IVuj)® + Vw; - Vuj + ¢(uj)u; — vjuj) dx = 0.

Need a sign condition for nonlinear term:

/st(UJ)UJ dx>0: [[Vulz < [VwllellVusllz + llvillzlllle-

The uniform boundedness of {w;} and {v;} implies the uniform
boundedness of {u;} in H}(Q).
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Proof (cont'd)

Use 0 = uj:

/Q (IVul? + Vw; - Vuj + d(u)uj — vjuy) dx = 0.

Need a sign condition for nonlinear term:

/st(UJ)Uj dx>0: [[Vulz < [VwllellVusllz + llvillzlllle-

The uniform boundedness of {w;} and {v;} implies the uniform
boundedness of {u;} in H}(Q).

If  has N/N — 2 growth at infinity, and ¢(u)u > 0, then there is a unique
optimal pair (u, v) for Problem 1.
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Optimality

Use capital letters to indicate feasible variations of the various functions
involved.
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Optimality

Use capital letters to indicate feasible variations of the various functions
involved.

—div[Vu+eVU+Vw +eVW] 4+ ¢p(u+eU) = v+ eV in Q. J
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Optimality

Use capital letters to indicate feasible variations of the various functions
involved.

—div[Vu+eVU+Vw + VW] + d(u+el)=v+eVinQ |

—div[VU+ VW] +¢ (1) U=V inQ, UWeH}Q),V e L*Q).
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Optimality

Use capital letters to indicate feasible variations of the various functions
involved.

—div[Vu+eVU+Vw + VW] + g(u+el)=v+eVinQ |

—div[VU+ VW] +¢ (1) U=V inQ, UWeH}Q),V e L*Q).

Similar computations for the functional:

1 A
/(—|U+EU—U|2+H’V+6V|2+—‘VW+6VW|2) dx
o \2 2 2

(I'[u,v], (U, V)) = %I((u, v) +¢€(U, V))

e=0
= /[(U—E)U+NVV+)\VW-VW] dx
Q

w: —div[Vu+ Vw]+ ¢(u) =vin Q,
W: —div[VU+VW]+¢'(u)U=VinQ.
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Optimality (cont'd)

Use w as a test function in second equation:

/VW'VWC/X:/[VW—¢/(U)UW—VU'VW]dX;
Q Q
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Optimality (cont'd)

Use w as a test function in second equation:

/VW-Vde:/[VW—(b'(u)UW—VU'VW]dx;
Q Q

take this identity back to the derivative of the functional:

(I'[u,v], (U, V)) = /Q[(U—E)U—FMVV—F)\(VW—¢'(u)UW—VU~Vw)] dx.
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Optimality (cont'd)

Use w as a test function in second equation:

/VW-Vde:/[VW—(b'(u)UW—VU-VW]dx;
Q Q

take this identity back to the derivative of the functional:

(I'[u,v], (U, V)) = /Q[(U—E)U—i-,qu—i—)\(Vw—¢'(u)UW—VU~Vw)] dx.

Conclude: if pair (u,v) € H3(Q) x L?(2) is optimal, then previous integral
must vanish for arbitrary U € H}(Q) and V € L2(Q).

Pablo Pedregal (UCLM) Tykhonov regularization Clermont-Ferrand 12 / 34



Optimality (cont'd)

Use w as a test function in second equation:

/VW-Vde:/[VW—(b'(u)UW—VU-VW]dx;
Q Q

take this identity back to the derivative of the functional:

(I'[u,v], (U, V)) = /Q[(U—E)U—FMVV—F)\(VW—¢I(U)UW—VU'VW)] dx.

Conclude: if pair (u,v) € H3(Q) x L?(2) is optimal, then previous integral
must vanish for arbitrary U € H}(Q) and V € L2(Q).

Theorem
If (u,v) € H}(Q) x L%(Q) with defect w € H}(RQ) is optimal then
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Optimality (cont'd)

Use w as a test function in second equation:

/VW-Vde:/[VW—(b'(u)UW—VU-VW]dx;
Q Q

take this identity back to the derivative of the functional:

(I'[u,v], (U, V)) = /Q[(U—E)U—FMVV—F)\(VW—¢I(U)UW—VU'VW)] dx.

Conclude: if pair (u,v) € H3(Q) x L?(2) is optimal, then previous integral
must vanish for arbitrary U € H}(Q) and V € L2(Q).

Theorem
If (u,v) € H}(Q) x L%(Q) with defect w € H}(RQ) is optimal then

u— A (u)w =1 — NAw in Q,
wv +Aw =0 in .
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Numerical approximation

Steepest descent directions U and V: solutions of variational problems

/ Blvul2 + (u—1)U — A (u)wlU — AVw - vu} dx,
Q

/Q B\vyz 4 (,uv—l—)\w)V] dx.
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Numerical approximation

Steepest descent directions U and V: solutions of variational problems

/Blvul%r(u—n)U—Aqs’(u)wu—wW.vu] dx,
Q

/F\V]2+(,uv+)\w)V] dx.

ol2

Their respective solutions are easily found to be

—div[VU = AVw] + (u—1) = A\¢'(u)w =0in Q, U =0on 99,
V+puv+Aw=0in Q.
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Numerical approximation

Steepest descent directions U and V: solutions of variational problems

/Blvul%r(u—n)U—Aqs’(u)wu—wW.vu] dx,
Q

/F\V]2+(,uv+)\w)V] dx.

ol2

Their respective solutions are easily found to be

—div[VU = AVw] + (u—1) = A\¢'(u)w =0in Q, U =0on 99,
V+puv+Aw=0in Q.

Choice of step size. For steepest descent direction (U, V), determine value
of € minimizing

g(e) =I{(u,v) + (U, V)]

1
:/ [—|u+eU—E|2+E|V+€V|2+i|VW+EVW|2 dx.
o |2 2 2
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Iterative numerical procedure

o Initialization. Take ug = vg = 0, for instance.
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Iterative numerical procedure

o Initialization. Take ug = vg = 0, for instance.
* Main iterative step until convergence. Know (uj, v;).
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Iterative numerical procedure

o Initialization. Take ug = vg = 0, for instance.
* Main iterative step until convergence. Know (uj, v;).
e Solve successively for

wi: —div(Vuj+Vw) + ¢(uj) =vjin Q, w; =0ondQ;
U —div(VU = AVwW) +u; — T — A (uj)w; =0in Q, U;j=00nd
Vi Vi=—pvi—Aw; in Q.
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Iterative numerical procedure

o Initialization. Take ug = vg = 0, for instance.
* Main iterative step until convergence. Know (uj, v;).
e Solve successively for

wi: —div(Vuj+Vw) + ¢(uj) =vjin Q, w; =0ondQ;
U —div(VU = AVwW) +u; — T — A (uj)w; =0in Q, U;j=00nd
Vi Vi=—pvi—Aw; in Q.
e Stopping criterium based on the smallness of the norm

(U V)2 = /Q (VU + V?) dx.
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Iterative numerical procedure

o Initialization. Take ug = vg = 0, for instance.
* Main iterative step until convergence. Know (uj, v;).
e Solve successively for

wi: —div(Vuj+Vw) + ¢(uj) =vjin Q, w; =0ondQ;
U —div(VU = AVwW) +u; — T — A (uj)w; =0in Q, U;j=00nd
Vi Vi=—pvi—Aw; in Q.
e Stopping criterium based on the smallness of the norm

(U VDI2 = | (IVUI? + V) dx.
e Solve the additional problem
W;:  —div(VU;+ VW) + ¢'(4;)U; = V;in Q,  W; =0 on 9%;
Jolly = B)U; + 5y V; + AVw; - YW dx
Jo(U? + pVZ + X[V W;2) dx

step size: € =
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Iterative numerical procedure

o Initialization. Take ug = vg = 0, for instance.
* Main iterative step until convergence. Know (uj, v;).
e Solve successively for

wi: —div(Vuj+Vw) + ¢(uj) =vjin Q, w; =0ondQ;
U —div(VU = AVwW) +u; — T — A (uj)w; =0in Q, U;j=00nd
Vi Vi=—pvi—Aw; in Q.
e Stopping criterium based on the smallness of the norm

(U VDI2 = | (IVUI? + V) dx.
e Solve the additional problem
W;:  —div(VU;+ VW) + ¢'(4;)U; = V;in Q,  W; =0 on 9%;
Jolly = B)U; + 5y V; + AVw; - YW dx
Jo(U? + pVZ + X[V W;2) dx

step size: € =

e Update rule:
U1 = Ui+ ¢ Ujs v = v+ 6V
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Some numerical simulations

Q=(0,1) x(0,1), A=1, ¢(u) = —1 (LINEAR CASE),
u(x,y) = min(x, 1 — x), decreasing values for p. FreeFem++ to solve
PDEs involved.
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Some numerical simulations

Q=(0,1) x(0,1), A=1, ¢(u) = —1 (LINEAR CASE),
u(x,y) = min(x, 1 — x), decreasing values for p. FreeFem++ to solve
PDEs involved.

0,400 0,350 9200 9:199

Figure: A comparison between the target and the optimal profile (left) for
i = 0.01. The control v on the right.
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Numerical simulations (cont'd)
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Figure: A comparison between the target and the optimal profile (left) for
1 = 0.001. The control v on the right.
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Numerical simulations (cont'd)
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Figure: A comparison between the target and the optimal profile (left) for
1 = 0.0001. The control v on the right.
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Numerical simulations (cont'd)
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Figure: The contour lines for the residual for 4 = 0.0001. The size (L2-norm of
the gradient) is 0.0061237.
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Non-linear example

Same data set except ¢(u) = (u — 2)3.

0.99
0199

0,200
o 19 o s
0,309 %

Figure: A comparison between the target and the optimal profile (left) for the
non-linear problem and p = 0.01. The control v on the right. Error: 0.010073
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Non-linear example (cont'd)

.19,
o.200,
.39, o1
0,490, 300 Rl
J.).;Jm 0 _ gyl 392!

'
0.299
9399

Figure: A comparison between the target and the optimal profile (left) for the
non-linear problem and p = 0.001. The control v on the right. Error: 0.0083419
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Non-linear example (cont'd)

o
9108,

0,300,200 19

o
0400
200

VS5 ) )/
Y

Figure: A comparison between the target and the optimal profile (left) for the
non-linear problem and = 0.0001. The control v on the right. Error:
0.00541891
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Non-linear example (cont'd)
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Figure: The contour lines for the residual for ;1 = 0.0001.
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State constraints (Problem 2)

Minimize in (u,v) € A : / ( u(x) — a(x)]> + —|Vw(x)|2> dx

—div[Vu(x) + Vw(x)] = v(x) in Q, w =0 on 09,
A= {(u,v) € H}(Q) x L®(Q) : u(x) <0, v_(x) < v(x) < vy (x)}.
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State constraints (Problem 2)

Minimize in (u,v) € A : /Q (%|u(x) —a(x)]> + %|Vw(x)|2> dx,
—div[Vu(x) + Vw(x)] = v(x) in Q, w =0 on 99,
A= {(u,v) € H}(Q) x L®(Q) : u(x) <0, v_(x) < v(x) < vy (x)}.

Existence result: even simpler (linear state equation, strict convexity of
functional, uniform bounds for v, convexity of pointwise constraints, etc).

Proposition

There is a unique optimal pair (u,v) € A for our problem.
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State constraints (Problem 2)

Minimize in (s, v) € A : /Q(%|u(x)—ﬁ(x)|2+%|Vw(x)|2> o

—div[Vu(x) + Vw(x)] = v(x) in Q, w =0 on 99,
A= {(u,v) € H}(Q) x L®(Q) : u(x) <0, v_(x) < v(x) < vy (x)}.

Existence result: even simpler (linear state equation, strict convexity of
functional, uniform bounds for v, convexity of pointwise constraints, etc).

Proposition
There is a unique optimal pair (u,v) € A for our problem.

Optimality: expressed as variational inequalities through perturbations of
the form
u—u+eU—u), viev+eV—v)

for arbitrary pairs (U, V) € A, and demand one-sided conditions.
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Optimality

%I[(u, v)+e(U—u,V—v)

e=0
/Q[(u —B) (U= u) + A(V = v)w — (VU = Vi) - V)] dx > 0.
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Optimality

%I[(u, v)+e(U—u,V—v)]

e=0

/Q[(u—ﬁ)(U— )+ M(V = v)w — (VU = Vi) - V)] dx > 0.

Take U = u (no perturbation for u). Then

Vi 4+ v Vi — Vo

V =
5 +sgnw

implies /(V —v)wdx > 0.
Q
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Optimality

d
EI[(U, v)+e(U—u,V—v)]

e=0
/Q[(u —B) (U= u) + A(V = v)w — (VU = Vi) - V)] dx > 0.

Take U = u (no perturbation for u). Then

Vi 4+ v Vi — Vo

V =
5 +sgnw

implies /(V —v)wdx > 0.
Q

Take V = v (no perturbation for v).

Lemma

For given u, the unique solution U of the obstacle problem

1
Min. in U € H3(Q) : / (§|Vu— VUP? 4 (u—-m)U - )\VW'VU) dx
Q

under U < 0, is a descent direction of | at u.
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Simple proof

Obstacle problem for U admits a unique solution: standard.
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Simple proof

Obstacle problem for U admits a unique solution: standard.

For a variation of the form
U— U+e(u—U),

one-sided condition becomes

/[—(VU—VU)-(Vu—VU)—i—(u—ﬁ)(u— U)—AVw-(Vu—VU)]dx > 0.
Q
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Simple proof

Obstacle problem for U admits a unique solution: standard.

For a variation of the form
U U+ e(u—U),

one-sided condition becomes

/[—(VU—VU)-(Vu—VU)—i—(u—ﬁ)(u— U)—AVw-(Vu—VU)]dx > 0.
Q

v

Derivative of / at (u, v) in the direction (U — u, 0):

/[(u—U)(U— u) = N(VU — Vu) - V)] dx < —/ Vu— VUL dx < 0.
Q Q
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Numerical implementation
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Numerical implementation

© Initialization. ag(x), by (x), by (x) arbitrary but strictly positive.
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Numerical implementation

© Initialization. ag(x), by (x), by (x) arbitrary but strictly positive.
@ Main iterative step until convergence. Know aj_1(x), b;_;(x),
bj+_1(x), then:
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Numerical implementation

© Initialization. ag(x), by (x), by (x) arbitrary but strictly positive.
@ Main iterative step until convergence. Know aj_1(x), b;_;(x),
bj+_1(x), then:
@ Unique solution (uj, v;) of the unconstrained problem

/:2 (%Iu(x) ~ T+ %IVw(x)l2 + exp(aj—1(x)u(x))

+ exp(b;_y (x)(v- (x) = v(x))) + exp(b; (x)(v(x) — V+(X)))) dx,
—div[Vu(x) + Vw(x)] = v(x) in Q, w =0 on Q.
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Numerical implementation

© Initialization. ag(x), by (x), by (x) arbitrary but strictly positive.
@ Main iterative step until convergence. Know aj_1(x), b;_;(x),
bj+_1(x), then:
@ Unique solution (uj, v;) of the unconstrained problem

[ (31060 500 + FITwC + explar -2 (x0u)
+ ep(By (0(v-() — V() + exp( 4 ()(v(x) — i (1)) o,
—div[Vu(x) + Vw(x)] = v(x) in Q, w =0 on Q.

@ Stopping criterium based on the smallness of products
3j-1(¥)uy(x), b (x)(v—(x) = vj(x)), b1 (x)(v;(%) — vi-(x))-
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Numerical implementation

© Initialization. ag(x), by (x), by (x) arbitrary but strictly positive.
@ Main iterative step until convergence. Know aj_1(x), b;_;(x),
bj+_1(x), then:
@ Unique solution (uj, v;) of the unconstrained problem

[ (31060 500 + FITwC + explar -2 (x0u)
+ ep(By (0(v-() — V() + exp( 4 ()(v(x) — i (1)) o,
—div[Vu(x) + Vw(x)] = v(x) in Q, w =0 on Q.

@ Stopping criterium based on the smallness of products
3j-1(¥)uy(x), b (x)(v—(x) = vj(x)), b1 (x)(v;(%) — vi-(x))-
® Update rule:
aj(x) = aj-1(x) exp(aj—1(x)u;(x)),
b;"(x) = bj_; (x) exp(bj_; (x)(v-(x) — vi(x))),
bj"(x) = b (x) exp(b; (x)(vj(x) — v4(x)))-
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Convergence

uj, vj)} € X iterates of algorithm such that:
lj, Vj H(Q) x L2(Q) i f algorith h th

(uj, vj) = (u,v) pointwise,
3j-1(x)uj(x), b;_; (%) (v—(x) = vj(x)), b~ 1 (x)(vj(x) — v4(x)) = 0.

(u, v) is the solution of the constrained problem.

Pablo Pedregal (UCLM)

Tykhonov regularization

Clermont-Ferrand 27 / 34



Convergence

uj, vj)} € X iterates of algorithm such that:
lj, Vj H(Q) x L2(Q) i f algorith h th

(uj, vj) = (u,v) pointwise,
515 (x), B (%) (v () = (), b, (x)(15(x) — v (x)) = 0.

(u, v) is the solution of the constrained problem.

@ Feasibility: contradiction

u(x) >0, wuj(x) = u(x), aj_1(x)uj(x)—0,
() = aj-1(x) exp(aj1(x)4j(x)),  2j-1(x) > 0.
® The possibility of having

[T, v] < lu,v]

would lead, for j large, to the fact that (@, V) is better than (u;, v;) for

the modified functional, which is impossible by definition of (u;, v;).
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Numerical experiment

1 1
u(x,y) = Z(min(x, 1-—x)— Z)’ v =5.,vy = -3,

A=.1 a=by=b=.1
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Numerical experimen
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Numerical experiment (cont'd)
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Figure: The control
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Numerical experiment (cont'd)
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Figure: The residual

Tykhonov regularization
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Numerical experiment (cont'd)
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Numerical experiment (cont'd)
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Numerical experiment (cont'd)
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Final issue: asymptotic behavior as A — oo

Minimize in (u,v) : /Q (%|u(x) —a(x)]? + glv(xﬂ2 + %|VW(X)|2> dx,

—div[Vu(x) + Vw(x)] + ¢(u(x)) = v(x) in 2, w =0 on 0.

Optimal solution: (uy, vy).
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Final issue: asymptotic behavior as A — oo

Minimize in (u,v) : /Q (%|u(x) —H(X)|2 + g|V(X)|2 =+ %|VW(X)|2> dx,

—div[Vu(x) + Vw(x)] + ¢(u(x)) = v(x) in 2, w =0 on 0.

Optimal solution: (uy, vy).

2 : 1ux—szHvx2 X
Minimize in v € L7(Q) : Q(2]() (x)] —1—2\ ()])d,

—div(Vu)+¢(u) =vinQ, wu=0in0Q.

Optimal pair: (d, 7).
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Final issue: asymptotic behavior as A — oo

Minimize in (u, v) : /Q (%|u(x) —a(x)|? + g|V(X)|2 =+ %|VW(X)|2> dx,

—div[Vu(x) + Vw(x)] + ¢(u(x)) = v(x) in 2, w =0 on 0.

Optimal solution: (uy, vy).

2 : 1ux—szHvx2 X
Minimize in v € L7(Q) : Q(2]() (x)] —1—2\ ()])d,

—div(Vu)+¢(u) =vinQ, wu=0in0Q.
Optimal pair: (i, V).

Non-linearity ¢, non-decreasing: (¢(u1) — ¢(u2))(u1 — u2) > 0. Then

uy — i in H}(Q), v\ — 7 in L*(Q).
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